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muthea. W pedictBurensno, B 1873 r. I1. [Jio6ya-Peiimor ycTanOBRA,
9YTO CYIIECTBYIOT HENPEPHIBHLIE B TO4YKe pyHKOmH, paasl Pypse
KOTOPHIX B 3TOM TOYKe pacxogarca. Bmiores a0 1966 r. He 6bLIO
U3BECTHO, CXOAUTCA Ju pajx Pypbe Kax 10i HempephLIBHOM GyHKIAN
XoTA OBl B OJJHOM TOYKeE.

Jra npobrema 6wuta pemena B 1966 r., xorga JI. Kaprecorn
JOKa3aJ CIEAYIOUIYI0O TEOPEMY.

Teopema 7.10 (meopema Kapaecona). [na mobrix pgei-

(o)
CTBUTEILHEIX THCEN g, Gn, by, n € N, Taxux, uro pag Y (a2 + b2)
CXORUTCS, TPUIOHOMETPHUYECKMH PAJL n=1

(o o]
ap .
2 + E an cosnz + b, sinnx

n=1
CXOJUTCA MOYTH BCIOAY Ha OTpe3ke [—m, w|.

W3 Teopemu Kaprecona cregyer, yro pagu Pypse (7.10) mo
TPUrOHOMeTpUYecKo cucreme (7.7) CXOAATCA MOYTH BCIOZY HA
oTpeske [—m, 7] Aas Bcakou dynKmyu u3 Lo[—m, 7], u B 9acTHOCTH
L BCAKOM HEIPEpPLIBHOM QYHKIMH.

7.7. Muorowiens! Jlexxanapa

Hapsany ¢ mpuzonomempuueckoti 9aCTO HCHOAB3YIOT U APYTYyIO
CHCTEMY 3JEMEHTapHEIX (yHKOAM — cEcTeMy MHOrowenos. Ilo-
CTpomM, HampuMmep, 6a3uc 2uabbepmosa npocmpancmea Lo[—1,1],
COCTOAIIUHA ¥3 MHOrOWIEHOB. [lia 3TOr0 pacCMOTPHM MOCJELOBa-
TeILHOCTH OAHOWIEHOB 1, T, T2, ..., 2",  KaK CHCTEMY JJEMEHTOB
ruis6eproBa npocTpaHcTBa Lo[—1,1]. Jluneino# 060109KOM STOM
CHCTEMEI ABJACTCA MHONHCECTNE0 BCEX MHOTOWIEHOB, KOTOPOE II0 Te-
opeme 7.7 ecw0dy naomuo B Lp[—1,1]. DTo 3HawMT, 4TO CHCTEMa
onnowrenos {zF}  aBaserca samrxnymot cucmemotd B Lo[—1,1).
OaHako 3aMKHyTasa cucTeMa MOXeT u He OLITh 6a3UCOM B ruanbep-
TOBOM IIPOCTPAHCTBE.
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Teopema 7.11. Cucrema ogrowreros {zF}$° | me smmsercs
GasucoMm B rmis6epToBoM mpocTpascTee Lo[—1,1].

<« Ilycts f(r) — npomssonbras pynxmms w3 Ly[—1,1]. Ecru npex-
NONOXKHTB, 9TO cucrema {z¥}2 | apnserca 6asmcom B Ly[—1,1], To
byBxuma f(z) AOMKHA MMETH eIUHCTBEHHOE PA3JOXKEHHe B pAd 1O
3TOM CHCTEME, T.€.

flz) 2 fjckzk, (7.11)
k=0

npudeM czodumocmeb PAAa 3X€Ch HEOGXOAUMO IIOHUMATD N0 KOPME
raab6epToBa npoctpancTsa Ly[—1,1], T.e. 6 cpednem xeadpamuu-
HOM. OTO 3HAYAT, YTO MOCIEJOBATEILHOCTb UGCTNUUMBIT CYMM

n
Sp= 3 cxz* B cpennemM xBagpaTHuHOM cx0AUTCA K PyHKIEK f(T):
k=0

1 n
2
f = SnllL, = /lf(:c)—chzkl dz -0, n—+oo.

M3 cxoaMMOCTH NOCIEAOBATENLHOCTH B CPEAHEM KBAAPATHIHOM
crefyeT czoduMocmb 3TOM HOGIENOBATEAbHOCTH 6 cpeduem. Ilo-
3TOMY

1 n
||f—S,,||L1=/lf(a:)—2ckwk|da:-—+0, no oo, (7.12)
-1 k=0

CorsacHO cBoMcTBaM unmezpada Jebeza, dynkunaa f(z), cym-
mupyemas ¢ xeadpamos Ha [—1,1], apigeTca CyMMEpyeMOH Ha
[-1, 1] =, cregoBaTenLHO, ABIAETCA CyMMMPYEMOH Ha JIOGOM u3-
MEPUMOM TIOAMHOXECTBE 0Tpe3ka [—1, 1]. B yacTrOCTH, Ha MI060M
orpeske [a, B] C [-1, 1] cymecTByeT koHeuHHIA METerpan Jle6era
ot dyrknuu f(z). Beegem unTerpan Jle6Gera c nepeMeHHEIM Bepx-
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HEM IpPEAeIoM, Ioaaras
/ f(z)dz = (L) / f(z)dz
0 [013]

npu s 20 n
S

0/ f(z)ds = _(L)[, /0] f(z)ds

npu s < 0. PaccMoTpuM pyrknmuio
S
F(s)= [f@dz, sel-11]
0

n Pynxyuonasvnyro nocaedosameavrocmo {Fp(s)}Se; ¢ obumm

LIeHOM .
F,(s) = /(chzk) dz, se€[-1,1],

rae K03(ppUIMEHTH Cj, Te Xe, 9TO U B paBencTse (7.11).
JokaxeM, 4yro ecium aas GyBEkumM f(r) BEPHO pasnoXxeHHe

(7.11), To Pynxyuonaabnas nocaedosameavrocmo {F,(s)} czo-

dumca nomoueuxo Ha orpe3ke [—1,1] xk dpymsxunmu F(s). [en-

CTBUTEJIbHO, MCIOJAB3YA CBOMCTBA HHTErpata Jlebera u cXoquMoCThb

(7.12), gna Bcex s € [—1, 1] moxy4yaem

05

jlf(l')—iCkxkldz g/llf(x)_f:ckxkldx_)o
0 k=0 ! k=0

Ip4 N — 00, OTKy/Aa U ClIefyeT IOTOYeTHAA CXOJUMOCTb IOCIeHO-
BaTeabHOCTH {Fy,(s)}. W3 3TOM CXOAMMOCTH C y4eTOM JMHEMHBIX

|Fr(s) — F(s)] < <

ck:z:k) dz—/sf(a:)da:
0

<
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cBoicTB MHTerpala JleGera u ero ceasu ¢ unmezpaton Pumara npm
s € [-1, 1] umeem

n n

0=l | (S ers)io= iy 3 f et i) -

0 = =0

[o o]
_ k+l
= ( / kT d"'“') k+1

Takmm 06pa3om, ecin cucreMa oanowieHos {TF}  apiserca
6asucom B Ly[—1,1), To gna Beakon ¢pyrkmmu f € Ly[—1,1] moctpo-
eHHyi0o o Hei ¢ymkumio F(s) Ha orpeske [—1, 1] MoxHO mpex-
CTaBUTb CMenennvim padom, cxoxsmmmca K F(s) morodeano Ha
arom orpeske. Ho Torga dymkuua F(s) asaserca deticmeumedn-
notl anaaumuuecxot Pynxyueti Ha orpeske [—1, 1] 1, B wacTHOCTH,
becxoneuno duddepenyupyenmoti B uurepsare (—1, 1) (cM. Teopemy
2.19). Oanako MOXHO NpPUBECTH NpUMepH GyHKIMA U3 Lo[—1,1],
Al KOTOphIX pyrKkuua F(s) He 6yAeT aHATATHYECKOM HA OTPE3KE
[-1, 1]. Hanpumep, aas pysxkunm f(z) = sgn(z) B cuy orpaHuyes-
HOCTH npuHagexamen Lo[—1,1] pyrkuus

8

F(s)= /sgn(:l:) dz =|s|, se€[-1,1],

0

He auddepennupyema B Hyse. IlosydyerHOE MpOTMBOpeYHMEe AOKa-
3BIBaET, 9TO CHCTeMa ofHOWIeHoB {zF}  me apnseTca GasmcoM B
L2[—1,1]. >

HeTpyano nokasarb, HE3HAYATEILHO M3MEHMB JOKA3aTEILCTBO
Teopemsr 7.11, 4ro cucrema {r*}$° me aBntercs Gasucom Hu B
KaKOM JpyroM ruas6epToBoM mpocTpancTse L[a,b].

Xora cucrema {z¥}° . ne amnserca Gasmcom B rmabGepTO-
BoM npocrtpaHcTse Ly[—1,1], oHa, Kak MBI OTMeYaru paHee, €CTb
3aMKHYTaf aunelino neaasucumas cucmema B Lo[—1,1], T.e. 3ambl-
KaHuWe ee JMHEMHOM 06on0o4ukyM coBmagaer ¢ Lp[—1,1]. [aa Takmx
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CHCTEM HMEEeTCA IPOCTOH CIoco6 MOJIyYeHMs Ha MX OCHOBe Ga-
3MCOB I'MIBGEPTOBA NPOCTPAHCTBA — NMPOYECC 0PMOZOHAAUIAYUY
I'pama — IImudma. Tpumennm K cucreme ogHOwIeHoB {zF}%
OpoIecC OPTOrOHANM3ALMM, B PE3YJILTATE KOTOPOro IOXYIHM Op-
MOHOPMUPOBAHHBLL Oa3uc

QO(:L‘)a Ql(.’L‘), Qk(x)) (713)

B cenapabeavnom euavbepmosom npocmparcmee Lo[—1,1] (cm.
crencreue 6.4). 3amermm, yro Hapagy c cucremon (7.13) opro-
HODMHPOBAaHHEIM 6a3mcoMm OyAer ® ai0basg Apyrad CHCTEMa, “Lie-
HBl KOTOPOH OTJMYAIOTCA OT COOTBETCTBYIOIIMX WIEHOB CHCTEMBI
(7.13) Toabko 3HakoM. B cooTBeTCTBHMM C MPOIECCOM OPTOrOHATHA-
3l KaX B 31eMeHT Q(Z) nomy4eHHOro OpTOHOPMHUPOBAHHOT'O
6a3uca ABIAETCA JUHEMHOM KOMOMHAIMER nepBuIX k + 1 areMeRTOB
1, z, 2, ..., =¥ ucxoAHOM CHCTEMEI, T.e. ABIAETCA MHOTOWIEHOM
crenenn k. Taxum 06pa3oM, OpTOHOPMHpOBaHHEIM Gasuc (7.13)
COCTOUT M3 MHOT'OWIEHOB.

YunTeBag BUJ cKaaaprozo npoussedenus B Lo[—1,1], Beramcas-
€M B AIBHOM BH/i€ HECKOJIBHKO IIEPBBIX WIEHOB OPTOHOPMMPOBAHHOTO
6asuca (7.13):

QO(:L‘) =1
1
[ zdz
A =a- 2B gye) ~a - 21— 13,
° [ d=z
-1
2 2
Qa(z) =22 - ——(T' éoﬁ;’) Qo(z) — —(Tlél(ﬁ;) Qi(z) =
fla:2da: flwadaz
S B -2t x:xz—L
1 3’

1
[ dz [ z%dz
21 21
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3 3
Qs(z) =1 - —(Tiéjg) Qo(z) - ——(TI.Q,j;) Q1(z) -
1 1
3 [ 3dz [ ztdz
2 [ dz [ z?dz

IIpomonxas BHYHECIEHAA, B IPAHLIMIE MOXHO BHIYMCIATD B AB-
HoM Buge mo6oi wien Qx(r) oproHOpMmpoBanHOTrO Gasmca (7.13).
OAaHAKO 3TOT IMyTh TEXHUYECKH CJIOXEH, COINPAXKEH C FPOMO3 AKAMHE
BHIYMCJIEHAAMHA ¥ HE NPHBOJUT K JErKO YCTAHABINBAEMOMY ABHO-
My npeAcTaBieruio MEOrowieHa Qk(z). Kak ormedarocs, ToyHbe
BoipaxeHdsa ana Qk(z) me ob6a3aTensHbl. [IOCTATOYHO MOCTPOMTH
CHCTEeMy, WIEHH KOTOPOM COBIajaau 6bl ¢ wieHaMu cucTeMH (7.13)
C TOYHOCTBIO A0 MOCTOAHHOI'O YUCJIOBOr'0 MHOXMTENA. Torja, mpo-
HOPMHMPOBAB 3Ty CUCTEMY, IOJYYUM TpeOyeMbIi OPTOHOPMHUPOBAH-
moii 6asuc. Ilokaxem, yro Bcakuu mOrowreH Qk(z), k=0,1,...,
C TOYHOCTBIO A0 NOCTOAHHOI'O MHOXHUTEIA COBNAJAET C MHOTOLIE-
HOM

dk
~ dzk
(mpm k = 0 cumraeMm, yro Ry(z) =1). Ilpumuem xokaxkem 3TO
yTBEpXJeHne He IyTeM ABHOI'O BLIYMCJIEHAA MHOTOWIEHOB Ri(z),
a MCIOJB3YA TOJIBKO CBOMCTBA cacTeMul GyBKmmi { Ry ()},

Ry(z) (z? — 1)

Teopema 7.12. Cucrema pyrkumi {Ry (1)}, ABiseTca op-
mozonaabroti cucmemoti B runs6epToBoM npocrpancTse Lo[—1,1].

< [na Beaxoro k ¢ynxknua Ry(z) asaserca MHOrowrieHoM k-i
CTENEeHN, T.e. HEIPEPHLIBHOM (PyHKIUEH, He PABHOM TOXJECTBEHHO
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HyJI0 Ha oTpe3ke [—1, 1]. Takmm o6pa3oM, npu a060M k dyHKIAA
Ry (z) me ABnseTca HyneBnM anemenToM B Lo[—1,1].
HoxkaxeM, 9T0

1
(Re, Rn) = / Ri(2) Ra(z)dz =0, k#n.
21

IIycts gns onpeaenennoctn k < n. Toraa scaeacrsme TOro, 4to
muorowres (z2 —1)" = (r —1)*(z + 1)" ameer xoprm —1  +1 xpat-
HOCTH 7, IPOM3BOJHAA MOPAAKA M < . 3TOr0 MHOrowieHa 6yjger
uMeTb KOopHN —1 1 +1 kpaTHocTH n — m 2> 1. CaegoBaTensHO,

am

dz™ (z -1

=0, —(z*-1)"

z=—1  dz™ =0

z=1

aag Bcex® m =0, n—1. YuaTnBag 3TH paBeHCTBA, IPONHTErPAPYEM
no JactaAM™* ckarapHoe npomasejenne bynkmni Ri(z) n Ry(z):

(Ri, Rn /Rk z)dz= /(%(22—1)")((2”"(:1: —1)n )dx=

1 —_
B

*HanmoMHmM, 4YTO ,HyJeBOM“ NMPOM3BOAHOM OT (YHKUMM CYMTAETCA cama
dyHKOMA.
**UnTerpupoBaHpe 1Mo 4aCTAM BO3MOXHO, NMOCKOJAbKY MHTerpar Jle6era gra
MHOT'OWIEHOB COBNAJAeT C MHTerpaioM Pumana.
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IToToOpsAsA NponecC MHTEerPMPOBAHMUA IO JACTAM 7 Pa3, IOLYIaEM

1
k+n
(Res Ro) = (0" [ (s 0= D) (e~ 1" .
e

Muorowrer (z2 —1)* crememm 2k mMeeT HyIeByIO IPOM3BOAHYIO
nopagka k+n > 2k. [loaTomy n mHTErpaN B NOCI€fHEM DABEHCTBE
crmpaBa paBeH Hymio, T.e. (Rg, R,)=0npn k <n. »

Cpapuum Tenepn cucremsr {Qk(z)}5, 1 {Rk(z)}7>,- Beakas

dyuxoua Ri(z) = %(z —1)*, 6yayum k-i mpomspogHOR MHOrO-
wieHa cTeneHW 2k, caMa ABIAETCA MHOTOWIEHOM CTeneHHu k, T.e.
[PHEHAIJIEXHUT no&npocmpaucmey, [OPOXAEHHOMY NepBbiME k + 1
anemenTamu cucreMsr {z¥}X . Hao6opor, mo6oit oguowien z*
OPUHALIEXHUT MNOANPOCTPAHCTBY, MOPOXAEHHOMY IepBhIME k + 1
anemenTamm cucteMsl {Ri(z)}. IloaTomMy aBe oproronarbHbe
cucremn MHOrowieHoB {Qk(z)} m {Rk(z)} cBasannl ¢ cmcremon
opmowreno {r¥} cremyiommm o6pasom (cMm. Teopemy 6.15): k-e
2MeMeHTH OGEHMX CHCTEM IPHHAIIEXAT JUHEHHOM 060J04Ke die-
MeHTOB 1, T, z* cmcremur {zF}. Orcioga creayer, aro gBa
k-x anemenTta cucreM {Ri(z)} m {Qr(z)} MoryT orTimyaTnca kKak
aneMeHTHl rmib6epToBa npocrpancTsa Ly[—1,1] Toasko nmocross-
HBEIM YBCIOBLIM MHOXHTeNeM. [lockonsky Ry (z) m Qk () asnaorcs
MHOTOWIeHaMH (HEeNpephIBHEIMEM QYHKOMAMM), TO OHM KaK (YyHK-
IMA Pa3IM4aioTCA TOALKO NOCTOAHHBIM MHOXHTEJEM.

YT066 W3 OopTOroHaabHOU cucreMbl {Ry(z)} nmomydurs opTo-
HOPMMPOBAHHYIO, HYXHO 3JEMEHTH 3TOM CHCTEMBI IIPOHOPMHUPO-
BaTb. [IpMMeHsAA yXe MCIOIL3OBABIIMMCA NPHEM MHOTOKPATHOTO
nu'rer*pnpoaauvm [0 9aCTAM, IOIYIaeM

; k

T / Rie)de = [ (e~ 1) (p - 1)) do =

-1

1 1
=~ (—1)"/(%(zz—l)k)(xz—1)'°dz=(—1)"(2k)!/(zz—1)"dz.
-1

-1
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Brerancaum mATErpann!

1
Ik=/(z2—1)kdz, k=0,1,...
-1

MCIIOJIL3YA PEKYPPEHTHHIE (POPMYJILI.
1

Ipu k =0 monysaem Ip= [ (z2—1)°dz =2. A npu k > 1 umeem
=1

1 1

/(272—1 /l(a: —1)f Yz - 1)dz =

1

=/(.’1:2—1)'c 122de — I, == /(z )¢ zd(z® —1) -

-1
1

—I_1= _ L cd(z®—1)F - I_, =

2k
-1
1
_z(@® -1 1 k 1
== | @ D e B = T

-1

Orciona 3akmodaeM, 9TO

2k
=_ I .
le==gg1le-1 keN
IIpnMmenasa nonyderHyo GpopMyIy n pa3, HAXOANM
(2n)(2n—-2)...2 2n+ip!
IL,=(-1)" " =0,1,...,
n=(-1) (2n+1)(2n—1)... glo=(-1) @nym "

rje no onpegenenmio (2k+1)1'=1-3-5-...-(2k+1).
C noMompio HailJEHHOrO MHTErPATa BRIYUCIAEM HOPMY MHOrO-
weHa Ry(z):
2k+1(2k) k! 2k+1gI(2K)1  22K+1(k1)2
(k+1)" — 2%+1  2k+1

IRk = (~1)*(2k)! I, =
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rae (2k)!!'=2-4-...-(2k). Taxum o6pasom,

2
||Rk||=k!2’°\/%—ﬂ, k=0,1,2,

a CHCTEMa IPOHOPMHMPOBAHHEIX MHOI'OWIEHOB MMEET BHJ

Rk(m)_ 1 2k+1 _
TRell 128V 2 Ri(z) =

1 241 d* \
w3 @D k=012, (714

M [PEACTABIAET COO0OM OPTOHOPMMPOBAHHEIN 6a3uc B ruib6epTo-
BoM npocrtpancTse Lo[—1,1].

O6uiuno B kavecTsBe Gasmca B Lp[—1,1] mcmoasayior He op-
TOHOPMHPOBaHHYI0 CACTeMy MHOrowieHoB (7.14) ¢ rpomosgkum

2k+1
pajmKanom 4/ 2+ , a 6osee IPOCTYI0 OPTOrOHANBHYIO (HO HE Op-
TOHOPMHMPOBAHHYIO) CECTEMY MHOI'OWIEHOB

1 d*

— 2 k _

Py(z)

Muorounennl Pi(r) HaseiBaloT Muo2ouaenamu Jlesxcandpa*, a
ux npeacrasienne (7.15) — gopmyaot Podpuza.

Mmuorowienn Jlexanapa momapHO OpPTOTOHAALHEI, OJHAKO MX
HOPMBI HE PABHHI €AMHMAIE:

L 0, k#mn;
/ Py(z) Pa(z)dz={ 2
— k=n.
-1 2n+1

Mockoarky cucrema {Pi(z)}}2, ABIAETCA OPTOrOHATLHEIM Gasu-
coM B rmis6eproBoM mpocrpancTse Lo[—1,1], To kaxayo ¢yHk-

*Jlexauap Apxpmen Mapm (Legendre A.M.) (1752-1833) — ¢panimyackui
MaTeMaTHK.
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nzio f(z) € Ly[—1,1] MOXHO OfHO3HAYHO MPEACTABUTH CBOEM PA-
dom Dypve no cucreMe MEOrowieHoB Jlexangpa:

00
L
z) 2 ek Pi(z),
k=0

rfie CXOAMMOCTb PAAA CIPaBa PAaCCMATPHUBAETCA OTHOCHTEIBLHO
HOpMHI B Lo[—1,1], T.e. B CpesHEM KBaJpaTHMIHOM, a PABEHCTBO
BRITIONHAETCA MOYTH BCIOAY Ha orpeske [—1,1]. Koadduyuenmb
Dypove ¢ onpeaeraioTca no ¢gopMyaam

ck = 2k+1/f(:1: Py(z)dz, k=0,1,2,.

Kak npomnssogHsle qeTHbIX dynkmuir (22 — 1)’C /(k!2%), MuOrOwNe-
HHl JleXaH[pa ABIAIOTCA NONEPEMEHHO YETHHIMA M HEYeTHHIMH
¢dyakuuamu. [oaToMy B CHIy CHMMETPHYHOCTH OTPE3Ka MHTETPH-
poBanus [—1, 1] yeTnsie dynkuun u3 Ly[—1,1] MoxHO pa3noXuTh
B pajg Pypse no MEOrowienaM JlexaHApa ¢ 9€THEIME HOMEPAMHM:

) [g Z C2mP2m('T)a
m=0
rge
4 1 h
m +
m = "5 [ 1(@) Pam(a)dz =

21
= (4m+1)/f(:r)P2m(:L')d:n, m=0,1,...

Heuernnie dynxkunn u3 Ly[—1,1] umeror pag Pypre nmo mMaoro-
wienaM JlexaHgpa ¢ HE9eTHHIMA HOMEPAMH:

00
L
23" comi1 P (2),

m=0
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rae

1
4m+3
Comt1 = / f(z) Py (z)dz =

-1

1

=(4m+3)/f(:1:)P2m+1(:1:)d:1:, m=0,1,2,...
0

IIpumep 7.2. Pasnoxum B pag Pypwe no MHOrowrenam Jle-
XaHApa B ruib6epToBoM npocTpaHcTse Lo[—1,1] dpyHkmmo

100, z=-1;
-1, -1<z<0;
f(z) =< =500, z=0;
1, O0<z<l;
300, =z=1.

B L;[—-1,1] mobyro ¢pyHKIMIO MOXHO NMPOM3BOJBLHO M3MEHHATH Ha
MHOXECTBE Mepbi HylIb, COXDAaHAA €€ HEM3MEHHOM KaK DJEMEHT
3TOro rmas6epToBa MPOCTPAHCTBA. YYATHIBAaA DTO, 3AMEHNM 3a-
AaHHYIO0 yHKOMIO 60Jee IPOCTOM:

-1, -1<z<0;
9(z)=¢ 0, z=0
1, 0<z<gl

Oyukmnn f(r) u g(z) npeacTaBaAIOT COGOM OAWH M TOT XK€
aneMeHT ruab6epToBa npocrpanctsa Ly[—1,1]. IloaToMy nx pajmr
®ypse mo opToroHaasHOMY 6asmcy B Lo[—1,1]), cocTosmemy m3
MuorowieHoB Jlexanapa, copnagaior. Pynkuua g(z) HedeTHA Ha
cnMMeTprYHOM oTpe3ke [—1, 1], nosromy ona mmeeT pag Pypse mo
MHorowieHaM JlexaHnjgpa ¢ HE4eTHEIMM HOMEPAMH:

oo
L
g(z) 2 Z com+1Pom+1(2),

m=0
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rae

1
Com+1 = (4m +3) /g(z) Popyi(z)dz =
0

= (4m+3)/P2m+1(:1:)d:1:, m=0,1,..

Hcnonssys dopmyan Pogpura, saxoaum

1
Comt1 = 1)>mHldy =

dm+3 / d2m+1

Em 1)zt | g -
_ 4m+ 3 d2m 2 1 2m+1 1 _
T (2m41)122m+1 dg2m (=" -1) B

0
_ 4m+3
~ (2m+1)122m+l

(Fm(1) — Fm(0)),

rae
d2m

12 (z) = dz2m

(2 - 1)2™ m=0,1,...

Brramcanm 3gadenus Fi,(1) n Fp,(0). Ilpn auddepennuposa-
HAM MHOT'OWIEHA KPATHOCTb BCAKOIO €r0 KOPHA YMEHBINAeTCA Ha
eanunny. IloaTomy npm (2m)-kpaTHOM b GEPEHIMPOBAHAN MHO-
rowera (z2—1)?™+! ¢ xoprem z = 1 xparHOCTH 2m+1 mMOXyIEM
MHOT'OWIEH, JJIA KOTOPOro 4ucio 1 ABiseTcs KOpHEM KpaTHOCTH 1.
CaregoBarensno, Fp,(1) =0.

[as serqucnenns sHadennsa Fy,(0) ncnoas3yeM paBeHCTBO

(2k)(2k —1)...(2k —2m+ 1) 222" m < k;
—— (%) = { (2k)! = (2m)!, m=k;
0, m> k.

d2m

d$2m
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I3 3TOro paBeHCTBA CleAyeT, UTO 3Hadenue dynkmmn (z2F)(2™) g
TO4Ke T = 0 OTVINYHO OT HyJA TOILKO NP M = k, IPHYIEM B 3TOM
cay4dae OHO PaBHO (2m)! Y4mTHBaA 3TO U IPEMEHAA K MHOTOWIEHY
(z2 — 1)+ popmyny 6unoma Hovromona, noaygaem

™ 5 am
F,(0) = dz2’"(x —1)2m+ .

2m+1 . ) Lk d2m 2%
= Z C2m+1(—1) mi= dz2m ('T )

k=0 =0
- +1 _ +1 (2m +1)!
= Comn1 (=1)"T 2m)! = (-1)™ (2m)!m!(m+1)!'

CuaenoBaTenbHo,
4m+3
]
=y UM m=0,1,2,

m!(m +1)!22m+1’

Tak kak ¢yuxmum g(z) u f(r) npescraBmaioT co6or OAUH M
TOT Xe dIeMeHT ruabb6epToBa npocrpancTBa Lo[—1,1] u ux pagu
®ypoe mo MEorowieHaM Jlexanapa cosnagaioT, T0o ¢ynknus f(z)
mMeeT caefyoomee pasioxeHue B pag Pypre mo MHOroOwWIeHaM
Jlexanapa B Lo[—1,1]:

@2 3 -y (4m + 3) (2m)!

m! (m + 1)122m+1 2m+1(2),

m=0

rfie CXOAMMOCTb pAJa CIPaBa PaCCMATPUBAETCA OTHOCUTEILHO
HOopMH B Ly[—1,1], T.e. B cpeaHeM kBaApaTHdHOM. #
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B saxmoyenue npuseseM HECKOABLKO MEPBBIX MHOrowieHOB Jle-
XKaHJIpa B ABHOM BHJE:

Py(z) =1, P3(z) = %(5:3 —3z),
Pi(z) ==z, Py(z) = —;—(35:1: —30z° + 3),
Py(z) = %(31: -1), Ps(z)= %(63:3 - 70z + 15z),

(cpaBHHMTEe ¢ mepBeIMM MHOrOWieHaMH cucTeMbl {Qk(z)}52,).

7.8. Muorowiennsl Yeb6unuesa

IIycts () — HekoTOpas (PEKCHPOBAHHAA HEOTPHIATEILHASL
cymmupyemas Ha orpeske [—1,1] dynxyus, He ABIAIOmMAACA Ha
-1, 1] noumu ecdy pasuon mymo. PaccMorpum Ha [—1,1] us-
smepumbie PYHRYUY, cymMMmupyemble ¢ K6adDAMOM U 6ECOM
(,o(:z:), T.e. Takue ¢yHknmn f(z), AnA xoTophix mHTErpan JlebGe-

ra f f?(z)¢(z) dz xoneden. CoBOKymHOCTE BCEX TAKUX byHKIHH

f(z ), C ycaoBueM oToXAecTBaeHns dyuxkumi f(z) u g(z), Aaa KoTo-
puix dyukmunr f(z)v/o(z) u g(z)y/¢(z) coBnaaoT mOYTH BCIOAY
Ha orpeske [—1,1], o603na4uM uepes L2([—1,1],<p). OueBnzHo,
9T0

f(z) € La([-1,1], ) <= f(z)Vp(z) € L2[-1,1].

Jlerko BuAeTsb, ¥T0 MHOXecTBO Lo ([—1,1], ) aBuserca geiicrem-
TeAbHBIM JNHENHBIM npocTpaHcTBoM. OHO 6ecKkoneunomepro, mo-
CKOJbKY COJEPXHUT GECKOHETHYIO AUHEUHO HE3ABUCUMYI0 CUCTIEMY
snemenToB 1, z, z2, ..., z", ... Kpome Toro, u3 mepaBenctsa Ko-



