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JIEKITUU T1I0 METOJAM MATEMATUYECKOI ®U3UKU (6 CEMECTP) 5
1. O6ob6miennbie DYHKIMI OJHOI IIepeMeHHO

1.1. IIpocTpamcTBO 006001TIeHHBIX (DYHKITIIA.

Ounpepenenne 1.1 (Hocureas venpepbiBaoit dyukimm). Hocumenem rnenpepueroll dynkuuy ¢ Ha-
3bL8aATN, MHOHCECTIEO

suppp = {z | (z) # 0}.
DefColl 1.2 (IIpocrparctBo ocHOBHBIX dbyHKIWA). [Tycmo dynkuyus ¢ : R — C ydosaemeopsem
YCAOBUAM
e GeckoneuHas quddepenmupyemocts: ¢ € C°(R);
e uHUTHOCTL HOCUTENSA: cywecmseyem R > 0 maxoe, umo supp ¢ C [—R, R|.
Tozda Pynryuto ¢ Hazwveaom ocnoenol Gyrryuer.

o Muootcecmeo ecex 0cHOBHBIT PYHKUUT HA3BIBANOM NPOCMPAHCMEOM OCHOBHULT PYHKUUL, KO-
mopoe oboznaywarom D(R) uau, coxpawenno, D.

Teopema 1.3 (Croiicra ocHoBHBIX byHKIHil). Cnpasediusvs caedyrougue YmeepHcoeHus.
(1) a€ C*(R), be C*R), pe D,y € D = ap+ by € D;
(2) pe D = ¢ €D.

HokazareabcTBo. OueBnano. []

DefColl 1.4 (Cxomumocts B embiciie D(R)). Tosopam, wmo nocaedosamenvriocms ochosnus dyk-
yutl {pn 2, crodumea npu n — 0o k dynryuy @ 6 cmucae D, u nuwym

D
Pn — @,

n—00
ecaly

o cywecmeyem R > 0 makoe, wmo das aobozo n € N eepro, wmo supp ¢, C [—R, R];

e das arbozo0 p € 7, nocaedosamesvrocms GyHKUUL {go%p) ]

dyrruun ©P pasromepro na R.

cxodumes npu n — o0 K

Teopema 1.5 (CymecrBoBanue riajikoit cpesku). [ycmo —oo < o < a < b < f < +00.
Tozda cyuwecmsyem dynkyua X Mmakas, 4mo
(1) x € C=(R);
2)VzeRO< x(x) <1;
(3) V€ [a,b] x(z)=1;
(4) VzeR\ (o,8) x(x) =0.

okazareancTBo. bes jokasarenbcrsa. [

DefColl 1.6 (IIpocrpancrso obobimennbix dyHkuii). ITycmv omobpascenue
f:DR)3¢pr— (fp) €C
Y0d0BAEMEOPAE, YCAOCUAM
e JIMHENHOCTD: das 406uT p1,ps € D(R) u aq, a0 € C sepro, wmo
(f, capr + anpa) = a1 (f, 1) + aa(f, p2);
® HEIPEPBIBHOCTL: 044 410000 NOCACIOBAMEALHOCINY 0CHOSHUT Gynkuul {vn,}oo, makot,

Yo On 250 sepro, wmo lim (f, p,) = 0.
n—oo n—oo



6 A. A. Tloxapckwii

Tozda omobpascerue [ nasvisarom obobuiennoti dynrkyued.
o Mnootcecmeo ecex 0600uLeHHBIL PYHKUUT HA3BLBAIOM NPOCMPAHCMEOM 00006ULCHHBT HyHK-
yud, komopoe obosuauaiom D' (R) uau, coxpawenno, D'.
1.2. PerynsapHble 06001IeHHbIE (DYHKIINN.

Onpenenenne 1.7 (Peryiaspubie o6obiiennbie byukiun). Obobwennyto dynkuyuto [ Hazwveaom
peayaaprot, ecau cywecmeyem F € Ly jo.(R) makxas, wmo

VeeD (fp)= / F(2)p(z) dz.

Ipu amom hynkyuro F naswearom adpom peaysapnoti obobuernnoti pyrnrxuyuu f.

ThColl 1.8 (O6mwuit Bu peryispaoii obobmennoit dyuxunn). [lyemo F € Ly j.(R), mozda omo6-
PastCErUE

FiDR) S g (fp) = / F(z)p(z) dz € C

R
aeagemcea (pe2yrapnot) obobuwennol dynryued.

HoxkazarenbcTBo. [Iposepum jinneiinocts orobpazkenus f. st ii00bix @1, 02 € D(R) u g, a9 € C
BEPHO, 9TO

(s +axg) = [ Fa)(anei(o) + axpa(o) do =

= Oél/F(x)cpl(x) dx + ag/F(rv)@Q(x) dr = oy (f, 1) + aa(f, v2).
R R
[IpoBepuM HempepbIBHOCTHL oToOpazkenus f. IlycTh 3agana mocjienoBaTe/ IbHOCTh OCHOBHBIX (DYHK-

. 00 D .
muit {p,}°°, Takag, aro ¢, — 0. 13 onpenenenus cxopumoctu B D cienyer, uyto Haiinercs R > 0
n—oo

TaKoe, YTO HOCUTEN BeeX DYHKINIA U3 Mocae0BaTeIbHOCTH {p, }°° | TpUHa IIe)KaT oTpe3Ky [— R, R).
U3 yenosust F' € Ly jo.(R) conenyer, uro

R
MY / |F(2)| dz < oo.
-R

ITycrs Teuepn 3a1aH0 1IPou3BoJbHOE & > (. VI3 paBHOMEPHOH CXOAMMOCTU 110C/1€10BATe/1LHOCTH
{en}oe, caenyer, uro naiigercs N € N takoe, 4ro

13
N .
YN e el <
CaenoBaTesibHO, JJid J1000r0 n > N BEpHO, 4TO
R R
(, on)| = / F(a)pn() da| = / P(2)gn(x) dz| < / F(@)]pn(@)] do <
R R —R
R
£
< . F(z)|d M<e O
max_ [ <x>|/\ (@) de < M <2
R
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Onpenenenne 1.9 (Hynesas o6obuiennas dbyukuus). Hyaesotl obobwentols dynruuet nazveaom
pe2yaapHyo 0bobuientyto GyrKuuo suda

VeoeD (0,p)=0.

Onpenenenne 1.10 (0-byukuust). 0-pynryueti na3vearom pe2yiapuyo 0606wWeHny0 GYHKyu0 6uU-
da

VeeD (Q,gp):/gp(a:)dx.

1.3. Cunrynspubie 000011IeHHbIE (DYHKITUN.

Ounpenenenne 1.11 (Cunrynspubie obobienabie dbyuknun). O60buwennas GyHKUUA HA3DLEAEMCH
CUHYAAPHOT, €CAU OHA HE ABAACNCA PELYAAPHOT.

Onpenenenne 1.12 (§-byuknus Jupaka). 0-gynryuet Jupara nazwvieatom omobpascenue 6uda
VoeD (4,¢)=¢0)
ThColl 1.13 (Cunrynsprocts 6-bynknun Jupaka). d-gynkyua Jupaka — cureyraphas 0606uen-

HOA PYHKUUSL.

HokazareabcTtBo. Pakr § € D' jIerko clieyeT u3 onpee/eHust.
JloxkazarebcTBO CHHTYAIpHOCTH d-DyHKInn Jlnpaka nposeaem ot mpoTuBHOTO. [IycTh cymecTByer
F € Ly 1,.(R) Takas, aro

VoeD (0,p)= /F(:E)cp(x) dx. (1.1)

R
N3 teopemsl 1.5 caenyer, uTo Haiijgerca Y. € D Takas, 4T0

(1) Ve e RO x(z) <14

(2) Vae [_578] Xs(x) =1

(3) VaxeR\ (—2¢2¢) xe(x) = 0.
Orcroma u u3 (1.1) coremyet, uro

/F(x)xs(x) dxr = (9, x:) = x(0) = 1. (1.2)
R
C apyroit croponsl, u3 yeaosus F' € Ly j,.(R) caenyer, uro

/F(x)xg(x)dx </|F(x)|dx—>0. (1.3)

e—0
R

Cpasnusas (1.2) u (1.3) npuxoauMm K nporuBopednio. [
Onpepnenenne 1.14 (§(x — a)). Hycmob a € R, mozda

VeeD (iz—a)p)=pla)
Onpenenenne 1.15 (P1).

1 ef .
VyoeD (P—,go)zv.p./@dxd:f im / @dx.
x x e—+0 x

R |z[>e
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Teopema 1.16 (CuHTYIAPHOCTD 77%) 73% ~ CUHRYAAPHAA 0000WEHHAA PYHKUUA.

Nnea pokazaTeancTBa: BrioueHue 73% € D' nupumem 6e3 10KA3aTENbCTBA.

JlokazaTesbCTBO CHHTYAPHOCTH 0000IeHHoi (byHKIum Pi poBeieM OT NpoTuBHOTO. [lycTh Cy-
mecrByer F € Ly j,.(R) Takas, aro

VeeD (Pé,go) _ /F(a:)gp(x) dz.

Hnst moboii ¢ € D BepHO, ut0 xp(x) € D U, ciegoBaTeabHO,

/ F(z)zp(z) de = (Pi,w> = lim [ p(z)de = / () da. (1.4)

e—+0
|z|>e

YdauThIBasi, 4TO (¢ — HPOU3BOJIbHAA OCHOBHas dbyHKIws, u3 (1.4) ciaeayer, uro xF(z) = 1 npu mo-
arm Beex z € R. Omnaxo, dynknus F(z) = 1 He sBisiercs CyMMHPYeMO#i B OKPeCTHOCTH HyJISL H,

CJIeIOBATEIBHO, He TPUHAIEKHAT Ly j0.(R). O

Omnpenenenne 1.17 (P=).

2 k) =)
1 pl) =X S ()= e
VneN VepeD (P—,gp) = v.p./ h=0 dr = lim h=0 dz.
" " e—+0 "
R ja|>e

Teopema 1.18 (CunryssipHOCTD Pﬁ) IIpu n € N omobpasicerue Pﬁ — CUMRYAAPHAA 0000ULCHHAA
Pyrruua.

Npes nokazareancrBa: Camocrosare/bHO. [

1.4. Caoxxkenne 06001mIeHHBIX (DYHKITHIA.

. pop_ 1.19 (Cuoxkenune peryssipabix 0600meHHbIx GyHKIuii).

Onpenenenne 1.20 (Cymma 0600meHHBIX DYHKIHI).

Teopema 1.21 (KoppeKTHOCTBH ONpee/IeHdsT CyMMbl 000OIMIEHHBIX hyHKIHUIL).

LTerko nposeputs, uro (f + g) € D',
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. pop_ 1.22 (YMmHO)KeHHe peryJspHoii 06o6ienHoil hbyHKIUN HA GECKOHETHO

auddepeHnupyemMy o HyHKIH).

Onpenenenne 1.23 (Vmuoxkenue o600menHol (yHKIuE Ha GeckoHeYHO TubbEPEeHIUPYEeMYO
dbyukIH©O).

Teopema 1.24 (Koppexkrhocrs onpejesenus npousse/ienus o6o0iennoii GyHkinun Ha 6eCKOHETHO
nuddepernupyemyo QyHKIHIO).

IIpumep 1.25.

IIpumep 1.26.

IIpumep 1.27.

. pop_ 1.28 (TIpousBojHas T1aJIKOM peryasipHoit 06o6menHoil hyHKIMH ).



10 A. A. Tloxapckuwii

DefColl 1.29 (IlpousBoauast 06061eH O dDyHKINN).

Teopema 1.30 (KoppekTHOCTH Onpeneiennst mpou3BoAHOH 06001eHHON (DyHKIHN).

Sagaua 1.31.

IIpumep 1.32.

Sagada 1.33.
IIpumep 1.34.

IIpumep 1.35.
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ThColl 1.36 (duddepennupopanue ckadkoB B cMbicae D).

IIpumep 1.37.

ThColl 1.38 (O6muii Bus pemenus ypasuenus y' = 0 B D').

11



12 A. A. Tloxapckuwii

Teopema 1.39 (O6muii B pentenns ypasnenus y™ = 05 D').

DefColl 1.40 (Hocuress 060061eHHON DYHKITN]).
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ThColl 1.41 (O6muit Bux 06061IEHHON DYHKIINH).

3amaua 1.42.

Teopema 1.43 (O6muii By 06001eHHON GYHKINE ¢ HOCUTETIEM COCPEJOTOUCHHBIM B TOUKE).

13



14 A. A. Tloxapckuwii

Teopema 1.44 (O6Giee pemrenne ypabHenus zy = 0).

Teopema 1.45 (Obuiee pemenue ypasaenust 2"y = 0).

ThColl 1.46 (O6iee pemenne ypapaenus y = f).

(1)
(2)



Ilpumep 1.47.

IIpumep 1.48.

JIEKIIUN II0 METOJAM MATEMATHUYECKO ®U3UKU (6 CEMECTP)
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16 A. A. Tloxapckuwii

Teopema 1.49 (ObGmiee pemenne ypasuenus "y = f).

(1)
(2)

IIpumep 1.50.

. pop_ 1.51 (3amena nepeMeHHBIX B DEryIsipHOil 0606ImeH o Dby HKIHN ).
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Onpenenenne 1.52 (3amena nepeMeHHBIX B 06006ImeHHON DYyHKIMNT).

IIpumep 1.53.

IIpumep 1.54.

DefColl 1.55 (Cxomumocts B cMpicse D).

ThColl 1.56 (TIpeesnbHblii epexos Mo/ 3HAKOM TpON3BOAHOH B D).

IIpumep 1.57.

Teopema 1.58 (Teopema JleGera o mpeebHOM MEPEXOIe MO/ 3HAKOM HHTETrpaJa).

17



18 A. A. Tloxapckuwii

Teopema 1.59 (Teopema JleGera o npejeasrom nepexone B D).

Teopema 1.60 (OrpunarenbHblii ipuMep K TeopeMe Jlebera).

Onpenenenne 1.61 (J-o6pasHast MOCJIEI0BATEIBHOCTD).

ThColl 1.62 (J-06pasHas HOCIELOBATEILHOCTD (JOCTATOYHOE yCJIOBHUE)).
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Teopema 1.63 (IIpumep 6-06pa3Hoii 10CIETO0BATEIBHOCTH).

19



20 A. A. Tloxapckuwii

Ounpenenenne 2.1 (Ilpoctpancrso ocnosubix dyukmuii D(R™)).

Onpenenenne 2.2 (ITpoussoanas ocuoBHoii dbynknuu D(R™)).

Teopema 2.3 (CymiecrBoBanue riajakoii cpeskn B R™).

Ounpenenenne 2.4 (IlpocrpancrBo o6obmennbix dyukmuii D'(R™)).
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Ounpenenenne 2.5 (IIpomssognas o6obmennoi dynkmun u3z D' (R™)).

Teopema 2.6 (O6mmit Buj 06o6mennoit dyukmun uz D' (R™)).

Onpenenenne 2.7 (0-dbyukius B D'(R™)).

Onpenenenne 2.8 (§-dyukmus Tupaka B D'(R™)).

IIpumep 2.9.

Omnpenenenne 2.10 (0-pyHKIUA cOCpeOTOTCHHAA Ha IOBepXHOCTH B R3).

Onpenenenne 2.11 (3amena nepemeHHBIX B 00001menHo# dbyuknuu u3 D'(R™)).

3ameuanne 2.12.

21



22 A. A. Tloxapckuwii

‘pop_ 2.13 (IIpsimoe mpousBejeHne PEryaspHBIX 0000IIEHHBIX (DYHKIHIL).

DefColl 2.14 (TIpsimoe nipoussesierne 0600ITEHHBIX DYHKITHIA).

Teopema 2.15 (KoppeKTHOCTD ONpeieeHusl PSMOr0 MPOU3BEIeHUsT 0000MIEHHBIX (DYHKITHIA).

IIpnmep 2.16.

ThColl 2.17 (CgoiicTBa mpsiMOro Mpou3BeIeHUsT 0000IeHHBIX (DYHKIIHMIL).
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Onpenenenne 2.18 (Cpeprka Kaaccmueckux (yHKIHIA).

‘pop_ 2.19 (Creprka peryasgpHbix 0000meHHbIX byHKIHMIL).

23



24 A. A. Tloxapckuwii

DefColl 2.20 (Ceeprka 0606mmenubIx dhyuxmuii B D').

ThColl 2.21 (CymecrBoBanue cepTku 06001eHHBIX DyHKIWMA B D).
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Teopema 2.22 (CpoiictBa cBepTKH 0600IIEHHBIX BDYHKIIHIT).

(1)
(2)

IIpumep 2.23.

25



26 A. A. Tloxapckuwii

IIpumep 2.24.

ThColl 2.25 (CroiicTa cBepTKE 00001eHHON 1 TIaAKoi dyHKIHIT).

(1)
(2)
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ThColl 3.1 (O6muit Bux pemenus guneiinoro auddepennmanbaoro ypasuenns B8 D').

27



28 A. A. Tloxapckuwii

Jlerko BUIETH, ITO
€T

VoeD / o(t) dt — /gp(t) dt / w(t)dt € D. (3.6)
—00 R —00
13 (3.6) caeayer, 970 KOPPEKTHO ONPE/IEJEHO OTOOPAZKeHHe

1 xT x
VoeD Gue)=— 10 [ewa- [ewya [wwa
—00 R —0o0
Hecioxkno noxasarh, uto y, € D'. Beraucium renepb g,
!/ / 1 f / / f 1
—00 R —0o0

Taxum 06paszom, z, — 0600IIEeHHOE peltenne ypasHenus (3.5).
(2) Tlycrw y — pemtenne ypashenusi (3.1). Boimosasist 10/1cTaHOBKY
Y=1Yp + Yo,

I7e Y, — JacTHOe pelnenue ypasuenns (3.1), B ypasuenun (3.1), moayanm

W+ Yo)™ 4+ Dt (Up + ¥0) "™ + D1y +v) oYy o) = f =

+ Py oy + poye) F U 4 oy iy pove) = f =

J/

Uk

=
y
Yro u TpeboBaioch JI0Ka3aTh.

3) HoxkazareabcTBO mpoBeaeM s caydad n = 1. Ilycts y — obobiennoe penienne ypaBHeHUs
v yeTD Y v
y' + poy = 0. (3.7)

Pacemorpum Kitaccmyeckoe perieHne ypaBHeHUs

+ D1y L+ iyl + poye = 0.

u + pou = 0

BHIA
xr

u(z) = exp —/po(t) a |, CeC.
0
U3 yeaosuii v € C*°(R) u % € C*(R), ciaeayer, 9T0 KOPPEKTHO olpejieieHa 0000IeHHast hyHKINsT
BHJIA,

1
=LY (3.8)
JIerko BuieTh, 4TO
/ 1 / u' 1 / Dbou 1 /
==y - —y=—y+—"Fy=—( +py) =0.
u u u u u

Otcroma u u3 teopemsl 1.38 cieayer, aro Haiigerca nocroganaa C' € C rakas, uro z = C. Takum
obpaszom, u3 (3.8) BeiTekaer, uro y = C'u — peryiaspHas 06001eHHas GOYHKIUS ¢ TIaJIKUM sITPOM.

(4) Cnenyer w3 mynkTa (3) HacTodAIIell TEOpPeMbl W KJIACCHIECKOH Teopuu JudbepeHIuaTbHbIX
ypaBHennii. [
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IIpumep 3.2.

ThColl 3.3 (Ces3b MeXK/Iy KIacCHIeCKUME U 0O0OIIEHHBIMA PeTeHnsIMHU JnHeifHOro quddepeniiu-
AJTbHOTO yDABHEHUsI ).



30 A. A. Tloxapckuwii

DefColl 3.4 (Oyunamenrtanbroe pererne quddepeHmagbHOr0 OnepaTopa ¢ MOCTOSHHBIME KO3 (-
dunmenravn B D'(R)).

Teopema 3.5 (Pyngamenranbioe perienne uddepeHInaIbHOIO ONEePATOPa € MOCTOSHHBIMU KO3(h-
dunuenravu B D'(R)).

IIpumep 3.6.

ThColl 3.7 (HactHoe perienue HeOTHOPOAHOTO MubdEPEHINATBHOIO YPABHEHHSI ¢ MOCTOSHHBIMA
ko dburuenramu B D'(R)).



IIpumep 3.8.

IIpumep 3.9.

JIEKIIUN II0 METOJAM MATEMATHUYECKO ®U3UKU (6 CEMECTP)
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32 A. A. Tloxapckuwii

DefColl 3.10 (®ynmamentanbroe pererne anddepeHInaIbLHOr0 oepaTopa ¢ mepeMeHHBIMI KO-
s dunuentamu B D'(R)).

Teopema 3.11 (OyujgamenTaibHoe perienne qudbepeHInaIbHOro onepaTopa ¢ IepeMeHHbBIME KO-
s dunuenramu B D'(R)).

IIpumep 3.12.

ThColl 3.13 (HacTHoe perienue HEOTHOPOAHOTO AuddepeHIMATLHOTO YPABHEHUS ¢ TePeMEeHHBIMU
ko duruenramu B D'(R)).
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ThColl 3.14 (HacrHoe perenue HeOJHOPOAHOTO AudDepPEHIMATBLHONO YPABHEHUS ¢ IePEMEHHBIMU
ko3 durEenTaMu 1 PeryaspHoil mpapoii yacTeio B R).

IIpumep 3.15.



34 A. A. Tloxapckuwii

DefColl 3.16 (Omneparop [lrypma-J/luyBusis).

DefColl 3.17 (®yukuust 'puna oneparopa [Irypma-JInysusis).

ThColl 3.18 (ocrarounoe yciosue cyiiecrBopanust dbyukiuu ['puna oneparopa Ilrypma-Jlny-
BILILISA).
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Teopema 3.19 (O6parusiii onepatop K omeparopy Irypma-JInysumnis).

35



36 A. A. Tloxapckuwii

2CrpaBeyIMBOCTH Pa/i, OTMETHM, UTO 3/€Ch TAKKE HYZKHO IIPEIOI0KATD, UTO P U ¢ — 6ecKoHedHo auddepeHim-
pyembie QyHKITHH.
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DefColl 4.1 (Knacc HIsapra S(R)).

DefColl 4.2 (Cxomumocts B cmbicte S).

DefColl 4.3 (IIpocTpancTBo 0600IIEeHHBIX (DYHKIUI MeIJIEHHOTO POCTa).

Teopema 4.4 (Csasb Mexny Du S u D' u S').

(1)
(2)

IIpumep 4.5.

(1)
(2)
(3)

Teopema 4.6 (locrarounoe ycioBue TPUHAIICKHOCTH PEryJIsspHoil 0600menuoit dbyuknnn u3 D’
kiaaccy S’).

(1)
(2)
(3)



38 A. A. Tloxapckuwii

Onpenenenne 4.7 (IIpeobpaszosanne @ypne na S).

3ameuanue 4.8.

Teopema 4.9 (OcuoBubie cBoiicTBa npeobpaszoBanust Pypoe na S).
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Teopema 4.10 (O6parnoe npeoGpasopanme Pypre Ha S).

(1)
(2)

‘pop_ 4.11 (TIpeobpasoanne Pyphe perysasipHoii 0600mIEHHON QYHKINH).

DefColl 4.12 (IIpeoGpasoanne @ypne Ha S').
Teopema 4.13 (Koppekrrocth onpenesennst npeobpazosanust Pypbe Ha S’).

ThColl 4.14 (Ocuosubie cpoiicTBa npeobpasobanuns Pypbe Ha S').
(1)
(2)
(3)
(4)



40 A. A. Tloxapckuwii

Teopema 4.15 (O6parroe nmpeobpasopanne Pypoe ra S').

(1)
(2)

Teopema 4.16 (HenpepoiBrocTs npsmoro u obparuoro npeobpasosanuii @ypee B 5').
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Onpenenenne 4.17 (Ceeprka 06061menubx Gynknuii B .S’).

Teopema 4.18 (CymecrsoBatue cBepTki 0606menHbx GyHKwmii B8 S').

Teopema 4.19 (ITpeoGpazopanne Pypre MOCTOAHHON BDYHKINH).

Onpenenenne 4.20 (O606menuast GyHKIUSA xiio).

Onpenenenne 4.21 (O606uenHas GyHKIUA %11.0).

ThColl 4.22 (IIpeobpazosanune Pypoe §(z)).

41



42 A. A. Tloxapckuwii

Teopema 4.23 (IIpeoGpasosanue Dypbe x:iio)'

ThColl 4.24 (DPopmysasr Coxongoro).

Teopewma 4.25 (IIpeoGpasosanne Pypne P1).
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Teopema 4.26 (Merox @ypre nocrpoenns dyHaamMerTaabHOro pemenne quddepeHaibHOro ome-
paropa ¢ mocrosiHabiMi Ko durmentamu B S'(R)).

[

[

[



44 A. A. Tloxapckuwii

DefColl 5.1 (®ynnamenranbHoe perenne auHeiinoro auddepennnaapaoro oneparopa 8 D'(R™)).

3ameuanue 5.2.

Teopema 5.3 (Pyumamenranabaoe penierne AudbepenuaIbHOro OnepaTopa B YaCTHIX TPOU3BOJI-
HBIX ¢ MOCTOSTHHBIME KodDurmentamu B D' (R™)).

IIpumep 5.4.

IIpumep 5.5.
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DefColl 5.6 (Dopmasbho conpsizkenublil oneparop B D'(R™)).

ThColl 5.7 (HacTHoe perterne HeOTHOPOAHOTO AuddepeHINATBLHONO YPABHEHHI B aCTHBIX [POU3-
BonHbIX B D'(R™)).

Teopema 5.8 (Hacrroe perrenne HeOmHOPOAHOTO A DepeHITTATBLHOTO yPABHEHUS B 9aCTHBIX [PO-
M3BOJHBIX C TOCTOSHEBIME Koaddunnentamu B D'(R™)).



46 A. A. Tloxapckuwii

ThColl 5.9 (YacTHoe pererne HEOTHOPOAHOTO MubdEPEHINATBHOIO YPABHEHHSI ¢ MTOCTOSHHBIMUA
kodbduImenTaMu u peryJaspHoil mpasoii yactbio B R™).

DefColl 5.10 (PynmamenTaabHOe perierue oneparopa Jlammaca).
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ThColl 5.11 (®yujgamenrajibioe pemenue oneparopa Jlaaca B R?).

ThColl 5.12 (®yugamvenrtanbHoe perenue oneparopa Jlammaca B R3).

47



48 A. A. Tloxapckuwii

DefColl 5.13 (®ynmamenTaabHOE pelieHre OHepaTopa TemI0IPOBOIHOCTH).
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ThColl 5.14 (DymgaMeHTAaTBHOE PEIICHHe ONepaTopa TeIIoNpoBoaHocTH B R,

DefColl 5.15 (®ynmamenTaabHOE perieHre BOJTHOBOTO OEPaTopa).
[

ThColl 5.16 (PyugamenranbHoe pellienne BOJHOBOroO oneparopa B R,

49



50 A. A. Tloxapckuwii

Teopema 5.17 (®ynjgaMeHTaILHOE PENIeHIe BOJHOBOTO onepatopa B R*T1).
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Teopema 5.18 (IIpeobpaszosanue @ypbe d-bynxiuu, cocpeporouennoii na cdepe s R?).

51



52 A. A. Tloxapckuwii

Teopema 5.19 (PyHpaMeHTAILHOE PENIEHAe BOJIHOBOrO omepaTopa B R311),

DefColl 5.20 (®Pynmamentaibroe perterne oneparopa Ipeaunrepa).
[

Teopema 5.21 (PynmamenTanbioe pemenne oneparopa Llpeauarepa 8 R,
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54 A. A. Tloxapckuwii

Onpenenenne 6.1 (O6uwmii Bug HEOMHOPOAHOTO JHHEHHOTO MH(bEPeHITNAIbHOIO ypaBHEHNS B
YACTHBIX MPOU3BOJHBIX BTOPOTO MOPS/IKA).

3ameuanue 6.2.

Onpenenenne 6.3 (ITosoKnTEIBLHO ONpeIeTeHHAST MATPHIIA).

Onpenenenne 6.4 (Duunruaeckuii T auddepeHNITATBHOIO YDABHEHHS B 9aCTHBIX TPOU3BO/I-
HbBIX).

$Marpury A maszsBaoT cummerpuunoi, ecmn V0,5 € {1,2,...,n} aij = aj;.
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Onpenenenne 6.5 (I[TapaGonndeckuii Tun nuddepeHnuaTbLHOrO YPABHEHUST B YACTHBIX MTPOU3BO/I-
HBIX ).

Onpenenenne 6.6 (I'mnepbosmueckuii Tun gudbepeHnnaIbHOIO YPABHEHHSI B YaCTHBIX TPOU3BO/I-
HbBIX).

Onpenenenne 6.7 (Vpasuenne [IIpenunrepa).

Ounpenenenne 6.8 (IaaKocTh TPAHUIBI 00JIACTH).
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Teopema 6.9 (Ilepsasi dpopmyna I'puna).
[}
[
[

Teopema 6.10 (Bropasi dopmyia ['puna).
[ J
[}
[

Teopema 6.11 (IIpuHIUT MAKCHMYMa JIJIsi TADMOHIUYECKHX (DYHKIIHIA).

Teopema 6.12 (CymecrBoBanue u eJMHCTBEHHOCTDH DeIllleHUs] BHyTpenueil 3agadu dupuxie st
ypasHenusi [Tyaccona).
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Teopema 6.13 (CymecrBoBanue u eJMHCTBEHHOCTH DeIlleHHs BHyTpeHHedl 3amaqum Heitmana st
ypasHenus [Iyaccona).

Teopema 6.14 (CyiiecTBoBaHNEe W €IUHCTBEHHOCTDH PEIEHUsT BHYTPEHHEH CMeNaHHON 3a71a49u st
ypasuenusi [Tyaccona).



58 A. A. Tloxapckuwii

Ounpepenenne 6.15 (PeryasipHoe moBejienne rapMOHHIeCKOil (byHKIUH HAa GECKOHEUHOCTH ).

(1)

(2)
Teopema 6.16 (CymniecTBoBanze U ¢JMHCTBEHHOCTD PEIeHust BHEITHelH 3agaun Jupuxiie s ypas-
nenus Jlamnaca).
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Teopema 6.17 (KouTp-npnMep K TeopeMe 0 e JHHCTBEHHOCTH pellleHusl BHelIHel 3anaun Jupuxire
It ypaBHenus Jlammaca).

Teopema 6.18 (IIpexcraBienne npou3BoIbHOI MIaIKOI (DYHKIUK B BH/IE CYMMBI IOTEHINAIOB (00b-
€MHOI0, IIPOCTOrO H JIBOMHOIO CJI05)).



60 A. A. Tloxapckuwii

Ounpepenenne 6.19 (Jlorapudmvuveckuii moreHuam).

Ounpenenenne 6.20 (O6beMHBI TOTEHITHAT).

Omnpegnenenne 6.21 (ITorennuan npocroro cios B R?).

Omnpenenenne 6.22 (ITorermman mpocroro cios B R3).
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Omnpenenenne 6.23 (Tlorennuan gsoitnoro cios B R?).

Onpenenenne 6.24 (ITorenmuan asoiinoro ciaod B R3).
[ J
[

Onpenenenne 6.25 (Pynkuus [puna BHyTpenueii 3amaqu Jupuxsie ajsi omeparopa Jlamnaca).

3ameuanue 6.26.

Teopema 6.27 (OcuoBrbie cBoiicTBa dbyHukImn ['prHa BHYTpeHHeil 3aga4uu [npuxie s oneparopa
Jlamaca).

[ ]

[ ]



62 A. A. Tloxapckuwii

Teopema 6.28 (Boipazkenue periennst BHyTpenHeit 3agaqu Jlupuxie fst ypasaenust [Tyaccona gepes
dbyukmuo I'puna).
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Teopema 6.29 (Qyuxius ['puna Buyrpenneil 3agaqu Jupuxie st oneparopa Jlammaca B mape).

Teopema 6.30.



64 A. A. Tloxapckuwii

Teopema 6.31 (KondopMuas mHBADHAHTHOCTD OmepaTopa Jlammaca B R?).

Teopema 6.32 (Oynknus ['puna 3agaun Jupuxie m1g oneparopa Jlamnaca B obaactu B R? (npej-
craBiieHne depe3 KOHGOPMHOE 0TOOpaKeHue)).
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IIpumep 6.33.

Omnpenenenne 6.34 (Knaccuueckas samada Komn s ypasnenus renjionposojguocrn B R,

Onpenenenne 6.35 (OGoOmennag samada Komm jyg ypapHeHHs Temionpopogaoctu B R,
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Teopema 6.36 (Teopema cyrecTBoBaHNSI W €MHCTBEHHOCTH perieHusi 00001eHHo# 3agaqn Korm
JUlsl ypaBHEHUA TeIIonposoaHocTd B R™T1),
[
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Teopema 6.37.

Teopema 6.38 (IIpenesn dyHIAMEHTATBLHOTO PEIIeHNsT yPABHEHUS TEMI0NPOBOAHOCTH 1pu ¢ — +0).

Teopema 6.39 (Teopema cyIecTBOBAHUS U €IMHCTBEHHOCTH PEINeHUs KIaccuaeckoil 3amaun Korn
JUIA YPAaBHEHUA TEIIONpPoBogHOCTH B R,
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cywecmeyem u edurncmeenno. Ipu smom peuserue moocem bbms 3anucaHo 6 sude
U(x,t) = E* F(x,t) + E(-,t) x Uy(z), (6.13)
2de Adpo pyndamenmanvrnozo peusenus E 0NeEpPamopa menionposodHOCMYU 0NPEIeiseHo PaBEHCMEOM
. 2
—0<t) 6_&,
(2a+/mt)™

CEEPMEKA NOHUMAEMCA 6 caedyrowem cmucae (6 R™ daa nepsozo caazaemoeo u 6 R™ daa emopozo
caazaemozo 6 gopmyae (6.13))

E(z,t) =

E x F(x,t) ://E(y,T)F(x—y,t—T) dydr, E(-,t)*Uy(z) :/E(y,t)Uo(x—y) dy

U HAYAADHOE YCAOBUE TLOHUMAENCA 6 C./LedyTO’L@@J\/L CMBLCAE

U(z,t) ‘t:O = tLiTO Ulx,t).

JokazarenbcTBo. [l obocHoBaHus CyIecTBOBanus cBeprku F x F'(x,t) mepenuimem ee ceayo-
M o0pa3zom

_lwl?

E*F(m,t)://gae(%e 12 F(x —y,t — 7)dydr = [y:z\/?] -

|21
2 F(x — .
2@\/_ //64 (v — 2,t — 2v/T)dzdT

B nocneanem unrerpaJie mojblHTerpasibuas (PyHKIHA HEIPEPBIBHA 110 [IEPEMEHHBIM 2 U T BO BCei
06.1aCTH MHTErPUPOBAHUSI U MMeeT KOMIAKTHBIH HocuTe b, CiefoBarenbio, ceeprka E* F'(x,t) Kop-
PEKTHO OTpe/ie/ieHa. AHATOTHIHBIM 00Pa30M, MOKHO YOenThest, uTo dbyukius ExF(x,t) 6eckonedHO
g depernupyemMa 1mo obeuM mepeMeHHbIM.

BameruM, uto mpu t > 0 dyuknus F(x,t) aeagercs raaakoi mo mepemenuoit z. OTcioma Jerko
cuepyer, uro ceeprka (-, t) x Uy(x) koppekTHO oupejeiena u 6eckonedno juddepernupyema 1o
obenM nepeMeHHbIM TIpu ¢ > 0.

Bpeem obosnauenms

Ui(z,t) = Ex F(x,t), Us(z,t) = E(-,t) * Up(x).
13 Teopemsr 5.9 caeayer, 910

{% —a A] Up(z,t) = F(z,t).

13 Teopembr 6.37 u cBOWCTB CBepTKH cjejyer, 9To npu t > 0

{% —a A} Us(z,t) = / Us(y) {% —a’A 1 E(z —y,t)dy = 0.

U3 yenosuii supp E(z,t) C R™ x [0, +00) u supp F(z,t) C R" x [0, 4+00) caenyer, 9ro

0
tl_lg_lOlet —tl_lglo// (y, T x—y,t—T)dydT://E(y,T)F(:c—y,t—T)dydT:0.
0 Rn
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Omnpenenenne 6.40 (Knaccuueckas 3anava Komm ayis Bosmosoro ypasaenus B R,

Omnpenenenne 6.41 (O6obmennas 3a1a4a Ko /15 Bosnosoro ypasuenust B R,

Teopema 6.42 (Teopema cyIecTBoBaHUSI M €MHCTBEHHOCTH pereHusi 00001eHHo# 3agaqn Korm
JUTA BOJHOBOTO ypaBHeHust B R"T1).
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Onpenenenne 6.43 (3ana3abBaONmuil TOTEHIIUAT).

Teopema 6.44 (Teopema CyIIeCTBOBAHUS U € IMHCTBEHHOCTH PEIEHUs KIaccuaeckoit 3amaun Koru
JUTS BOJHOBOTO ypaBHeHus B R1T1),

[ ]

[
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Teopema 6.45 (Teopema CyIecTBOBaHUs U €IMHCTBEHHOCTH PEINeHNs Kaaccudeckoil 3amaun Korn
JUIsl BOJIHOBOTO ypaBHeHus B R?T).
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Teopema 6.46 (Teopema cyIecTBOBaHUS U €IMHCTBEHHOCTH PEINeHUs Kaaccudeckoil 3amaun Korn
JUTS BOJHOBOTO ypaBHeHus B R3T1),

Omnpenenenne 6.47 (O6o0mennas 3anaua Komn s ypasuenus [Ipejunrepa B R™ ).

Teopema 6.48 (Teopema cyIiecTBOBaHUS W €MHCTBEHHOCTH perieHusi 0000menHoi 3amaan Kormn
quia ypasienua [penunrepa B R,
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Teopema 6.49 (CkopocTh pacipoCTpaHeHHs BO3MYIIEHUs M1 ypaBHeHUIT MaTeMaTndeckoii (usu-
KU, 3aBHCAIINX OT BPEMEHH ).

(1)
(2)
(3)

Onpenenenne 6.50 (ITepexnuii bpoHT BOJHBI).

(1)
(2)
Onpenenenne 6.51 (3ajgnuii bpoHT BOJIHBI).

(1)

(2)
Teopema 6.52 (Ilepegnuii u 3axnuit GPOHTH BOJHBI JJIs1 ypaBHEHUI MaTeMarudeckoil Gu3nky,
3aBUCSINUX OT BPEMEHM).
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A. A. Tloxapckuwii



JIEKIIUN II0 METOJAM MATEMATHUYECKO ®U3UKU (6 CEMECTP) 75

Teopema 7.1 (CymecrBoBanne u e JHHCTBEHHOCTH pelieHust 3aa4n Ko g snaeiinoro audde-
PEHIINATBHOTO YDABHEHWs B 00JIACTH PETyIsSPHOCTH ero KoadhdunneHToB).
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[ 1
Wa(z) /\F W) = Wa(Ol dl < M [ 1z 2ol = 50420z — 20w,
20
1
YneN Wo2) = War (@) < [ IFQOIWaa(€) = WaaQ)]dl < M|z = a0l
Orcioza,

[e.@]
1
< Jwol E —'M"]z — 2o|™ = |wo|eMPF*! < 0.
n!

VzeK 'Wo(z) n i [Wn(z) N Wn_l(zﬂ

Caenosarenbro, paf (7.3) cxoaurest papaomepno Ha K. O6o3nauum cymmy psa (7.3) gepes W, u
3aMeTHM, 9TO

W.(z) = lim W,(2), (7.4)

pP—00

IpuvIeM IMIOCTeTHIH Tpees JOCTHTaeTcs PaBHOMEPHO Ha JIFoOOM BBINYKIOM KommakTe K C D. U3
TeopeMbl BeftepinTpacca u mpon3BoIbHOCTH Bhibopa KommakTa K caenyer, aro W, € H(D).

JokazkeM rerepb, uro W, — sBasiercs pernternem 3a1aan Kormn (7.1). 113 paBHOMEpHO# CXOAUMOCTH
upeena (7.4) caeayer, aro B pasencrse (7.2) BO3MOXKHO HepefTH K IPeey 0/ 3HAKOM HHTErDaJIa.
Orcroa moyanmM, 9To

Wi(z) = / FIOWL(C) dC + wp. (7.5)

Huddepernupys papercTso (7.5) 0O 2 MOJYIUM, 9TO

[Moraras z = zy B paencrse (7.5) moiayunm, ato Wi(zp) = wy. Takum obpazom, W, — permenue
sagaan Komm (7.1).

Jokazkem renepsb, uro pemterue W sanaan Komm (7.1) egurcrBenHo. Ijist 3TOro J0CTaTOIHO JI0-
KazarTh, 910 psij Teitopa perenus W ogHosHauHO onpeaessercs 3agadeit Kommn (7.1).

W3 peryngpaoctu pentenus W B OKpPecTHOCTH TOYKHU Zzg CJaeayeT, uTo perierue W MoxkeT ObITH
pasyioxKeHo B cxoadmuiica pan Teitiopa Buaa

Z cn(z — 20)". (7.6)

n=0

Ananmornano,
= fulz—20)" (7.7)
n=0

[Moacrasisist psast (7.6) u (7.7) B ypasmenne (7.1) mosydnm, 910

o0

=3 neue ) = [p=n 1] = 30+ ez - o)

n=1 p=0
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Teopema 7.2 (CymiecTBoBanue u eJIMHCTBEHHOCTD DeleHus 3aja4qu Ko /71t CucTeMbl JIMHeHbIX
quddepeHnnaTbHBIX YPABHEHHH B 00JIACTH PEryIsSpHOCTH ee KO3(MQUIHEHTOB).

Teopema 7.3 (CyinecToBaHue U e IMHCTBEHHOCTD PEIeHNs 33,1891 Ko /711 CHCTeMbl HeJIMHEeHHBIX
b depeHInaTbHBIX YPABHEHUH B 00JIACTH PEryISIPHOCTH ee KOdhDHUIUeHTOB).
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Teopema 7.4 (KoHTpupumep K Teopeme O CYNIECTBOBAHWU M €JIMHCTBEHHOCTH DEIIeHHs 3a1a49u
Ko st HenuHeirHoro auddepeHnuanisHoro ypaBHeH s ).

Onpenenenne 7.5 (Marpua MoHOIpOMUN).
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Teopema 7.6 (Ilosenenue pererns cucreMbl JuHERHBIX MuddEPEHINATBHBIX YPABHEHUH B OKPECT-
HOCTH 0c000i ToUKH (caydaii cOOCTBEHHOTO BEKTOPA MATPUIIBI MOHOJIPOMUH) ).
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Teopema 7.7 (ITosenenue periennst cucreMbl JuHeHBIX Aud depeHnmanbHbIX ypaBHEHHH B OKPeCT-
HOCTH 0c000i TOUKH (cJIydaii TPHCOeINHEHHOTO BEKTOPA MATPHIILI MOHOJAPOMHEN)).
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Teopema 7.8 (Tlosenenne perenusi JuHEHHOTO A depeHInaIBLHONO yPABHEHUST BTOPOTO MOPSIIKA,
B OKPECTHOCTH KOHEYHOH 0C0BOil TOYKH).

[ ]

[

Onpenenenne 7.9 (IIpaBuabaas ocobas TOUYKa JTHHEHHOTO MuddEpeHITHATILHOTO yPABHEHHS BTO-
poro MopsijiKa).
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Teopema 7.10 (Teopema Dykca (ciayuaii KoHEUHOH 0C000iT TOUKH)).

(1)
(2)

Onpenenenne 7.11 (XapakrepucTHdecKue MOKa3aTed B OKPECTHOCTH KOHEUHOI TPABIIIbHOI 0CO-
6oit TouKn).

Teopema 7.12 (Cesa3b Mekly XapaKTEePUCTHICCKAMH MOKA3ATEJNSMH W MOBEJICHUEM DElleHus B
OKPECTHOCTH KOHEYHOU MPABUIbHOI 0c060il TOUKH).
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Teopema 7.13 (IIpeoGpasoBanue JmHeiHOro JudDBEPEHIUATBHOIO YPABHEHUST BTOPOTO MOPSIKA,
33IaHHOTO B OKPECTHOCTH OECKOHEYHOCTH, B JUHeiHoe muddepeHnnaIbHoe ypaBHeHHsT BTOPOTO I0-
psijiKa, 33JIAHHOE B OKPECTHOCTH HYJIsI).

Teopema 7.14 (IToenenue pemennst auHeiiHOro Aud depeHIaaIbHOr0 ypaBHeHust BTOPOro MOpsiiKa,
B OKPECTHOCTH GECKOHEYHOCTH ).
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Onpenenenne 7.15 (BeckoHewurno ynaaeHHas npaBuIbHAs ocobast TOUKa JuHEHHOTO nuddepeniu-
AJIBHOIO yPABHEHHsI BTOPOIO HOPSIJIKA).

Teopema 7.16 (Teopema Pykca (ciaydaii 6eCKOHETHO yaadeHHONE 0COOON TOYKN)).

(1)
(2)

Omnpenenenne 7.17 (XapakrepucTuieckue MOKa3aTe M B OKPECTHOCTH GECKOHETHO Y/IaJIeHHO TIpa-
BIJIbHO# 0COBOM TOUKH).
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Teopema 7.18 (CBHSB MEXKIOY XapaKTepUCTHYECKHMH MOKa3aTeIdMH U IIOBeIeHUEeM pPEIIeHUS B
OKPEeCTHOCTH OECKOHEYHO yAaJleHHON MpaBHIbHONI 0CO00it TquH).
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3amMmeuanune 7.19.

Onpegnenernne 7.20 (Meron Jlamnaca mocTpoeHnsi HHTEIPATBHOIO HPEJACTABICHHSI JIJisi PEIIeHUsT
JauHeRHOTO Aud> epeHIuaIbLHOr0 YpaBHeH!s ¢ JHHeHHBIMEI KoM duImeHTam).
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Onpepenenne 7.21 (OcHOBHBIE WU UCCIEI0BAHNS DEIleHui JHHEHHBIX TruddepeHnnaibHbIX ypa-
BHEHWH ¢ peryJasipHbIME KO(bDhUIHEHTAME).
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Jlerko BUETDH, ITO

1
W3(0) = / ;e’%dt:%i
It|=1
1, cJIeJ0BaTesbHo,
1 1
Wi(z) = — [ —e i+t
1(z) 271 te

t)=1
AHAJIOIIYHO, MOZKHO I10Ka3aTh, YTO H
Wy(z) = —Inlz| +O(1) mpu z — —0,
Ws(z) =lnz+O(1) mpn z — +0
U, CJIeJIOBATENILHO,
Wy(z) = —Wy(x), Wa(z) = W;s(z).

Haiizem acuvrornaeckoe nopenerne Wi (x) npu z — —oo. Jlerko Bujerhb, 4to

1 1 s 1 1 1 ,
Wl(l) = *672+:Et dt = [t = y ] = — —@\/H(_ﬂ_y) dy — [1/ - e“ﬂ] .

omi )t V| 2mi ) oy

[t[=1 ly|=1
2

1

I 672 |z| cos dg& o # 62 || (1 + <1>>
2 2/ /|| V|

0
npu r — —00. AHAJOTUYIHO, MOJIYTHM, 9TO

1 1 1y, Yy 1 1 1 .
= — — 7?+‘L’t dt — t = — - — —_ ﬁ( ,U+y) d — — v -
Wilr) =55 | 3¢ { \/f} i / y < y=ly=e]
[t|=1

ly|=1
U [ o rams 1 [or e 1 [20 1
- iasing g, i/ T—1 - 2i\/T+1 ) =
27r/6 PTa\nES T T\ aEe "\
1

—T

- ()

npu x — +00.
AHaIOTHIHBIM 00PA30M MOYKHO HCCI0BATh noBejienne perenns Wa(x) npun x — +o0.
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Onpenenenne 8.1 (Vpasuenue Jlekanapa).

Teopema 8.2 (IloBejenue perenuii ypaBHeHus JlexkaHapa B OKPECTHOCTH €r0 OCODBIX TOYEK ).

Ounpepnenenne 8.3 (DOyukiys Jlekanapa).

Teopema 8.4 (Ilurerpasbhoe npejacrasienue jist byuxiun Jlexaunapa).

89
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3amMmeuanue 8.5.

Teopema 8.6 (BbiBom mHTerpasbHOro npencrapienns s yHkiun JleKaHapa ¢ MOMOIIBIO Me-
tona Jlamnaca).
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Teopema 8.7 (Iloenenne dyukuu Jlexkanapa B OKPeCTHOCTH TOUYKH —1).

Teopema 8.8 (®opmyna Poxpura (masa nosnaomos Jlexkanapa)).

91
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Ounpenenenne 8.9 (ITosmuomsbr Jlexanpa).

Teopema 8.10 (CuMMeTpHYHOCTD OIIEPATOPA OTBEYAIONIEIO ypaBHeHuio Jlexanpa).

Teopema 8.11 (CpoiictBa mosmuoMoB Jlexkamipa).

(1)
2

(2)
(3)
(4)
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Onpenenenne 8.12 (Cunryasphas 3agada HItypma-JInysusig 1jis ypasHeHust Jleskanapa).

93
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Teopema 8.13 (CoGcTBenHBIe 3HAYEHHUS W COOCTBeHHBIE (DYHKIUH CUHTYIAPHON 3amaun [TITypma—
JluyBusutsa st ypaBHenust JIexkaHpa).

Onpenenenne 8.14 (Tlpucoennnennoe ypasaenne Jlexxanapa).

Teopema 8.15 (IloBesenue pereHuii MpUCOeMHEHHOTO ypaBHeHUs JleKaHIpa B OKPECTHOCTH OCO-
OBIX TOYEK).

Teopema 8.16 (CBsi3b MKy pelleHUsIME MPHCOETHHEHHOTO YpaBHeHusl JIexKaHIpa u perreHusIMu
ypaBHenus Jlexanapa).
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Ounpepnenenne 8.17 (Ilpucoenunennsie dbynknun Jlekanapa).

Teopema 8.18 (CuMMeTPHYHOCTD ONEPATOPA OTBEYAOIIET0 IPHCOETNHEHHOMY ypaBHeHUTO JIezKaH 1-
pa).

Teopema 8.19 (OcHoBHOE CBOfiCTBO pHcoeMHEHHEBIX dyHKIMA Jlexanmpa).

Ounpenenenne 8.20 (Cunryngpnas 3amada [rypma-JIuyBuiis 1jst TPUCOETNHEHHOTO YPABHEHUST
Jlexanpa).

o0
MTpu m € Z,. cemeiicTro dynximit {‘ /2t EZIZ;: P,Q”} o6pazyeT OpTOHOpMIpOBaHHKI Gasuc B La(—1,1).
n=m
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Teopema 8.21 (CoGcTBenHble 3HAYEHHs W COOCTBeHHBbIE (DYHKIMH CHHTYIApHON 3amaan [TITypma—
JInyBrILIS 11T IPUCOeIMHEHHOTO ypaBHeHus JlexkaHapa).

Teopema 8.22 (Oneparop Jlannaca B cepraeckux KOOpAnHATAX ).

Onpenenenne 8.23 (Oneparop Jlamnaca-Beaprpamu).

Onpenenenne 8.24 (Inankas dynkuus wa chepe).
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Teopema 8.25 (CummerpuuHOCTD omeparopa Jlamtaca-Beabrpamu).

Onpenenenne 8.26 (3amaua Ha COOCTBEHHbIE 3HAYEHUsI U COOCTBEHHBIE (DYHKIMH [JIsI OMEPATOPA
Jlamnaca-Beasrpamn).

[ ]

®

[

Teopema 8.27 (CobcrBeHHble 3HAUEHHUST U cOGCTBeHHBIe (DYHKIMHU oneparopa Jlamnaca-Beabrpamu).
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B BUJIEC
u(0,¢) = Z(0)2 (). (8.8)
[Moncrasasis npejcrapienue (8.8) B ypasuenne (8.7), mosydnm, 91o
(Z'(6) sin )’ Z(6)
AN B(p) — L = \Z(0)®
DD (o)~ 2D () = Az 0)(0),
(Z'(0)sin 9)/ sin 0 _ ()
+ Asin?6 = — . 8.9
Z0) B() o

Bamernm, 9To paBeHCTBO (8.9) moKHO BBIIONHATHC Jjist Beex 0 € (0,7) u ¢ € (0,27). Orcioza,
YUUTBHIBast, 9TO JIeBas 4acTh paBeHcTna (8.9) 3aBUCHT TOJIBKO OT #, a paBas — OT ©, HOJYIUM, ITO
HallJIeTCsl IOCTOAHHAS I TaKasl, ITO

(Z'(0) sin 9)/ sin 0

"
)\S. 29__q) (SD) o

700) in“6 = 30) (8.10)
Orcroga u u3 yenosus Z(0)P(p) € C*(S) caenyer, aro & — 27-meprouaecKoe PEIIeHne ypaBHeHusT
9" = v,
Pemag nosydennyio kpaeByio 3aiady Ha pynkmnuio ¢ moaydum, 4To
VmeZ uv,=m? &,=cm. (8.11)
3 (8.11) u (8.10) mosyunm, 9TO Z YIOBIETBOPSET YPABHEHUIO BUJIA
(Z'sin 9)/ sinf + \Zsin?0 = m*Z. (8.12)
CrenaeM 3aMeHy TE€PEMEHHBIX
cos =t, Z(0)=v(cosh) (8.13)
B ypasuenun (8.12). B pesysbrare mosydnm, 410
Z'(0)sinf = w sin ) = —v'(cos f) sin® 0 = —o'(t)(1 —)|,___,
(Z'(0)sinf) sing = (V(t)(1 —2)' 1 —3)],___,
OTKY/Ia
—Wﬂ—ﬂ”+1Tﬁv:M. (8.14)

[Ipu m = 0 ypasuenue (8.14) spiserca ypapaenueM Jlexkanjapa, a upu m # 0 mpucoeMHEHHBIM
ypaBHenueM Jlexkanapa. YC/I0BHs Ha IOBEJICHHE PEIICHUNA B OKPECTHOCTH TOo4YeK £ = 1 MOXKHO BBI-
sectr w3 BRIodenust Z(0)®(p) € C(S) (manpuMep, 0IE€BH/IHO, UTO PEIICHAS TOIKHBI OCTABATHCS
OTpAaHUYEHHBIME B OKPECTHOCTH TOUeK ¢t = +1). Temeps, usz Teopem 8.13 u 8.21 ciejyer, 4To CUHTY-
agpuas 3aga4da Hltypma-JTuysmiig (8.14) (¢ yeaoBugME OrpaHUYEHHOCTH DPEIeHnit B OKPECTHOCTH
To4ek t = +1) umeer ciaeayonEe COGCTBEHHBIE THCIA H COOCTBEHHBIE (DYHKITHH

VneZ,Yme{m|meZ|ml <n} A\ =nn+1), v, =Pm,
Cobupas noaydeHHble Pe3yabTaThl BMECTe, MOJYIUM, ITO (DYHKITHS
Y™(8, @) = ™ P™(cos 6)

npu n € Zy um € {m | m € Z,m| < n} apagiorca coOCTBEHHBIME (DYHKIHIMI OTNEPATOPA
Jlammaca-Bessrpamu, orBedarorue coOCTBEHHOMY 3HATEHUIO A, = n(n + 1).



JIEKIIUN II0 METOJAM MATEMATHUYECKO ®U3UKU (6 CEMECTP)

Onpenenenne 8.28 (Cdhepuueckue hyHKINN).

Teopema 8.29 (IlonuHOMHATBHOE CBOWCTBO cheprudecknx HDYHKITHIA).

99
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Onpenenenne 8.30 (Vpasuenue Beccess).

Teopema 8.31 (IToBesenue pernennii ypaBHeHusi Beccesst B OKPECTHOCTH ero 0COObIX TOYEK ).

(1)

Teopema 8.32 (Pemrenne ypashenusi Beccesst riajko 3aBucsiinee oT mapamerpa v).
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Onpenenenne 8.33 (Pyuknus Beccens).

Teopema 8.34 (Cpoiictsa dynkmnu Beccest).

(1)
(2)
(3)
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Teopema 8.35 (PexyppenTHble cooTHOmeHus jiis dbyHkmii Beccens).

Teopema 8.36 (Dyukiust Beccesst momyesoro 3HaIKa).

(1)
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Teopema 8.37 (UluTerpajibHble MpeCcTaBIeHus JIJId pellleHuil ypaBHeHUs1 Becces).

Teopema 8.38 (IlnrerpanbHoe npencrabienue mis byukiun beccens).
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Teopema 8.39 (Jlemma Dpaeiin).

Teopema 8.40 (Acumnrorudeckoe nosenenne yHKIun Beccest npu GOTBITHX MOJOKUTETHHBIX
3HAYEHHSIX apryMeHTa).
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Teopema 8.41 (Hynu dbyuxiun Beccess).
(1)
(2)

(3)
(4)

Onpenenenne 8.42 (Oyuxiun XaHKess).
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Teopema 8.43 (J/Ilemma Barcona).
[ ]
[ ]

Teopema 8.44 (MurerpasbHoe mpejcrabiaenne niasg HYHKIUH XaHKeAs I€PBOTO DPOJA).

Teopema 8.45 (Murerpasabhoe npejcrasienne st HyHKIMA XaHKeJIs BTOPOTO DOJA).



JIEKIIUN II0 METOJAM MATEMATHUYECKO ®U3UKU (6 CEMECTP) 107

Teopema 8.46 (Crsasb mexay dynknueit Beccens u dbyuxmusvu XaHkess ).

Onpenenenne 8.47 (Oyuknus Heiimana).

Teopema 8.48 (Acumnroruveckoe mosejenue byHkiun Helimana npu GOJBIIIX MOJOKUTETHHBIX

3HAYCHHUIX apIyMEHTa).

Teopema 8.49 (Ceasp mexay dyukunein Helimana u dbyuknusvu Beccesst).

Teopema 8.50 (ITosenenue dynknun Hefimana nesoro 3uauka npu z — 0).

(1)
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Teopema 8.51 (CuMMeTPUYHOCTH OlIEPATODA OTBEYAOIIEr0 YPaBHEHNIO Beccess Ha KOHETHOM HH-
TepBae).
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Ounpenenenne 8.52 (Cunryrspuas 3agada HItypma-JInysuiis nis ypaBaenusi Beccens na Koned-
HOM WHTEpBaJe).

Teopema 8.53 (CoGcTBenHble 3HAYEHUsST W COOCTBeHHBIE (DYHKIIMH CHHTYIApHON 3amaun [1ITypma—
JIlnyBriLis jiist ypaBHeHus1 Beccesisi Ha KOHEYHOM HHTEpBaJIe).
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Teopema 8.54 (OcHOBHOE CBOWCTBO COOGCTBEHHBIX (DYHKIUH CHHTYIspHON 3a1a4qu [IITypma-JInyBui-
Js1 I ypaBHeHUsT Beccesisi Ha KOHEYHOM HHTEPBAJe).

[

[
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Onpenenenne 9.1 (OcHoBHBIE WM MeTOAA PA3JIEICHUS TEPEMEHHBIX JJIS PENTeHusl 3329l Ha
cOOCTBEHHbBIE 3HAYCHUsT ¥ (DYHKIHH SJIUITHIECKOTO OIEPATOPA).

Onpenenenne 9.2 (Ocuopubie ugen Meroga Oypbe st pellieHnst KPAeBbIX 33144 JJIs SJLIAITHIe-
CKHUX OILIEPATOPOB).
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(3)

Onpenenenne 9.3 (Ocuosubie uuen Merona Pypbe Aj1s1 pereHns] CMEIAHHBIX 3a/1ad I napabo-
JWYECKHX yDaBHEHWUI ).
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Onpenenenne 9.4 (OcuoBubie ujaen Meroga Oypbe JJist pellleHus] CMEITaHHBIX 33144 JJIs THep6o-
JIMIECKUX YDaBHEHNIA ).

Onpepnenenne 9.5 (IIpocrpancrBo ocHoBHBIX dhyHKIWHE D(£2)).
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(2)

Onpenenenne 9.6 (Cxonumocts B cmbicae D((2)).

(1)
(2)

Ounpepenenne 9.7 (IlpocrpancrBo o6obmennbx dyukuii D'(Q)).

Omnpenenenne 9.8 (L,(S2) kak nogupocrpancrso D'(€2)).

Teopema 9.9 (DkBuBaientHoe onpesenenne Ly(€2) (vepes psabr Pypoe)).
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Ounpenenenne 9.10 (IIpocrpancrso Cobosesa HP(S2)).

Teopema 9.11 (Cnen dbynknum uz H'(Q) ma rpanune obractu ).
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(1)
(2)

Omnpegnenenne 9.12 (IIpocrpancrso Cobosnesa H*!(Qr)).

Teopema 9.13 (Bioxkenune npocrpancrsa CobosieBa B IPOCTPAHCTBO TIAAKUX (DYHKIHMIL).

Teopema 9.14 (CobGerBennble 3HAUeHUs M cOOCTBeHHBIE (DYHKIMM omeparopa Jlamnaca B mpsiMo-
yrojapauke ¢ ycjaosusmu Jlupuxie Ha rpanuie (MeToj pas/ieJeHus HePEMeHHBIX ) ).

N N
= W
~— e
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(9.21)

(9.22)
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Teopema 9.15 (O6obienHoe perenne 3agaun Jupuxie ajst ypaBaenus [lyaccoHa B IpsSMOYTOJIb-
auke (Meroq Oypbe)).
[
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Teopema 9.16 (O6o6ienHoe perenne 3a1aun Heiimana st ypasaenust [Tyaccona B psaMoyroib-
auke (Meroq Oypbe)).
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Teopema 9.17 (CobGcrBennbie 3HaveHust 1 cobcTBeHHbIe (BYHKIME oneparopa Jlamiaca B Kpyre ¢
ycrousiMu Jlupuxiie Ha rpanure (MeTo pa3/eseHns MePeMeHHBIX ) ).

[

[

[\]

AN TN N N
- W
N N N N’
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Teopema 9.18 (O6o6mennoe pererne 3anaun upuxie s ypasaenus [lyaccona B kpyre (MeTo
Dypoe)).
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Teopema 9.19 (CoGcTBenHHbIe 3HATCHAA W COOCTBeHHbIe (DyHKIMA oneparopa Jlamnaca B mape B R
¢ ycaosusimu Jlupuxiie Ha rpanuie (MeToj pa3/ie/eHus IepeMeHHBIX)).
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Hanmomunwm, 4uto

19,0 1

— =+ Ny,
r20r Or r2 %

[Moacrasissa (9.43) B ypasuenne (9.42), mosryaum

(PR ()Y (6,9) — R0, (6,9) = ARIIY (6, ).

-
Orcroga, yMHO)KasT Ha WM, Haiiem
AG A,OY(07 Sp) (TQR/(T))/ 2
——2 - + Are. (9.44)
Y(0,¢) R(r)

[TocKOJIbKY JieBas 9acTh B paBeHcTBe (9.44) 3aBHCUT TOJHKO OT MEPEMEHHBIX 6 U o, a mpaBas TOJIb-
KO OT 7, TO 00a OTHOIIECHUS PABHbI HEKOTOPOH MOCTOAHHON, KOTOPYIO Mbl 0003HA4YMM 4epe3 v. B
pesyJibTare, ypaBuenus Ha (pyuknuu Y n R pasgeannnch

_AQ,cpY(e? ()0) - VY<97 @)7 (945)

(r*R'(r)) + M?R(r) = vR(r). (9.46)

U3 yenosust u € Dom(L), moayunwm, ato Y — rnagkas ¢yakmus Ha cdepe, R — orpanuvena B
okpecrnocru Troukn 7 = 0 u R(p) = 0. Orciona ciejyer, 4ro

Y (0,0 +27m) =Y (0,9), [Y(0,9)] < oo, [Y(m,¢)| < o0, (9.47)

|R(0)| < 00, R(p)=0. (9.48)

Cobupas ypasuenns (9.45), (9.46) u kpaesbie ycaobus (9.47), (9.48) BMecTe, MOJYIHM JIBe 321241

Ha CHEKTPATbHBIE 3HAYCHUST

—Rp,Y (0,9) =vY (0, 0),
{Y(Hfgo +2m) =Y (0,9), [Y(0,0)] < o0, [Y(r, )| < o, (9-49)
{ (F*R'(r)) + (\r® — v)R(r) = 0,
[R(0)] < o0, R(p) =0.

Cobcrpenmbie hyHKIUN n cobcTBenHble 3HaUenus 3312491 (9.49) nmeror Bu (M. Teopemy 8.27) (cob-
crBeHHble (DYHKIUM U COOCTBEHHBIE YHCIa onepaTopa Jlammaca-Beasrpamn))

Y0, ¢) = e™P P (cos 0), v, =n(n+1), n€Zy, m € {m|méeZ|m|<n}. (9.51)

(9.50)

Jns pemenust 3agaqu (9.50), caemaeM mojcTaHOBKY
U(r)
T

B ypasuenun (9.50) npu v = n(n + 1). B pesyuabrare moayqaum, aro W yaoBIeTBOPSIET YPaBHEHHIO

1 2
2 N
A7 (n—|—2)

Takum obpasom, cobcTsenubie BYHKINN U cOGCTBeHHBIe 3HAUeHus 3agaqu (9.50) mpu v = n(n + 1)
umeror Bu (¢M. Teopemy 8.53 (coberBeHHbIe 3HAYCHUA W COOCTBEHHbIE (DYHKITUU CHHIYJISPHOT 3a/1a91
Mrypma-JInysusiug g ypaBaennst Beccenst Ha KOHEUHOM HHTEpBaJie))

R(r) =

20" (r) + V' (r) + R(r) =0.

1 HnkT Hnk 2
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Teopema 9.20 (OGoGuiennoe perenue 3ajgauu Jupuxie s ypasnenus [lyaccona B mape B R3
(meron @ypoe)).
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Teopema 9.21 (Teopema CyIIecTBOBaHUS U €JIMHCTBEHHOCTH penieHusi 0B60OMEeHHON cMenanHoi 3a-
JIaYu I YPABHEHHUsT TEILIOMPOBOIHOCTH B OrpannderHoil obaacru (Meroq Oypbe)).
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Teopema 9.22 (Teopema cyIecTBOBaHUS U €JMHCTBEHHOCTH perieHusi 0600IMeHHON cMelanHoil 3a-
JIa9d 71T BOJIHOBOTO ypaBHEHUsI B orpanndenHoit obaactu (Meron Oypbe)).
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Takum obpasom,
Z an(t)u,(z) € Hy.

Hagee, 3ameTum, 910

T

2 2

VneN |B.l7,0m = |d;'/SmQ( Ant) dt < TW;\”' :
0

Z)‘ ||5nHL2 0,7) TZ)\anIQ < 0.

n=1 n=1

AHaJIOTHIHO, TOJIYIUM, UTO

Z)‘n”B;LH%Q(OT TZ)\ [¥n* < o0, Z 18 ”LQ(O,T) < TZ)\anF < 0.
n=1 n=1

n=1

CutetoBaTesIbHO,
Z Bn un e HW

Haxkomern, 3ametnm, uto npu n € N BepHO, UTO
2

T t T
sin (vt = 7) )]
Il = | / (2L ) ar| ar <7 [Vl -
0 0

2

T [ [ £l
- (1) d — [ fa()Pdr [ 1dr = 2222200
/!f Nar | <5 [15@Par [ -
0 0

Z )‘ZH%IH%Q(O,T) <7 Z A”anH%Q(O,T) < 0.
n=1 n=1

Anamorunano,

VneN A/ (t /fn cos (t—T)> dr,

t 2 T 2

T
ilton = [ | [ farcos (Vante=n) ar| at <7 | [1nu(n]ar
0

0

N

o

T T

<T / fu(r)2dr / Ldr = T £l 0.

0 0

Z Al vl < T Z Al fallZ a0y < 00
n=1 n=1

(9.67)

(9.68)
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