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1. Îáîáùåííûå ôóíêöèè îäíîé ïåðåìåííîé

1.1. Ïðîñòðàíñòâî îáîáùåííûõ ôóíêöèé.

Îïðåäåëåíèå 1.1 (Íîñèòåëü íåïðåðûâíîé ôóíêöèè). Íîñèòåëåì íåïðåðûâíîé ôóíêöèè ϕ íà-
çûâàþò ìíîæåñòâî

suppϕ = {x | ϕ(x) 6= 0}.

Îïðåäåëåíèå 1.2 (Ïðîñòðàíñòâî îñíîâíûõ ôóíêöèé). Ïóñòü ôóíêöèÿ ϕ : R → C óäîâëå-
òâîðÿåò óñëîâèÿì

• áåñêîíå÷íàÿ äèôôåðåíöèðóåìîñòü: ϕ ∈ C∞(R);
• ôèíèòíîñòü íîñèòåëÿ: ñóùåñòâóåò R > 0 òàêîå, ÷òî suppϕ ⊂ [−R,R].

Òîãäà ôóíêöèþ ϕ íàçûâàþò îñíîâíîé ôóíêöèåé.

◦ Ìíîæåñòâî âñåõ îñíîâíûõ ôóíêöèé íàçûâàþò ïðîñòðàíñòâîì îñíîâíûõ ôóíêöèé, êî-
òîðîå îáîçíà÷àþò D(R) èëè, ñîêðàùåííî, D.

Òåîðåìà 1.3 (Ñâîéñòâà îñíîâíûõ ôóíêöèé). Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.

(1) a ∈ C∞(R), b ∈ C∞(R), ϕ ∈ D, ψ ∈ D =⇒ aϕ+ bψ ∈ D;
(2) ϕ ∈ D =⇒ ϕ′ ∈ D.

Äîêàçàòåëüñòâî. Î÷åâèäíî. �

Îïðåäåëåíèå 1.4 (Ñõîäèìîñòü â ñìûñëåD(R)). Ãîâîðÿò, ÷òî ïîñëåäîâàòåëüíîñòü îñíîâíûõ
ôóíêöèé {ϕn}∞n=1 ñõîäèòñÿ ïðè n→∞ ê ôóíêöèè ϕ â ñìûñëå D, è ïèøóò

ϕn
D−→

n→∞
ϕ,

åñëè

• ñóùåñòâóåò R > 0 òàêîå, ÷òî äëÿ ëþáîãî n ∈ N âåðíî, ÷òî suppϕn ⊂ [−R,R];

• äëÿ ëþáîãî p ∈ Z+ ïîñëåäîâàòåëüíîñòü ôóíêöèé {ϕ(p)
n }∞n=1 ñõîäèòñÿ ïðè n → ∞ ê

ôóíêöèè ϕ(p) ðàâíîìåðíî íà R.

Òåîðåìà 1.5 (Ñóùåñòâîâàíèå ãëàäêîé ñðåçêè). Ïóñòü −∞ < α < a 6 b < β < +∞.
Òîãäà ñóùåñòâóåò ôóíêöèÿ χ òàêàÿ, ÷òî

(1) χ ∈ C∞(R);
(2) ∀ x ∈ R 0 6 χ(x) 6 1;
(3) ∀ x ∈ [a, b] χ(x) = 1;
(4) ∀ x ∈ R \ (α, β) χ(x) = 0.

Äîêàçàòåëüñòâî. Áåç äîêàçàòåëüñòâà. �

Îïðåäåëåíèå 1.6 (Ïðîñòðàíñòâî îáîáùåííûõ ôóíêöèé). Ïóñòü îòîáðàæåíèå

f : D(R) 3 ϕ 7−→ (f, ϕ) ∈ C
óäîâëåòâîðÿåò óñëîâèÿì

• ëèíåéíîñòü: äëÿ ëþáûõ ϕ1, ϕ2 ∈ D(R) è α1, α2 ∈ C âåðíî, ÷òî

(f, α1ϕ1 + α2ϕ2) = α1(f, ϕ1) + α2(f, ϕ2);

• íåïðåðûâíîñòü: äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè îñíîâíûõ ôóíêöèé {ϕn}∞n=1 òàêîé,

÷òî ϕn
D−→

n→∞
0 âåðíî, ÷òî lim

n→∞
(f, ϕn) = 0.
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Òîãäà îòîáðàæåíèå f íàçûâàþò îáîáùåííîé ôóíêöèåé.

◦ Ìíîæåñòâî âñåõ îáîáùåííûõ ôóíêöèé íàçûâàþò ïðîñòðàíñòâîì îáîáùåííûõ ôóíê-
öèé, êîòîðîå îáîçíà÷àþò D′(R) èëè, ñîêðàùåííî, D′.

1.2. Ðåãóëÿðíûå îáîáùåííûå ôóíêöèè.

Îïðåäåëåíèå 1.7 (Ðåãóëÿðíûå îáîáùåííûå ôóíêöèè). Îáîáùåííóþ ôóíêöèþ f íàçûâàþò
ðåãóëÿðíîé, åñëè ñóùåñòâóåò F ∈ L1,loc(R) òàêàÿ, ÷òî

∀ ϕ ∈ D (f, ϕ) =

∫
R

F (x)ϕ(x) dx.

Ïðè ýòîì ôóíêöèþ F íàçûâàþò ÿäðîì ðåãóëÿðíîé îáîáùåííîé ôóíêöèè f .

Òåîðåìà 1.8 (Îáùèé âèä ðåãóëÿðíîé îáîáùåííîé ôóíêöèè). Ïóñòü F ∈ L1,loc(R), òîãäà
îòîáðàæåíèå

f : D(R) 3 ϕ 7−→ (f, ϕ) =

∫
R

F (x)ϕ(x) dx ∈ C

ÿâëÿåòñÿ (ðåãóëÿðíîé) îáîáùåííîé ôóíêöèåé.

Äîêàçàòåëüñòâî. Ïðîâåðèì ëèíåéíîñòü îòîáðàæåíèÿ f . Äëÿ ëþáûõ ϕ1, ϕ2 ∈ D(R) è α1, α2 ∈ C
âåðíî, ÷òî

(f, α1ϕ1 + α2ϕ2) =

∫
R

F (x)(α1ϕ1(x) + α2ϕ2(x)) dx =

= α1

∫
R

F (x)ϕ1(x) dx+ α2

∫
R

F (x)ϕ2(x) dx = α1(f, ϕ1) + α2(f, ϕ2).

Ïðîâåðèì íåïðåðûâíîñòü îòîáðàæåíèÿ f . Ïóñòü çàäàíà ïîñëåäîâàòåëüíîñòü îñíîâíûõ ôóíê-

öèé {ϕn}∞n=1 òàêàÿ, ÷òî ϕn
D−→

n→∞
0. Èç îïðåäåëåíèÿ ñõîäèìîñòè â D ñëåäóåò, ÷òî íàéäåòñÿ R > 0

òàêîå, ÷òî íîñèòåëè âñåõ ôóíêöèé èç ïîñëåäîâàòåëüíîñòè {ϕn}∞n=1 ïðèíàäëåæàò îòðåçêó [−R,R].
Èç óñëîâèÿ F ∈ L1,loc(R) ñëåäóåò, ÷òî

M
def
=

R∫
−R

|F (x)| dx <∞.

Ïóñòü òåïåðü çàäàíî ïðîèçâîëüíîå ε > 0. Èç ðàâíîìåðíîé ñõîäèìîñòè ïîñëåäîâàòåëüíîñòè
{ϕn}∞n=1 ñëåäóåò, ÷òî íàéäåòñÿ N ∈ N òàêîå, ÷òî

∀ n > N max
x∈[−R,R]

|ϕn(x)| < ε

M + 1
.

Ñëåäîâàòåëüíî, äëÿ ëþáîãî n > N âåðíî, ÷òî

|(f, ϕn)| =

∣∣∣∣∣∣
∫
R

F (x)ϕn(x) dx

∣∣∣∣∣∣ =

∣∣∣∣∣∣
R∫

−R

F (x)ϕn(x) dx

∣∣∣∣∣∣ 6
R∫

−R

|F (x)||ϕn(x)| dx 6

6 max
x∈[−R,R]

|ϕn(x)|
R∫

−R

|F (x)| dx < ε

M + 1
M < ε. �



6 À. À. Ïîæàðñêèé

Îïðåäåëåíèå 1.9 (Íóëåâàÿ îáîáùåííàÿ ôóíêöèÿ). Íóëåâîé îáîáùåííîé ôóíêöèåé íàçûâàþò
ðåãóëÿðíóþ îáîáùåííóþ ôóíêöèþ âèäà

∀ ϕ ∈ D (0, ϕ) = 0.

Îïðåäåëåíèå 1.10 (θ-ôóíêöèÿ). θ-ôóíêöèåé íàçûâàþò ðåãóëÿðíóþ îáîáùåííóþ ôóíêöèþ âè-
äà

∀ ϕ ∈ D (θ, ϕ) =

+∞∫
0

ϕ(x) dx.

1.3. Ñèíãóëÿðíûå îáîáùåííûå ôóíêöèè.

Îïðåäåëåíèå 1.11 (Ñèíãóëÿðíûå îáîáùåííûå ôóíêöèè). Îáîáùåííàÿ ôóíêöèÿ íàçûâàåòñÿ
ñèíãóëÿðíîé, åñëè îíà íå ÿâëÿåòñÿ ðåãóëÿðíîé.

Îïðåäåëåíèå 1.12 (δ-ôóíêöèÿ Äèðàêà). δ-ôóíêöèåé Äèðàêà íàçûâàþò îòîáðàæåíèå âèäà

∀ ϕ ∈ D (δ, ϕ) = ϕ(0).

Òåîðåìà 1.13 (Ñèíãóëÿðíîñòü δ-ôóíêöèè Äèðàêà). δ-ôóíêöèÿ Äèðàêà � ñèíãóëÿðíàÿ îáîá-
ùåííàÿ ôóíêöèÿ.

Äîêàçàòåëüñòâî. Ôàêò δ ∈ D′ ëåãêî ñëåäóåò èç îïðåäåëåíèÿ.
Äîêàçàòåëüñòâî ñèíãóëÿðíîñòè δ-ôóíêöèè Äèðàêà ïðîâåäåì îò ïðîòèâíîãî. Ïóñòü ñóùåñòâóåò

F ∈ L1,loc(R) òàêàÿ, ÷òî

∀ ϕ ∈ D (δ, ϕ) =

∫
R

F (x)ϕ(x) dx. (1.1)

Èç òåîðåìû 1.5 ñëåäóåò, ÷òî íàéäåòñÿ χε ∈ D òàêàÿ, ÷òî

(1) ∀ x ∈ R 0 6 χε(x) 6 1;
(2) ∀ x ∈ [−ε, ε] χε(x) = 1;
(3) ∀ x ∈ R \ (−2ε, 2ε) χε(x) = 0.

Îòñþäà è èç (1.1) ñëåäóåò, ÷òî∫
R

F (x)χε(x) dx = (δ, χε) = χε(0) = 1. (1.2)

Ñ äðóãîé ñòîðîíû, èç óñëîâèÿ F ∈ L1,loc(R) ñëåäóåò, ÷òî∣∣∣∣∣∣
∫
R

F (x)χε(x) dx

∣∣∣∣∣∣ 6
2ε∫

−2ε

|F (x)| dx−→
ε→0

0. (1.3)

Ñðàâíèâàÿ (1.2) è (1.3) ïðèõîäèì ê ïðîòèâîðå÷èþ. �

Îïðåäåëåíèå 1.14 (δ(x− a)). Ïóñòü a ∈ R, òîãäà
∀ ϕ ∈ D (δ(x− a), ϕ) = ϕ(a).

Îïðåäåëåíèå 1.15 (P 1
x
).

∀ ϕ ∈ D
(
P 1

x
, ϕ

)
= v.p.

∫
R

ϕ(x)

x
dx

def
= lim

ε→+0

∫
|x|>ε

ϕ(x)

x
dx.
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Òåîðåìà 1.16 (Ñèíãóëÿðíîñòü P 1
x
). P 1

x
� ñèíãóëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ.

Èäåÿ äîêàçàòåëüñòâà: Âêëþ÷åíèå P 1
x
∈ D′ ïðèìåì áåç äîêàçàòåëüñòâà.

Äîêàçàòåëüñòâî ñèíãóëÿðíîñòè îáîáùåííîé ôóíêöèè P 1
x
ïðîâåäåì îò ïðîòèâíîãî. Ïóñòü ñó-

ùåñòâóåò F ∈ L1,loc(R) òàêàÿ, ÷òî

∀ ϕ ∈ D
(
P 1

x
, ϕ

)
=

∫
R

F (x)ϕ(x) dx.

Äëÿ ëþáîé ϕ ∈ D âåðíî, ÷òî xϕ(x) ∈ D è, ñëåäîâàòåëüíî,∫
R

F (x)xϕ(x) dx =

(
P 1

x
, xϕ

)
= lim

ε→+0

∫
|x|>ε

ϕ(x) dx =

∫
R

ϕ(x) dx. (1.4)

Ó÷èòûâàÿ, ÷òî ϕ � ïðîèçâîëüíàÿ îñíîâíàÿ ôóíêöèÿ, èç (1.4) ñëåäóåò, ÷òî xF (x) = 1 ïðè ïî-
÷òè âñåõ x ∈ R. Îäíàêî, ôóíêöèÿ F (x) = 1

x
íå ÿâëÿåòñÿ ñóììèðóåìîé â îêðåñòíîñòè íóëÿ è,

ñëåäîâàòåëüíî, íå ïðèíàäëåæèò L1,loc(R). �

Îïðåäåëåíèå 1.17 (P 1
xn
).

∀ n ∈ N ∀ ϕ ∈ D
(
P 1

xn
, ϕ

)
= v.p.

∫
R

ϕ(x)−
n−2∑
k=0

ϕ(k)(0)
k!

xk

xn
dx

def
= lim

ε→+0

∫
|x|>ε

ϕ(x)−
n−2∑
k=0

ϕ(k)(0)
k!

xk

xn
dx.

Òåîðåìà 1.18 (Ñèíãóëÿðíîñòü P 1
xn
). Ïðè n ∈ N îòîáðàæåíèå P 1

xn
� ñèíãóëÿðíàÿ îáîáùåííàÿ

ôóíêöèÿ.

Èäåÿ äîêàçàòåëüñòâà: Ñàìîñòîÿòåëüíî. �

1.4. Ñëîæåíèå îáîáùåííûõ ôóíêöèé.

Ìîòèâèðîâêà 1.19 (Ñëîæåíèå ðåãóëÿðíûõ îáîáùåííûõ ôóíêöèé). Ïóñòü F è G � ÿäðà ðå-
ãóëÿðíûõ îáîáùåííûõ ôóíêöèé f è g, ñîîòâåòñòâåííî. Äëÿ ëîêàëüíî ñóììèðóåìûõ ôóíêöèé
F è G êîððåêòíî îïðåäåëåíà îïåðàöèÿ ñëîæåíèÿ è, ñëåäîâàòåëüíî, ñóììîé ðåãóëÿðíûõ îáîá-
ùåííûõ ôóíêöèé f è g åñòåñòâåííî ñ÷èòàòü îáîáùåííóþ ôóíêöèþ ñ ÿäðîì (F +G). Îòñþäà,

∀ ϕ ∈ D (f + g, ϕ) =

∫
R

(F (x) +G(x))ϕ(x) dx =

∫
R

F (x)ϕ(x) dx+

∫
R

G(x)ϕ(x) dx = (f, ϕ) + (g, ϕ).

Îïðåäåëåíèå 1.20 (Ñóììà îáîáùåííûõ ôóíêöèé). Ñóììîé îáîáùåííûõ ôóíêöèé f è g íà-
çûâàþò îáîáùåííóþ ôóíêöèþ f + g, äåéñòâóþùóþ ïî ïðàâèëó1

(f + g, ϕ) = (f, ϕ) + (g, ϕ).

Òåîðåìà 1.21 (Êîððåêòíîñòü îïðåäåëåíèÿ ñóììû îáîáùåííûõ ôóíêöèé). Ïóñòü f ∈ D′ è
g ∈ D′. Òîãäà f + g ∈ D′.

Äîêàçàòåëüñòâî. Ñàìîñòîÿòåëüíî. �

1Ëåãêî ïðîâåðèòü, ÷òî (f + g) ∈ D′.
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1.5. Óìíîæåíèå îáîáùåííîé ôóíêöèè íà áåñêîíå÷íî äèôôåðåíöèðóåìóþ ôóíêöèþ.

Ìîòèâèðîâêà 1.22 (Óìíîæåíèå ðåãóëÿðíîé îáîáùåííîé ôóíêöèè íà áåñêîíå÷íî äèôôåðåí-

öèðóåìóþ ôóíêöèþ). Ïóñòü F � ÿäðî ðåãóëÿðíîé îáîáùåííîé ôóíêöèé f è h � áåñêîíå÷íî
äèôôåðåíöèðóåìàÿ ôóíêöèÿ. Ëåãêî âèäåòü, ÷òî ïðîèçâåäåíèÿ ëîêàëüíî ñóììèðóåìîé ôóíêöèè
F è áåñêîíå÷íî äèôôåðåíöèðóåìîé ôóíêöèè h êîððåêòíî îïðåäåëåíî, ïðè÷åì F · h � ëîêàëüíî
ñóììèðóåìàÿ ôóíêöèÿ. Ñëåäîâàòåëüíî, ïðîèçâåäåíèåì f ·h åñòåñòâåííî ñ÷èòàòü îáîáùåííóþ
ôóíêöèþ ñ ÿäðîì F · h. Îòñþäà,

∀ ϕ ∈ D (f · h, ϕ) =

∫
R

F (x)h(x)ϕ(x) dx = (f, h · ϕ).

Çäåñü ìû ó÷ëè, ÷òî h · ϕ ∈ D, ñì. òåîðåìó 1.3.

Îïðåäåëåíèå 1.23 (Óìíîæåíèå îáîáùåííîé ôóíêöèè íà áåñêîíå÷íî äèôôåðåíöèðóåìóþ
ôóíêöèþ). Ïðîèçâåäåíèåì îáîáùåííîé ôóíêöèé f è áåñêîíå÷íî äèôôåðåíöèðóåìîé ôóíêöèè h
íàçûâàþò îáîáùåííóþ ôóíêöèþ f · h, äåéñòâóþùóþ ïî ïðàâèëó

(f · h, ϕ) = (f, h · ϕ).

Òåîðåìà 1.24 (Êîððåêòíîñòü îïðåäåëåíèÿ ïðîèçâåäåíèÿ îáîáùåííîé ôóíêöèè íà áåñêîíå÷íî
äèôôåðåíöèðóåìóþ ôóíêöèþ). Ïóñòü f ∈ D′ è h ∈ C∞(R). Òîãäà f · h ∈ D′.

Äîêàçàòåëüñòâî. Ñàìîñòîÿòåëüíî. �

Ïðèìåð 1.25. Äîêàçàòü, ÷òî xδ(x) = 0.

Ðåøåíèå. Ëåãêî âèäåòü, ÷òî

∀ ϕ ∈ D (xδ(x), ϕ(x)) = (δ(x), xϕ(x)) = 0. �

Ïðèìåð 1.26. Äîêàçàòü, ÷òî xP 1
x

= 1.

Ðåøåíèå. Ëåãêî âèäåòü, ÷òî

∀ ϕ ∈ D
(
xP 1

x
, ϕ(x)

)
=

(
P 1

x
, xϕ(x)

)
= lim

ε→+0

∫
|x|>ε

xϕ(x)

x
dx = lim

ε→+0

∫
|x|>ε

ϕ(x) dx =

∫
R

ϕ(x) dx. �

Ïðèìåð 1.27. Äîêàçàòü, ÷òî xP 1
x2

= P 1
x
.

∀ ϕ ∈ D
(
xP 1

x2
, ϕ(x)

)
=

(
P 1

x2
, xϕ(x)

)
= lim

ε→+0

∫
|x|>ε

xϕ(x)− 0ϕ(0)

x2
dx =

(
P 1

x
, ϕ(x)

)
. �

1.6. Äèôôåðåíöèðîâàíèå îáîáùåííûõ ôóíêöèé.

Ìîòèâèðîâêà 1.28 (Ïðîèçâîäíàÿ ãëàäêîé ðåãóëÿðíîé îáîáùåííîé ôóíêöèè). Ïóñòü F �

ÿäðî ðåãóëÿðíîé îáîáùåííîé ôóíêöèé f è F ∈ C1(R). ßñíî, ÷òî F ′ � ëîêàëüíî ñóììèðóåìàÿ
ôóíêöèÿ, êîòîðóþ åñòåñòâåííî ñ÷èòàòü ÿäðîì ïðîèçâîäíîé îáîáùåííîé ôóíêöèè f . Ñëåäî-
âàòåëüíî,

∀ ϕ ∈ D (f ′, ϕ) =

∫
R

F ′(x)ϕ(x) dx = −
∫
R

F (x)ϕ′(x) dx = −(f, ϕ′).

Çäåñü ìû ó÷ëè, ÷òî ϕ′ ∈ D, ñì. òåîðåìó 1.3.



ËÅÊÖÈÈ ÏÎ ÌÅÒÎÄÀÌ ÌÀÒÅÌÀÒÈ×ÅÑÊÎÉ ÔÈÇÈÊÈ (6 ÑÅÌÅÑÒÐ) 9

Îïðåäåëåíèå 1.29 (Ïðîèçâîäíàÿ îáîáùåííîé ôóíêöèè). Ïðîèçâîäíîé îáîáùåííîé ôóíêöèé

f íàçûâàþò îáîáùåííóþ ôóíêöèþ f ′, äåéñòâóþùóþ ïî ïðàâèëó

∀ ϕ ∈ D (f ′, ϕ) = −(f, ϕ′).

Òåîðåìà 1.30 (Êîððåêòíîñòü îïðåäåëåíèÿ ïðîèçâîäíîé îáîáùåííîé ôóíêöèè). Ïóñòü f ∈ D′.
Òîãäà f ′ ∈ D′.

Äîêàçàòåëüñòâî. Ñàìîñòîÿòåëüíî. �

Çàäà÷à 1.31. Äîêàçàòü, ÷òî θ′(x) = δ(x).

Ðåøåíèå. Ëåãêî âèäåòü, ÷òî

∀ ϕ ∈ D (θ′(x), ϕ(x)) = −(θ(x), ϕ′(x)) = −
∞∫

0

ϕ′(x) = −ϕ(x)
∣∣∣∞
0

= ϕ(0) = (δ(x), ϕ(x)). �

Ïðèìåð 1.32. Äîêàçàòü, ÷òî (ln |x|)′ = P 1
x
.

Ðåøåíèå. Çàìåòèì, ÷òî ln |x| � ðåãóëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ. Ñëåäîâàòåëüíî,

∀ ϕ ∈ D ((ln |x|)′, ϕ(x)) = −(ln |x|, ϕ′(x)) = −
∫
R

ln |x|ϕ′(x) dx = − lim
ε→+0

∫
|x|>ε

ln |x|ϕ′(x) dx =

= lim
ε→+0

− −ε∫
−∞

ln |x|ϕ′(x) dx−
∞∫
ε

ln |x|ϕ′(x) dx

 =

= lim
ε→+0

− ln |x|ϕ(x)
∣∣∣−ε
−∞

+

−ε∫
−∞

(ln |x|)′ϕ(x) dx− ln |x|ϕ(x)
∣∣∣∞
ε

+

∞∫
ε

(ln |x|)′ϕ(x) dx

 =

= lim
ε→+0

ln |ε|
(
ϕ(ε)− ϕ(−ε)

)
+

∫
|x|>ε

ϕ(x)

x
dx

 = lim
ε→+0

O(ε ln |ε|) +

∫
|x|>ε

ϕ(x)

x
dx

 =

= lim
ε→+0

∫
|x|>ε

ϕ(x)

x
dx =

(
P 1

x
, ϕ(x)

)
. �

Çàäà÷à 1.33. Äîêàçàòü, ÷òî
(
P 1
xn

)′
= −nP 1

xn+1 ïðè n ∈ N.

Ïðèìåð 1.34. Óïðîñòèòü âûðàæåíèå e2xδ′(x).

Ðåøåíèå. Ëåãêî âèäåòü, ÷òî

∀ ϕ ∈ D (e2xδ′(x), ϕ(x)) = (δ′(x), e2xϕ(x)) = −
(
δ(x), (e2xϕ(x))′

)
=

= −
(
δ(x), 2e2xϕ(x) + e2xϕ′(x)

)
= −2ϕ(0)− ϕ′(0) = −(δ(x), 2ϕ(x))− (δ(x), ϕ′(x)) =

= −(2δ(x), ϕ(x)) + (δ′(x), ϕ(x)) = (δ′(x)− 2δ(x), ϕ(x)).

Ñëåäîâàòåëüíî, e2xδ′(x) = δ′(x)− 2δ(x). �

Ïðèìåð 1.35. Äîêàçàòü, ÷òî xδ(n)(x) = −nδ(n−1)(x) ïðè n ∈ N.
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Ðåøåíèå. Ëåãêî âèäåòü, ÷òî

∀ ϕ ∈ D (xδ(n)(x), ϕ(x)) = (δ(n)(x), xϕ(x)) = (−1)n(δ(x), (xϕ(x))(n)) =

= (−1)n(δ(x), nϕ(n−1)(x) + xϕ(n)(x)) = (−1)n(δ(x), nϕ(n−1)(x)) = −(nδ(n−1)(x), ϕ(x)). �

Òåîðåìà 1.36 (Äèôôåðåíöèðîâàíèå ñêà÷êîâ â ñìûñëå D′). Ïóñòü

• F � ÿäðî ðåãóëÿðíîé îáîáùåííîé ôóíêöèè f ;
• F ∈ C1(−∞, a) ∩ C1(a,∞), ãäå a ∈ R;
• ñóùåñòâóþò ïðåäåëû F (a+ 0) è F (a− 0).

Òîãäà f ′(x) = f ′cl(x)+
(
F (a+0)−F (a−0)

)
δ(x−a), ãäå f ′cl(x) � ðåãóëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ

ñ ÿäðîì F ′(x), à F ′(x) � êëàññè÷åñêàÿ ïðîèçâîäíàÿ îò ôóíêöèè F (x).

Äîêàçàòåëüñòâî. Èñïîëüçóÿ îïðåäåëåíèå ïðîèçâîäíîé â ñìûñëå D′ è èíòåãðèðîâàíèå ïî ÷à-
ñòÿì, ïîëó÷èì

∀ ϕ ∈ D (f ′(x), ϕ(x)) = −(f(x), ϕ′(x)) = −
a∫

−∞

F (x)ϕ′(x) dx−
∞∫
a

F (x)ϕ′(x) dx =

= −F (a− 0)ϕ(a) +

a∫
−∞

F ′(x)ϕ(x) dx+ F (a+ 0)ϕ(a) +

∞∫
a

F ′(x)ϕ(x) dx =

=

∫
R

F ′(x)ϕ(x) dx+ (F (a+ 0)− F (a− 0))ϕ(a) =

= (f ′cl(x), ϕ(x)) +
(

(F (a+ 0)− F (a− 0))δ(x− a), ϕ(x)
)
.�

Ïðèìåð 1.37. Âû÷èñëèòü òðåòüþ ïðîèçâîäíóþ ðåãóëÿðíîé îáîáùåííîé ôóíêöèè f ñ ÿäðîì

F (x) =

 1, x < 0,
x2 + 3, x ∈ [0, 2],
x− 3, x > 2.

Ðåøåíèå. Èç òåîðåìû 1.36 ñëåäóåò, ÷òî

f ′(x) = 2δ(x)− 8δ(x− 2) +

 0, x < 0,
2x, x ∈ [0, 2],
1, x > 2,

f ′′(x) = 2δ′(x)− 8δ′(x− 2)− 3δ(x− 2) +

 0, x < 0,
2, x ∈ [0, 2],
0, x > 2,

f ′′′(x) = 2δ′′(x)− 8δ′′(x− 2)− 3δ′(x− 2) + 2δ(x)− 2δ(x− 2). �

1.7. Ðåøåíèå äèôôåðåíöèàëüíûõ óðàâíåíèé âèäà y(n)(x) = 0 â D′.

Òåîðåìà 1.38 (Îáùèé âèä ðåøåíèÿ óðàâíåíèÿ y′ = 0 â D′). Îáùåå ðåøåíèå óðàâíåíèÿ y′ = 0

â D′ èìååò âèä y = C, ãäå C ∈ C.
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Äîêàçàòåëüñòâî. Ðàññìîòðèì îñíîâíóþ ôóíêöèþ ω, óäîâëåòâîðÿþùóþ óñëîâèþ∫
R

ω(x) dx = 1.

Ïóñòü ϕ � ïðîèçâîëüíàÿ îñíîâíàÿ ôóíêöèÿ. Ðàññìîòðèì ôóíêöèþ âèäà

ψ(x) =

x∫
−∞

ϕ(t) dt−
x∫

−∞

ω(t) dt

∫
R

ϕ(t) dt. (1.5)

Ëåãêî âèäåòü, ÷òî ψ ∈ D. Ïóñòü òåïåðü y � ðåøåíèå óðàâíåíèÿ y′ = 0 â D′. Îòñþäà è èç (1.5)
ïîëó÷èì, ÷òî

0 = (y′, ψ) = −(y, ψ′) = −(y, ϕ) + (y, ω)

∫
R

ϕ(t) dt.

Ñëåäîâàòåëüíî,

(y, ϕ) = (y, ω)

∫
R

ϕ(t) dt = (C,ϕ), (1.6)

ãäå C = (y, ω) ∈ C. Ó÷èòûâàÿ, ÷òî ðàâåíñòâî (1.6) ñïðàâåäëèâî äëÿ ëþáîé ϕ ∈ D, ïîëó÷èì, ÷òî
y = C äëÿ íåêîòîðîé C ∈ C. �

Òåîðåìà 1.39 (Îáùèé âèä ðåøåíèÿ óðàâíåíèÿ y(n) = 0 âD′). Îáùåå ðåøåíèå óðàâíåíèÿ y(n) = 0
â D′ ïðè n ∈ N èìååò âèä y = pn−1(x), ãäå pn−1 � ïðîèçâîëüíûé ïîëèíîì ñòåïåíè (n− 1).

Äîêàçàòåëüñòâî. Èç òåîðåìû 1.36 ñëåäóåò, ÷òî ëþáîé ïîëèíîì ñòåïåíè (n− 1) óäîâëåòâîðÿåò
óðàâíåíèþ y(n) = 0 â D′.
Äàëüíåéøåå äîêàçàòåëüñòâî ïðîâåäåì ïî èíäóêöèè. Áàçà èíäóêöèè (n = 1) äîêàçàíà â òåî-

ðåìå 1.38. Ïóñòü óòâåðæäåíèå íàñòîÿùåé òåîðåìû âåðíî ïðè n = s ∈ N.
Ïóñòü y � ðåøåíèå óðàâíåíèÿ y(s+1) = 0 â D′. Äîêàæåì, ÷òî y � ïîëèíîì ñòåïåíè s. Äëÿ

ýòîãî ðàññìîòðèì âñïîìîãàòåëüíóþ ôóíêöèþ z = y′. Çàìåòèì, ÷òî z óäîâëåòâîðÿåò óðàâíåíèþ
z(s) = 0, îòêóäà ñëåäóåò, ÷òî z � ïîëèíîì ñòåïåíè (s − 1). Òàêèì îáðàçîì, y óäîâëåòâîðÿåò
óðàâíåíèþ

y′ = z, (1.7)

ãäå z � ïîëèíîì ñòåïåíè (s− 1). Îáîçíà÷èì ÷åðåç ps � ïîëèíîì ñòåïåíè s òàêîé, ÷òî p′s = z.
Ðåøåíèå óðàâíåíèÿ (1.7) áóäåì èñêàòü â âèäå

y = ps + f. (1.8)

Ïîäñòàâëÿÿ (1.8) â (1.7) ïîëó÷èì, ÷òî f ′ = 0. Îòñþäà è èç òåîðåìû 1.36 ñëåäóåò, ÷òî f � ïîñòî-
ÿííàÿ ôóíêöèÿ. Ïðèíèìàÿ âî âíèìàíèå (1.8), ïðèõîäèì ê âûâîäó, ÷òî y � ïîëèíîì ñòåïåíè s. �

1.8. Îáùèé âèä îáîáùåííîé ôóíêöèè.

Îïðåäåëåíèå 1.40 (Íîñèòåëü îáîáùåííîé ôóíêöèè).

• Ãîâîðÿò, ÷òî îáîáùåííàÿ ôóíêöèÿ f îáðàùàåòñÿ â íîëü íà èíòåðâàëå (a, b) ⊂ R, åñëè
äëÿ ëþáîé ϕ ∈ D òàêîé, ÷òî suppϕ ⊂ (a, b) âåðíî, ÷òî (f, ϕ) = 0. Â ýòîì ñëó÷àå
ïèøóò f |(a,b) = 0.
• Íîñèòåëåì îáîáùåííîé ôóíêöèè f íàçûâàþò ìíîæåñòâî

supp f = R \
⋃

{(a,b) | f |(a,b)=0}

(a, b).
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Òåîðåìà 1.41 (Îáùèé âèä îáîáùåííîé ôóíêöèè). Ïóñòü

• f ∈ D′;
• K � îãðàíè÷åííàÿ îáëàñòü â R.

Òîãäà ñóùåñòâóþò ðåãóëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ g ñ íåïðåðûâíûì ÿäðîì G è n ∈ N òà-
êèå, ÷òî f |K = g(n)|K. Äðóãèìè ñëîâàìè, äëÿ ëþáîé ϕ ∈ D òàêîé, ÷òî suppϕ ⊂ K ñïðàâåäëèâî
ðàâåíñòâî

(f, ϕ) = (−1)n
∫
R

G(x)ϕ(n)(x) dx.

Äîêàçàòåëüñòâî. Áåç äîêàçàòåëüñòâà. �

Çàäà÷à 1.42. Äîêàæèòå, ÷òî äëÿ îáîáùåííîé ôóíêöèè

f(x) =
∞∑
k=0

δ(k)(x− k)

íå ñóùåñòâóåò ðåãóëÿðíîé îáîáùåííîé ôóíêöèè g è n ∈ N òàêèõ, ÷òî f = g(n).

Òåîðåìà 1.43 (Îáùèé âèä îáîáùåííîé ôóíêöèè ñ íîñèòåëåì ñîñðåäîòî÷åííûì â òî÷êå). Ïóñòü

• f ∈ D′;
• supp f = {a}, ãäå a ∈ R.

Òîãäà ñóùåñòâóþò s ∈ Z+ è ïîñòîÿííûå c0, c1, . . ., cs òàêèå, ÷òî

f =
s∑

k=0

ckδ
(k)(x− a).

Äîêàçàòåëüñòâî. Èç òåîðåìû 1.41 ñëåäóåò, ÷òî íàéäóòñÿ n ∈ N è ðåãóëÿðíàÿ îáîáùåííàÿ
ôóíêöèÿ g ñ íåïðåðûâíûì ÿäðîì G òàêèå, ÷òî f = g(n).
Íà èíòåðâàëå (−∞, a) ôóíêöèÿ f îáðàùàåòñÿ â íîëü, ñëåäîâàòåëüíî, g(n) = 0 íà (−∞, a).

Îòñþäà è èç òåîðåìû 1.39 ñëåäóåò, ÷òî íà èíòåðâàëå (−∞, a) îáîáùåííàÿ ôóíêöèÿ g ñîâïàäàåò
ñ íåêîòîðûì ïîëèíîìîì ñòåïåíè (n − 1), êîòîðûé ìû îáîçíà÷èì ÷åðåç pl. Àíàëîãè÷íî, ïîëó-
÷èì, ÷òî íà èíòåðâàëå (a,+∞) îáîáùåííàÿ ôóíêöèÿ g ñîâïàäàåò ñ ïîëèíîìîì ñòåïåíè (n− 1),
êîòîðûé ìû îáîçíà÷èì ÷åðåç pr. Ó÷èòûâàÿ, ÷òî g � ðåãóëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ, ïîëó÷èì

g(x) = pl(x)θ(a− x) + pr(x)θ(x− a).

Èç òåîðåìû 1.36 ñëåäóåò, ÷òî

g′(x) = p′l(x)θ(a− x) + p′r(x)θ(x− a) +
[
pr(a+ 0)− pl(a− 0)

]
δ(x− a),

g′′(x) = p′′l (x)θ(a− x) + p′′r(x)θ(x− a) +
[
p′r(a+ 0)− p′l(a− 0)

]
δ(x− a) +

+
[
pr(a+ 0)− pl(a− 0)

]
δ′(x− a),

. . .

g(n)(x) =
[
p(n−1)
r (a+ 0)− p(n−1)

l (a− 0)
]
δ(x− a) + . . .+

[
pr(a+ 0)− pl(a− 0)

]
δ(n−1)(x− a). �
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1.9. Ðåøåíèå óðàâíåíèé âèäà xny = f(x) â D′.

Òåîðåìà 1.44 (Îáùåå ðåøåíèå óðàâíåíèÿ xy = 0). Îáùåå ðåøåíèå óðàâíåíèÿ xy = 0 â D′

èìååò âèä y(x) = Cδ(x), ãäå C ∈ C.

Äîêàçàòåëüñòâî. Äëÿ íà÷àëà äîêàæåì, ÷òî íîñèòåëü ëþáîãî ðåøåíèÿ óðàâíåíèÿ

xy = 0 (1.9)

ñîñðåäîòî÷åí â íóëå. Äëÿ ýòîãî äîñòàòî÷íî ïîêàçàòü, ÷òî äëÿ ëþáîé îñíîâíîé ôóíêöèè ϕ òàêîé,
÷òî

suppϕ ⊂ R \ {0}
(äðóãèìè ñëîâàìè, îáðàùàþùåéñÿ â íîëü â íåêîòîðîé îêðåñòíîñòè òî÷êè íîëü), âåðíî, ÷òî

(y, ϕ) = 0.

Ðàññìîòðèì âñïîìîãàòåëüíóþ ôóíêöèþ ψ(x) = ϕ(x)
x
. Ëåãêî âèäåòü, ÷òî ψ ∈ D, îòêóäà

(y, ϕ) = (y, xψ) = (xy, ψ) = 0.

Òàêèì îáðàçîì, supp y = {0}.
Èç ñâîéñòâà supp y = {0} è òåîðåìû 1.43 ñëåäóåò, ÷òî ñóùåñòâóþò s ∈ Z+ è ïîñòîÿííûå c0, c1,

. . ., cs òàêèå, ÷òî

y =
s∑

k=0

ckδ
(k)(x). (1.10)

Ïîäñòàâëÿÿ (1.10) â óðàâíåíèå (1.9) è, èñïîëüçóÿ ðåçóëüòàò ïðèìåðà 1.35, ïîëó÷èì, ÷òî

0 = xy =
s∑

k=0

ckxδ
(k)(x) = c0xδ(x) +

s∑
k=1

ckxδ
(k)(x) = −

s∑
k=1

ckkδ
(k−1)(x).

Äðóãèìè ñëîâàìè,

c1δ(x) + 2c2δ
′(x) + . . .+ scsδ

(s−1)(x) = 0. (1.11)

Èç ïîëó÷èì, ÷òî c1 = c2 = . . . = cs = 0. Îòñþäà è èç (1.10) ñëåäóåò, ÷òî îáùåå ðåøåíèå óðàâíåíèÿ
(1.9) èìååò âèä y = c0δ(x). �

Òåîðåìà 1.45 (Îáùåå ðåøåíèå óðàâíåíèÿ xny = 0). Îáùåå ðåøåíèå óðàâíåíèÿ xny = 0 â D′

ïðè n ∈ N èìååò âèä

y(x) =
n−1∑
k=0

ckδ
(k)(x),

ãäå c0, c1, . . ., cn−1 � ïðîèçâîëüíûå ïîñòîÿííûå.

Äîêàçàòåëüñòâî. Ñàìîñòîÿòåëüíî. Äîêàçàòåëüñòâî ïðîâîäèòñÿ ïî èíäóêöèè. Èíäóêöèîííûé
ïåðåõîä âûïîëíÿåòñÿ ñ ïîìîùüþ ââåäåíèÿ íîâîé íåèçâåñòíîé ôóíêöèè z(x) = xy(x). �

Òåîðåìà 1.46 (Îáùåå ðåøåíèå óðàâíåíèÿ xy = f). Ïóñòü f ∈ D′, òîãäà
(1) óðàâíåíèå xy = f ðàçðåøèìî â D′;
(2) îáùåå ðåøåíèå óðàâíåíèÿ xy = f â D′ èìååò âèä y = yp + yo, ãäå

• yp � ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ xy = f ,
• yo � îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ xy = 0 (ò. å. yo = Cδ, ãäå C ∈ C).
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Äîêàçàòåëüñòâî. (1) Ïóñòü h ∈ D òàêàÿ, ÷òî h(x) = 1 ïðè x ∈ [−1, 1]. Ðàññìîòðèì îòîáðàæåíèå
âèäà

∀ ϕ ∈ D (yp, ϕ) =

(
f(x),

ϕ(x)− ϕ(0)h(x)

x

)
. (1.12)

Ëåãêî âèäåòü, ÷òî yp ∈ D′. Âìåñòå ñ ýòèì,

∀ ϕ ∈ D (xyp(x), ϕ(x)) = (yp(x), xϕ(x)) =

(
f(x),

xϕ(x)− 0ϕ(0)h(x)

x

)
= (f, ϕ).

Òàêèì îáðàçîì, yp � ðåøåíèå óðàâíåíèÿ xy = f .
(2) Ïóñòü y � ðåøåíèå óðàâíåíèÿ xy = f . Âûïîëíÿÿ ïîäñòàíîâêó

y = yp + yo, (1.13)

ãäå yp îïðåäåëåíà ôîðìóëîé (1.12), â óðàâíåíèè xy = f , ïîëó÷èì

x(yp + yo) = f =⇒ xyp︸︷︷︸
=f

+xyo = f =⇒ xyo = 0.

×òî è òðåáîâàëîñü äîêàçàòü. �

Ïðèìåð 1.47. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ xy = f(x) â D′, ãäå f ∈ C∞(R).

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â íåñêîëüêî øàãîâ.
Øàã 1. Çàìåòèì, ÷òî ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ

xy = f(x) (1.14)

èìååò âèä

yp(x) = f(x)P 1

x
.

Äåéñòâèòåëüíî,

∀ ϕ ∈ D (xyp(x), ϕ(x)) = (yp(x), xϕ(x)) =

(
f(x)P 1

x
, xϕ(x)

)
=

=

(
P 1

x
, xf(x)ϕ(x)

)
= (1, f(x)ϕ(x)) = (f(x), ϕ(x)).

Øàã 2. Èç òåîðåìû 1.44 ñëåäóåò, ÷òî îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ xy = 0 èìååò âèä
yo(x) = Cδ(x), ãäå C ∈ C.
Øàã 3. Îáùåå ðåøåíèå óðàâíåíèÿ (1.14) â D′ èìååò âèä y = yp + yo.

Îòâåò: y = f(x)P 1
x

+ Cδ(x), C ∈ C.

Ïðèìåð 1.48. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ xy = δ(x) â D′.

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â íåñêîëüêî øàãîâ.
Øàã 1. Çàìåòèì, ÷òî ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ

xy = δ(x) (1.15)

èìååò âèä
yp(x) = −δ′(x).

Äåéñòâèòåëüíî, èç ïðèìåðà 1.35 ñëåäóåò, ÷òî

xyp(x) = −xδ′(x) = δ(x).
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Øàã 2. Èç òåîðåìû 1.44 ñëåäóåò, ÷òî îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ xy = 0 èìååò âèä
yo(x) = Cδ(x), ãäå C ∈ C.
Øàã 3. Îáùåå ðåøåíèå óðàâíåíèÿ (1.14) â D′ èìååò âèä y = yp + yo.

Îòâåò: y = −δ′(x) + Cδ(x), C ∈ C.
Òåîðåìà 1.49 (Îáùåå ðåøåíèå óðàâíåíèÿ xny = f). Ïóñòü f ∈ D′ è n ∈ N, òîãäà

(1) óðàâíåíèå xny = f ðàçðåøèìî â D′;
(2) îáùåå ðåøåíèå óðàâíåíèÿ xny = f â D′ èìååò âèä y = yp + yo, ãäå

• yp � ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ xny = f ,
• yo � îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ xny = 0 (ñì. òåîðåìó 1.45).

Äîêàçàòåëüñòâî. Ñàìîñòîÿòåëüíî. �

Ïðèìåð 1.50. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ xny = 1 â D′ ïðè n ∈ N.
Ðåøåíèå. Ðåøåíèå ïðîâîäèì â íåñêîëüêî øàãîâ.
Øàã 1. Çàìåòèì, ÷òî ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ

xny = 1 (1.16)

èìååò âèä

yp(x) = P 1

xn
.

Äåéñòâèòåëüíî,

∀ ϕ ∈ D (xnyp(x), ϕ(x)) = (yp(x), xnϕ(x)) =

(
P 1

xn
, xnϕ(x)

)
=

= v.p.

∫
R

xnϕ(x)−
n−2∑
k=0

(xnϕ)(k)(0)
k!

xk

xn
dx = v.p.

∫
R

xnϕ(x)− 0

xn
dx =

∫
R

ϕ(x) dx = (1, ϕ(x)).

Øàã 2. Èç òåîðåìû 1.45 ñëåäóåò, ÷òî îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ xny = 0 èìååò
âèä

yo(x) =
n−1∑
k=0

ckδ
(k)(x),

ãäå c0, c1, . . ., cn−1 � ïðîèçâîëüíûå ïîñòîÿííûå.
Øàã 3. Îáùåå ðåøåíèå óðàâíåíèÿ (1.16) â D′ èìååò âèä y = yp + yo.

Îòâåò: y = P 1
xn

+
n−1∑
k=0

ckδ
(k)(x), ãäå c0 ∈ C, c1 ∈ C, . . ., cn−1 ∈ C.

1.10. Çàìåíà ïåðåìåííûõ â îáîáùåííûõ ôóíêöèÿõ.

Ìîòèâèðîâêà 1.51 (Çàìåíà ïåðåìåííûõ â ðåãóëÿðíîé îáîáùåííîé ôóíêöèè). Ïóñòü F �

ÿäðî ðåãóëÿðíîé îáîáùåííîé ôóíêöèé f , A � äèôôåîìîðôèçì êëàññà C∞ èç R â R è B = A−1.
Ëåãêî âèäåòü, ÷òî

∀ ϕ ∈ D (f(A(x)), ϕ(x)) =

∫
R

F (A(x))ϕ(x) dx = [t = A(x), x = B(t)] =

∫
R

F (t)ϕ(B(t))|B′(t)| dt =

=

∫
R

F (t)
ϕ(B(t))

|A′(B(t))|
dt =

(
f(t),

ϕ(B(t))

|A′(B(t))|

)
.
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Îïðåäåëåíèå 1.52 (Çàìåíà ïåðåìåííûõ â îáîáùåííîé ôóíêöèè). Ïóñòü f ∈ D′, A � äèôôåî-
ìîðôèçì êëàññà C∞ èç R â R è B = A−1.

∀ ϕ ∈ D (f(A(x)), ϕ(x)) =

(
f(t),

ϕ(B(t))

|A′(B(t))|

)
.

Ïðèìåð 1.53. Óïðîñòèòü âûðàæåíèå δ(ax), ãäå a ∈ R \ {0}.

Ðåøåíèå. Èç îïðåäåëåíèÿ 1.52 ñëåäóåò, ÷òî

δ(ax) =
1

|a|
δ(x). �

Ïðèìåð 1.54. Óïðîñòèòü âûðàæåíèå δ(2x+ 4).

Ðåøåíèå. Èç îïðåäåëåíèÿ 1.52 ñëåäóåò, ÷òî

δ(2x+ 4) = δ(2(x+ 2)) =
1

2
δ(x+ 2). �

1.11. Ñõîäèìîñòü â ïðîñòðàíñòâå îáîáùåííûõ ôóíêöèé.

Îïðåäåëåíèå 1.55 (Ñõîäèìîñòü â ñìûñëå D′). Ãîâîðÿò, ÷òî ïîñëåäîâàòåëüíîñòü îáîáùåí-
íûõ ôóíêöèé {fn}∞n=1 ñõîäèòñÿ ïðè n→∞ ê îáîáùåííîé ôóíêöèè f â ñìûñëå D′, è ïèøóò

fn
D′
−→
n→∞

f,

åñëè
∀ ϕ ∈ D lim

n→∞
(fn, ϕ) = (f, ϕ).

Òåîðåìà 1.56 (Ïðåäåëüíûé ïåðåõîä ïîä çíàêîì ïðîèçâîäíîé â D′).

fn
D′
−→
n→∞

f =⇒ f ′n
D′
−→
n→∞

f ′.

Äîêàçàòåëüñòâî. Èç îïðåäåëåíèÿ 1.55 ñëåäóåò, ÷òî

f ′n
D′
−→
n→∞

f ′ ⇐⇒ ∀ ϕ ∈ D (f ′n, ϕ) −→
n→∞

(f ′, ϕ) ⇐⇒ ∀ ϕ ∈ D (fn, ϕ
′) −→
n→∞

(f, ϕ′).

Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà îñòàëîñü çàìåòèòü, ÷òî (fn, ϕ
′) −→
n→∞

(f, ϕ′) â ñèëó fn
D′
−→
n→∞

f . �

Ïðèìåð 1.57. Çàìåòèì, ÷òî
sin(nx)

n

D′
−→
n→∞

0.

Îòñþäà è èç òåîðåìû 1.56 ñëåäóåò, ÷òî

cos(nx)
D′
−→
n→∞

0.

Ïðè ýòîì â êëàññè÷åñêîì ñìûñëå ïîñëåäîâàòåëüíîñòü cos(nx) íå èìååò ïðåäåëà ïðè n→∞.

Òåîðåìà 1.58 (Òåîðåìà Ëåáåãà î ïðåäåëüíîì ïåðåõîäå ïîä çíàêîì èíòåãðàëà). Ïóñòü
• F ∈ L1(R) è Fn ∈ L1(R) ïðè n ∈ N;
• ïðè ïî÷òè âñåõ x ∈ R ñóùåñòâóåò ïðåäåë lim

n→∞
Fn(x) = F (x);

• ñóùåñòâîâàíèå ëîêàëüíî ñóììèðóåìîé ìàæîðàíòû: ñóùåñòâóåò G ∈ L1(R) òà-
êàÿ, ÷òî äëÿ ëþáîãî n ∈ N è ïðè ïî÷òè âñåõ x ∈ R âåðíî, ÷òî |Fn(x)| 6 G(x).
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Òîãäà

lim
n−→∞

∫
R

Fn(x) dx =

∫
R

F (x) dx.

Äîêàçàòåëüñòâî. Áåç äîêàçàòåëüñòâà. �

Òåîðåìà 1.59 (Òåîðåìà Ëåáåãà î ïðåäåëüíîì ïåðåõîäå â D′). Ïóñòü
• f � ðåãóëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ ñ ÿäðîì F ;
• fn � ðåãóëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ ñ ÿäðîì Fn, ãäå n ∈ N;
• ïðè ïî÷òè âñåõ x ∈ R ñóùåñòâóåò ïðåäåë lim

n→∞
Fn(x) = F (x);

• ñóùåñòâîâàíèå ëîêàëüíî ñóììèðóåìîé ìàæîðàíòû: ñóùåñòâóåò G ∈ L1,loc(R)
òàêàÿ, ÷òî äëÿ ëþáîãî n ∈ N è ïðè ïî÷òè âñåõ x ∈ R âåðíî, ÷òî |Fn(x)| 6 G(x).

Òîãäà fn
D′
−→
n→∞

f .

Äîêàçàòåëüñòâî. Ñëåäóåò èç òåîðåìû 1.58. �

Òåîðåìà 1.60 (Îòðèöàòåëüíûé ïðèìåð ê òåîðåìå Ëåáåãà). Óñëîâèå ñóùåñòâîâàíèÿ ëîêàëüíî
ñóììèðóåìîé ìàæîðàíòû íå ìîæåò áûòü îòáðîøåíî â òåîðåìå Ëåáåãà.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü âèäà

∀ n ∈ N Fn(x) =

{
n, x ∈ (0, 1

n
),

0, x 6∈ (0, 1
n
).

Ëåãêî âèäåòü, ÷òî Fn äëÿ ëþáîãî x ∈ R ñòðåìèòñÿ ê íóëþ ïðè n → ∞ (ò. å. â òåîðåìå Ëåáåãà
íåîáõîäèìî ñ÷èòàòü, ÷òî f = 0).
Ðàññìîòðèì òåïåðü îñíîâíóþ ôóíêöèþ ϕ, êîòîðàÿ ðàâíà åäèíèöå íà èíòåðâàëå (−1, 1). Ëåãêî

âèäåòü, ÷òî

lim
n→∞

(fn, ϕ) = lim
n→∞

1
n∫

0

n dx = 1.

Òàêèì îáðàçîì,
lim
n→∞

(fn, ϕ) = 1 6= 0 = (f, ϕ). �

Îïðåäåëåíèå 1.61 (δ-îáðàçíàÿ ïîñëåäîâàòåëüíîñòü). Ïîñëåäîâàòåëüíîñòü ðåãóëÿðíûõ îáîá-
ùåííûõ ôóíêöèé {fn}∞n=1 íàçûâàåòñÿ δ-îáðàçíîé, åñëè îíà ñõîäèòñÿ ê δ-ôóíêöèè.

Òåîðåìà 1.62 (δ-îáðàçíàÿ ïîñëåäîâàòåëüíîñòü (äîñòàòî÷íîå óñëîâèå)). Ïóñòü
• ∀ n ∈ N fn � ðåãóëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ ñ ÿäðîì Fn;
• ñóùåñòâóåò ïîñòîÿííàÿ C > 0 òàêàÿ, ÷òî äëÿ ëþáîãî èíòåðâàëà (a, b) âåðíî, ÷òî

∀ n ∈ N

∣∣∣∣∣∣
b∫

a

Fn(x) dx

∣∣∣∣∣∣ 6 C;

• äëÿ ëþáîãî (a, b) òàêîãî, ÷òî 0 ∈ (a, b) âåðíî, ÷òî

lim
n→∞

b∫
a

Fn(x) dx = 1;
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• äëÿ ëþáîãî [a, b] òàêîãî, ÷òî 0 6∈ [a, b] âåðíî, ÷òî

lim
n→∞

b∫
a

Fn(x) dx = 0.

Òîãäà {fn}∞n=1 � δ-îáðàçíàÿ ïîñëåäîâàòåëüíîñòü.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü îáîáùåííûõ ôóíêöèé {gn}∞n=1 ñ ÿäðàìè

∀ n ∈ N Gn(x) =

x∫
−1

Fn(t) dt.

Çàìåòèì òåïåðü, ÷òî ïîñëåäîâàòåëüíîñòü {Gn}∞n=1 ðàâíîìåðíî îãðàíè÷åíà íà ëþáîì îòðåçêå è
ïðè x 6= 0 âåðíî, ÷òî

lim
n→∞

Gn(x) = θ(x).

Îòñþäà è èç òåîðåìû Ëåáåãà 1.59 ñëåäóåò, ÷òî gn(x)
D′
−→
n→∞

θ(x).

Äàëåå èç òåîðåìû 1.56 ñëåäóåò, ÷òî g′n(x)
D′
−→
n→∞

θ′(x). Äðóãèìè ñëîâàìè, fn(x)
D′
−→
n→∞

δ(x). �

Òåîðåìà 1.63 (Ïðèìåð δ-îáðàçíîé ïîñëåäîâàòåëüíîñòè). Ïóñòü Gε(x) = 1√
πε
e−

x2

ε � ÿäðî ðåãó-

ëÿðíîé îáîáùåííîé ôóíêöèè gε ïðè ε > 0.
Òîãäà gε � δ-îáðàçíàÿ ïîñëåäîâàòåëüíîñòü ïðè ε→ +0.

Äîêàçàòåëüñòâî. Ñëåäóåò èç òåîðåìû 1.62. �
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2. Îáîáùåííûå ôóíêöèè íåñêîëüêèõ ïåðåìåííûõ

2.1. Îáîáùåííûå ôóíêöèè íåñêîëüêèõ ïåðåìåííûõ.

Îïðåäåëåíèå 2.1 (Ïðîñòðàíñòâî îñíîâíûõ ôóíêöèé D(Rn)). Ïóñòü ôóíêöèÿ ϕ : Rn → C, ãäå
n ∈ N óäîâëåòâîðÿåò óñëîâèÿì

• áåñêîíå÷íàÿ äèôôåðåíöèðóåìîñòü: ϕ ∈ C∞(Rn);
• ôèíèòíîñòü íîñèòåëÿ: ñóùåñòâóåò øàð BR = {x | |x| < R} ðàäèóñà R > 0 òàêîé,
÷òî suppϕ ⊂ BR.

Òîãäà ôóíêöèþ ϕ íàçûâàþò îñíîâíîé ôóíêöèåé.

◦ Ìíîæåñòâî âñåõ îñíîâíûõ ôóíêöèé íàçûâàþò ïðîñòðàíñòâîì îñíîâíûõ ôóíêöèé, êî-
òîðîå îáîçíà÷àþò D(Rn).

Îïðåäåëåíèå 2.2 (Ïðîèçâîäíàÿ îñíîâíîé ôóíêöèè D(Rn)). Ïóñòü
• ϕ ∈ D(Rn), ãäå n ∈ N;
• α = (α1, α2, . . . , αn) ∈ Zn+.

Ïðîèçâîäíîé ïîðÿäêà α ôóíêöèè ϕ íàçûâàþò âûðàæåíèå âèäà

Dαϕ =
∂|α|ϕ

∂xα1
1 ∂x

α2
2 . . . ∂xαnn

,

ãäå |α| = α1 + α2 + . . .+ αn.

Òåîðåìà 2.3 (Ñóùåñòâîâàíèå ãëàäêîé ñðåçêè â Rn). Ïóñòü
• U � îòêðûòîå ìíîæåñòâî â Rn, ãäå n ∈ N;
• K � êîìïàêò (îãðàíè÷åííîå çàìêíóòîå ìíîæåñòâî) â Rn;
• K ⊂ U .

Òîãäà ñóùåñòâóåò ôóíêöèÿ χ : Rn → R òàêàÿ, ÷òî

(1) χ ∈ C∞(Rn);
(2) ∀ x ∈ Rn 0 6 χ(x) 6 1;
(3) ∀ x ∈ K χ(x) = 1;
(4) ∀ x ∈ R \ U χ(x) = 0.

Äîêàçàòåëüñòâî. Áåç äîêàçàòåëüñòâà. �

Îïðåäåëåíèå 2.4 (Ïðîñòðàíñòâî îáîáùåííûõ ôóíêöèé D′(Rn)). Ïóñòü îòîáðàæåíèå

f : D(Rn) 3 ϕ 7−→ (f, ϕ) ∈ C

óäîâëåòâîðÿåò óñëîâèÿì

• ëèíåéíîñòü: äëÿ ëþáûõ ϕ1, ϕ2 ∈ D(Rn) è α1, α2 ∈ C âåðíî, ÷òî

(f, α1ϕ1 + α2ϕ2) = α1(f, ϕ1) + α2(f, ϕ2);

• íåïðåðûâíîñòü: äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè îñíîâíûõ ôóíêöèé {ϕk}∞k=1 òàêîé,

÷òî ϕk
D−→

k→∞
0 âåðíî, ÷òî lim

k→∞
(f, ϕk) = 0.

Òîãäà îòîáðàæåíèå f íàçûâàþò îáîáùåííîé ôóíêöèåé.

◦ Ìíîæåñòâî âñåõ îáîáùåííûõ ôóíêöèé íàçûâàþò ïðîñòðàíñòâîì îáîáùåííûõ ôóíê-
öèé, êîòîðîå îáîçíà÷àþò D′(Rn).
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Îïðåäåëåíèå 2.5 (Ïðîèçâîäíàÿ îáîáùåííîé ôóíêöèè èç D′(Rn)). Ïðîèçâîäíîé îáîáùåííîé
ôóíêöèé f ∈ D′(Rn) ïîðÿäêà α ∈ Zn+ íàçûâàþò îáîáùåííóþ ôóíêöèþ Dαf , äåéñòâóþùóþ ïî
ïðàâèëó

(Dαf, ϕ) = (−1)|α|(f,Dαϕ).

Òåîðåìà 2.6 (Îáùèé âèä îáîáùåííîé ôóíêöèè èç D′(Rn)). Ïóñòü

• f ∈ D′(Rn);
• K � îãðàíè÷åííàÿ îáëàñòü â Rn.

Òîãäà ñóùåñòâóþò ðåãóëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ g ñ íåïðåðûâíûì ÿäðîì G è α ∈ Zn+
òàêèå, ÷òî f |K = Dαg|K. Äðóãèìè ñëîâàìè, äëÿ ëþáîé ϕ ∈ D(Rn) òàêîé, ÷òî suppϕ ⊂ K
ñïðàâåäëèâî ðàâåíñòâî

(f, ϕ) = (−1)|α|
∫
Rn

G(x)Dαϕ(x) dx.

Äîêàçàòåëüñòâî. Áåç äîêàçàòåëüñòâà. �

Îïðåäåëåíèå 2.7 (θ-ôóíêöèÿ â D′(Rn)). θ-ôóíêöèåé â D′(Rn), ãäå n ∈ N, íàçûâàþò ðåãóëÿð-
íóþ îáîáùåííóþ ôóíêöèþ âèäà

∀ ϕ ∈ D(Rn) (θ, ϕ) =

+∞∫
0

+∞∫
0

. . .

+∞∫
0

ϕ(x1, x2, . . . , xn) dx1 dx2 . . . dxn.

Îïðåäåëåíèå 2.8 (δ-ôóíêöèÿ Äèðàêà â D′(Rn)). δ-ôóíêöèåé Äèðàêà â D′(Rn), ãäå n ∈ N,
íàçûâàþò îòîáðàæåíèå âèäà

∀ ϕ ∈ D(Rn) (δ, ϕ) = ϕ(0).

Ïðèìåð 2.9. Äîêàçàòü, ÷òî ïðè n ∈ N âåðíî ðàâåíñòâî

∂nϕ

∂x1∂x2 . . . ∂xn
θ(x1, x2, . . . , xn) = δ(x1, x2, . . . , xn).

Ðåøåíèå. Äîêàçàòåëüñòâî âïîëíå àíàëîãè÷íî îäíîìåðíîìó ñëó÷àþ. �

Îïðåäåëåíèå 2.10 (δ-ôóíêöèÿ ñîñðåäîòî÷åííàÿ íà ïîâåðõíîñòè â R3). Ïóñòü S � ãëàäêàÿ ïî-
âåðõíîñòü â R3. Òîãäà δ-ôóíêöèåé ñîñðåäîòî÷åííîé íà ïîâåðõíîñòè S íàçûâàþò ñèíãóëÿðíóþ
îáîáùåííóþ ôóíêöèþ âèäà

∀ ϕ ∈ D(R3) (δS, ϕ) =

∫∫
S

ϕ(x1, x2, x3) dS.

Îïðåäåëåíèå 2.11 (Çàìåíà ïåðåìåííûõ â îáîáùåííîé ôóíêöèè èç D′(Rn)). Ïóñòü f ∈ D′(Rn)
è A � äèôôåîìîðôèçì êëàññà C∞ èç Rn â Rn è B = A−1.

∀ ϕ ∈ D(Rn) (f(A(x)), ϕ(x)) =

(
f(t),

ϕ(B(t))

| detA′(B(t))|

)
.

Çàìå÷àíèå 2.12. Çàìåíà ïåðåìåííûõ îáîáùàåòñÿ íà ñëó÷àé, êîãäà A � äèôôåîìîðôèçì íåêî-
òîðîé îêðåñòíîñòè íîñèòåëÿ îáîáùåííîé ôóíêöèè íà îáðàç.
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2.2. Ïðÿìîå ïðîèçâåäåíèå îáîáùåííûõ ôóíêöèé.

Ìîòèâèðîâêà 2.13 (Ïðÿìîå ïðîèçâåäåíèå ðåãóëÿðíûõ îáîáùåííûõ ôóíêöèé). Ïóñòü F �

ÿäðî ðåãóëÿðíîé îáîáùåííîé ôóíêöèé f ∈ D′(Rn), ãäå n ∈ N è G � ÿäðî ðåãóëÿðíîé îáîáùåí-
íîé ôóíêöèé g ∈ D′(Rm), ãäå m ∈ N. Ïðÿìûì ïðîèçâåäåíèåì f è g åñòåñòâåííî ñ÷èòàòü
ðåãóëÿðíóþ îáîáùåííóþ ôóíêöèþ èç D′(Rn+m) ñ ÿäðîì F (x)G(y). Ëåãêî âèäåòü, ÷òî,

∀ ϕ ∈ D(Rn+m) (f(x) · g(y), ϕ(x, y)) =

∫
Rn+m

F (x)G(y)ϕ(x, y) dx dy =

=

∫
Rn

F (x)

∫
Rm

G(y)ϕ(x, y) dx

 dy = (f, (g, ϕ)).

Îïðåäåëåíèå 2.14 (Ïðÿìîå ïðîèçâåäåíèå îáîáùåííûõ ôóíêöèé). Ïóñòü

• f ∈ D′(Rn), ãäå n ∈ N;
• g ∈ D′(Rm), ãäå m ∈ N.

Ïðÿìûì ïðîèçâåäåíèåì f ·g íàçûâàþò îáîáùåííóþ ôóíêöèþ èç D′(Rn+m), äåéñòâóþùóþ ïî
ïðàâèëó

∀ ϕ ∈ D(Rn+m) (f(x) · g(y), ϕ(x, y)) = (f(x), (g(y), ϕ(x, y))).

Òåîðåìà 2.15 (Êîððåêòíîñòü îïðåäåëåíèÿ ïðÿìîãî ïðîèçâåäåíèÿ îáîáùåííûõ ôóíêöèé). Äëÿ
ëþáûõ f ∈ D′(Rn) è g ∈ D′(Rm), ãäå n ∈ N è m ∈ N âåðíî, ÷òî f · g ∈ D′(Rn+m).

Äîêàçàòåëüñòâî. Îáðàòèì âíèìàíèå, ÷òî äëÿ äîêàçàòåëüñòâà òåîðåìû íåîáõîäèìî ïðîâåðèòü,
÷òî (g(y), ϕ(x, y)) � îñíîâíàÿ ôóíêöèÿ îò ïåðåìåííîé x, à f · g � íåïðåðûâíîå îòîáðàæåíèå.
Áåç äîêàçàòåëüñòâà. �

Ïðèìåð 2.16. Äîêàçàòü, ÷òî δ(x, y) = δ(x) · δ(y).

Ðåøåíèå. Ëåãêî âèäåòü, ÷òî

∀ ϕ ∈ D(R2) (δ(x) · δ(y), ϕ(x, y)) = (δ(x), (δ(y), ϕ(x, y))) = (δ(x), ϕ(x, 0)) =

= ϕ(0, 0) = (δ(x, y), ϕ(x, y)). �

Òåîðåìà 2.17 (Ñâîéñòâà ïðÿìîãî ïðîèçâåäåíèÿ îáîáùåííûõ ôóíêöèé). Ïóñòü

• f ∈ D′(Rn), ãäå n ∈ N;
• g ∈ D′(Rm), ãäå m ∈ N;
• h ∈ D′(Rk), ãäå k ∈ N.

Òîãäà

(1) f(x) · g(y) = g(y) · f(x);
(2) Dα

x (f(x) · g(y)) = (Dα
xf(x)) · g(y), ãäå α ∈ Zn+;

(3) (f(x) · g(y)) · h(z) = f(x) · (g(y) · h(z)).

Äîêàçàòåëüñòâî. (1) Ôèêñèðóåì ïðîèçâîëüíóþ îñíîâíóþ ôóíêöèþ ϕ èç D(Rn+m). Èç ôèíèò-
íîñòè íîñèòåëÿ ϕ ñëåäóåò, ÷òî íàéäåòñÿ R > 0 òàêîå, ÷òî suppϕ ∈ [−R,R]n+m. Èç òåîðåìû 2.6

ñëåäóåò, ÷òî íàéäóòñÿ ðåãóëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ f̂ ñ íåïðåðûâíûì ÿäðîì F̂ è α ∈ Zn+
òàêèå, ÷òî f |Kn = Dαf̂ |Kn , ãäå Kn = [−R,R]n, à òàêæå ðåãóëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ ĝ



22 À. À. Ïîæàðñêèé

ñ íåïðåðûâíûì ÿäðîì Ĝ è β ∈ Zm+ òàêèå, ÷òî g|Km = Dβ ĝ|Km , ãäå Km = [−R,R]m. Îòñþäà
ñëåäóåò, ÷òî

(f(x) · g(y), ϕ(x, y)) = (f(x), (g(y), ϕ(x, y))) =
(
Dα
x f̂(x)

(
Dβ
y ĝ(y), ϕ(x, y)

))
=

= (−1)|α|+|β|
(
f̂(x), Dα

x

(
ĝ(y), Dβ

yϕ(x, y)
))

= (−1)|α|+|β|
(
f̂(x),

(
ĝ(y), Dα

xD
β
yϕ(x, y)

))
=

= (−1)|α|+|β|
∫
Rn

F̂ (x)

∫
Rm

Ĝ(y)Dα
xD

β
yϕ(x, y) dy

 dx =

= (−1)|α|+|β|
∫
Rm

Ĝ(y)

∫
Rm

F̂ (x)Dα
xD

β
yϕ(x, y) dx

 dy = (g(y) · f(x), ϕ(x, y)).

(2) Ëåãêî âèäåòü, ÷òî

∀ ϕ ∈ D(Rn+m)

(
Dα
x

(
f(x) · g(y)

)
, ϕ(x, y)

)
= (−1)|α|

(
f(x) · g(y), Dα

xϕ(x, y)
)

=

= (−1)|α|
(
f(x), (g(y), Dα

xϕ(x, y))

)
= (−1)|α|

(
f(x), Dα

x (g(y), ϕ(x, y))

)
=

=

(
Dα
xf(x),

(
g(y), ϕ(x, y)

))
=

((
Dα
xf(x)

)
· g(y), ϕ(x, y)

)
.

(3) Äîêàçûâàåòñÿ àíàëîãè÷íî ñâîéñòâó (1). �

2.3. Ñâåðòêà îáîáùåííûõ ôóíêöèé.

Îïðåäåëåíèå 2.18 (Ñâåðòêà êëàññè÷åñêèõ ôóíêöèé). Ñâåðòêîé êëàññè÷åñêèõ ôóíêöèé
F : R→ R è G : R→ R íàçûâàþò ôóíêöèþ âèäà

F ∗G(x) =

∫
R

F (y)G(x− y) dy,

ïðè óñëîâèè, ÷òî ïîñëåäíèé èíòåãðàë ñõîäèòñÿ ïðè ïî÷òè âñåõ x ∈ R.

Ìîòèâèðîâêà 2.19 (Ñâåðòêà ðåãóëÿðíûõ îáîáùåííûõ ôóíêöèé). Ïóñòü íåïðåðûâíûå ôóíê-
öèè F è G ñ ôèíèòíûìè íîñèòåëÿìè ÿâëÿþòñÿ ÿäðàìè ðåãóëÿðíûõ îáîáùåííûõ ôóíêöèé
f ∈ D′(R) è g ∈ D′(R), ñîîòâåòñòâåííî. Â ýòîì ñëó÷àå êîððåêòíî îïðåäåëåíà ñâåðòêà F ∗G.
Ñâåðòêîé îáîáùåííûõ ôóíêöèé f è g åñòåñòâåííî ñ÷èòàòü ðåãóëÿðíóþ îáîáùåííóþ ôóíêöèþ
èç D′(R) ñ ÿäðîì F ∗G. Ëåãêî âèäåòü, ÷òî,

∀ ϕ ∈ D(R) (f ∗ g(x), ϕ(x)) =

∫
R

F ∗G(x)ϕ(x) dx =

∫
R

∫
R

F (y)G(x− y) dy

ϕ(x) dx =

=

∫
R

F (y)

∫
R

G(x− y)ϕ(x) dx

 dy = [x = z + y] =

∫
R

F (y)

∫
R

G(z)ϕ(z + y) dz

 dy =

= [z = x] =

∫
R

F (y)

∫
R

G(x)ϕ(x+ y) dx

 dy =

(
f(x),

(
g(y), ϕ(x+ y)

))
.
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Îïðåäåëåíèå 2.20 (Ñâåðòêà îáîáùåííûõ ôóíêöèé â D′). Ñâåðòêîé îáîáùåííûõ ôóíêöèé

f ∈ D′(R) è g ∈ D′(R) íàçûâàþò îòîáðàæåíèå âèäà

∀ ϕ ∈ D(R) (f ∗ g(x), ϕ(x)) =

(
f(x),

(
g(y), ϕ(x+ y)

))
, (2.1)

ïðè óñëîâèè, ÷òî ôîðìóëà (2.1) êîððåêòíî îïðåäåëÿåò îáîáùåííóþ ôóíêöèþ èç D′(R).

Òåîðåìà 2.21 (Ñóùåñòâîâàíèå ñâåðòêè îáîáùåííûõ ôóíêöèé â D′). Ïóñòü f ∈ D′(R), g ∈
D′(R) è âûïîëíåíî îäíî èç ñëåäóþùèõ óñëîâèé.

(1) ∃ R > 0 : supp f ⊂ (−R,R);
(2) ∃ R > 0 : supp g ⊂ (−R,R);
(3) ∃ R ∈ R : supp f ⊂ (R,+∞) è supp g ⊂ (R,+∞);
(4) ∃ R ∈ R : supp f ⊂ (−∞, R) è supp g ⊂ (−∞, R).

Òîãäà êîððåêòíî îïðåäåëåíà ñâåðòêà f ∗ g ∈ D′(R).

Äîêàçàòåëüñòâî. (1) Ïóñòü âûïîëíåíî óñëîâèå (1). Èç òåîðåìû 1.5 ñëåäóåò, ÷òî ñóùåñòâóåò
ñðåçêà χ òàêàÿ, ÷òî

• χ ∈ C∞(R);
• ∀ x ∈ [−R,R] χ(x) = 1;
• ∀ x 6∈ [−(R + 1), R + 1] χ(x) = 0.

Èç óñëîâèÿ (1) ñëåäóåò, ÷òî f = χf . Òàêèì îáðàçîì, ôîðìóëó (2.1) ìîæíî ïåðåïèñàòü â âèäå

∀ ϕ ∈ D(R) (f ∗ g(x), ϕ(x)) =

(
f(x),

(
g(y), ϕ(x+ y)

))
=

(
χ(x)f(x),

(
g(y), ϕ(x+ y)

))
=

=

(
f(x),

(
g(y), χ(x)ϕ(x+ y)

))
=
(
f(x) · g(y), χ(x)ϕ(x+ y)

)
.

Çàìåòèì òåïåðü, ÷òî χ(x)ϕ(x + y) � áåñêîíå÷íî äèôôåðåíöèðóåìàÿ ôóíêöèÿ ñ ôèíèòíûì íî-
ñèòåëåì, ò. å. χ(x)ϕ(x + y) ∈ D(R2) (îòìåòèì, ÷òî ôóíêöèÿ ϕ(x + y), âîîáùå ãîâîðÿ, èìååò
íåîãðàíè÷åííûé íîñèòåëü).

Äàëåå, ëåãêî âèäåòü, ÷òî èç ϕn(x)
D(R)−→
n→∞

0 ñëåäóåò, ÷òî χ(x)ϕn(x + y)
D(R2)−→
n→∞

0. Îòñþäà è èç êîð-

ðåêòíîñòè îïðåäåëåíèÿ ïðÿìîãî ïðîèçâåäåíèÿ ñëåäóåò, ÷òî f ∗ g ∈ D′(R).
(2) Äîêàçàòåëüñòâî àíàëîãè÷íî (1).
(3) Èç òåîðåìû 1.5 ìîæíî ïîëó÷èòü, ÷òî ñóùåñòâóåò χ òàêàÿ, ÷òî

• χ ∈ C∞(R);
• ∀ x ∈ [R,+∞) χ(x) = 1;
• ∀ x ∈ (−∞, R− 1] χ(x) = 0.

Èç óñëîâèÿ (3) ñëåäóåò, ÷òî f = χf è g = χg. Òàêèì îáðàçîì, ôîðìóëó (2.1) ìîæíî ïåðåïèñàòü
â âèäå

∀ ϕ ∈ D(R) (f ∗ g(x), ϕ(x)) =

(
f(x),

(
g(y), ϕ(x+ y)

))
=

(
χ(x)f(x),

(
χ(y)g(y), ϕ(x+ y)

))
=

=

(
f(x),

(
g(y), χ(x)χ(y)ϕ(x+ y)

))
=
(
f(x) · g(y), χ(x)χ(y)ϕ(x+ y)

)
.

Çàìåòèì òåïåðü, ÷òî χ(x)χ(y)ϕ(x + y) � áåñêîíå÷íî äèôôåðåíöèðóåìàÿ ôóíêöèÿ ñ ôèíèòíûì
íîñèòåëåì, ò. å. χ(x)χ(y)ϕ(x + y) ∈ D(R2) (îòìåòèì, ÷òî ôóíêöèè ϕ(x + y), χ(x)ϕ(x + y) è
χ(y)ϕ(x+ y), âîîáùå ãîâîðÿ, èìåþò íåîãðàíè÷åííûå íîñèòåëè).
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Äàëåå, ëåãêî âèäåòü, ÷òî èç ϕn(x)
D(R)−→
n→∞

0 ñëåäóåò, ÷òî χ(x)χ(y)ϕn(x + y)
D(R2)−→
n→∞

0. Îòñþäà è èç

êîððåêòíîñòè îïðåäåëåíèÿ ïðÿìîãî ïðîèçâåäåíèÿ ñëåäóåò, ÷òî f ∗ g ∈ D′(R).
(4) Äîêàçàòåëüñòâî àíàëîãè÷íî (3). �

Òåîðåìà 2.22 (Ñâîéñòâà ñâåðòêè îáîáùåííûõ ôóíêöèé). Ïóñòü f ∈ D′(R), g ∈ D′(R) è âû-
ïîëíåíî îäíî èç óñëîâèé (1) � (4) òåîðåìû 2.21. Òîãäà

(1) f ∗ g = g ∗ f ;
(2) (f ∗ g)′ = f ′ ∗ g = f ∗ g′.

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ïðîâåäåì äëÿ ñëó÷àÿ, êîãäà âûïîëíåíî óñëîâèå (1) òåîðå-
ìû 2.21. Îñòàëüíûå ñëó÷àè ðàññìàòðèâàþòñÿ àíàëîãè÷íî. Ïóñòü χ � ñðåçêà òàêàÿ, ÷òî

• χ ∈ C∞(R);
• ∀ x ∈ [−R,R] χ(x) = 1;
• ∀ x 6∈ [−(R + 1), R + 1] χ(x) = 0.

(1) Èñïîëüçóÿ ðåçóëüòàò òåîðåìû 2.17, è òå æå ïðèåìû, ÷òî è ïðè äîêàçàòåëüñòâå òåîðåìû 2.21
ïîëó÷èì, ÷òî

∀ ϕ ∈ D(R) (f ∗ g(x), ϕ(x)) =
(
f(x) · g(y), χ(x)ϕ(x+ y)

)
=

=
(
g(y) · f(x), χ(x)ϕ(x+ y)

)
= (g ∗ f(x), ϕ(x)).

(2) Àíàëîãè÷íî, èñïîëüçóÿ òåîðåìó 2.17, ïîëó÷èì

∀ ϕ ∈ D(R) ((f ∗ g)′(x), ϕ(x)) = −(f ∗ g(x), ϕ′(x)) = −
(
f(x) · g(y), χ(x)ϕ′(x+ y)

)
,

, −
(
f(x) · g(y), ∂x(χ(x)ϕ(x+ y))

)
+
(
f(x) · g(y), χ′(x)ϕ(x+ y)

)
=

=
(
∂x(f(x) · g(y)), χ(x)ϕ(x+ y)

)
+
(

(χ′(x)f(x)) · g(y), ϕ(x+ y)
)

=

=
(
f ′(x) · g(y), χ(x)ϕ(x+ y)

)
= (f ′ ∗ g(x), ϕ(x)),

, −
(
f(x) · g(y), ∂y(χ(x)ϕ(x+ y))

)
=
(
∂y(f(x) · g(y)), χ(x)ϕ(x+ y)

)
=

=
(
f(x) · g′(y), χ(x)ϕ(x+ y)

)
= (f ∗ g′(x), ϕ(x)).

Çäåñü ìû ó÷ëè, ÷òî χ′(x)f(x) = 0 (ýòî ñëåäóåò èç òîãî, ÷òî íîñèòåëè χ(x) è f(x) ðàñïîëàãàþòñÿ
íà íå ïåðåñåêàþùèõñÿ ïðîìåæóòêàõ). �

Ïðèìåð 2.23. Óïðîñòèòü âûðàæåíèå δ(x− a) ∗ f(x), ãäå a ∈ R è f ∈ D′(R).

Ðåøåíèå. Ëåãêî âèäåòü, ÷òî

∀ ϕ ∈ D(R) (δ(x− a) ∗ f(x), ϕ) =
(
δ(x− a), (f(y), ϕ(x+ y))

)
= (f(y), ϕ(y+ a)) = (f(x− a), ϕ(x)).

Îòâåò: δ(x− a) ∗ f(x) = f(x− a).
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Ïðèìåð 2.24. Óïðîñòèòü âûðàæåíèå θ ∗ θ.

Ðåøåíèå. Ëåãêî âèäåòü, ÷òî

∀ ϕ ∈ D(R) (θ ∗ θ, ϕ) =
(
θ(x), (θ(y), ϕ(x+ y))

)
=

∞∫
0

dx

∞∫
0

dy ϕ(x+ y) = [y = z − x] =

=

∞∫
0

dx

∞∫
x

dz ϕ(z) =

∞∫
0

dz

z∫
0

dy ϕ(z) =

∞∫
0

zϕ(z) dz = (zθ(z), ϕ(z)).

Îòâåò: θ ∗ θ(x) = xθ(x).

Òåîðåìà 2.25 (Ñâîéñòâà ñâåðòêè îáîáùåííîé è ãëàäêîé ôóíêöèé). Ïóñòü f ∈ D′(R), G ∈
D(R) è g � ðåãóëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ ñ ÿäðîì G. Òîãäà

(1) f ∗ g(x) � ðåãóëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ ñ ÿäðîì
(
f(y), G(x− y)

)
;

(2)
(
f(y), G(· − y)

)
∈ C∞(R).

Äîêàçàòåëüñòâî. Ïóñòü íîñèòåëü G ïðèíàäëåæèò îòðåçêó [−R,R] ïðè íåêîòîðîì R > 0. Ïóñòü
ϕ � ïðîèçâîëüíàÿ îñíîâíàÿ ôóíêöèÿ èç êëàññà D(R) è íîñèòåëü ϕ ïðèíàäëåæèò îòðåçêó [−r, r]
ïðè íåêîòîðîì r > 0. Èç òåîðåìû 1.41 ñëåäóåò, ÷òî ñóùåñòâóþò ðåãóëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ
h ñ íåïðåðûâíûì ÿäðîì H è n ∈ N òàêèå, ÷òî f |K = h(n)|K , ãäå K = [−R − r, R + r]. Îòñþäà è
èç òåîðåìû Ôóáèíè ïîëó÷èì, ÷òî

(f ∗ g, ϕ) = (h(n) ∗ g, ϕ) = (h ∗ g(n), ϕ) =
(
h(x),

(
g(n)(y), ϕ(x+ y)

))
=

=

∫
R

H(x)

∫
R

G(n)(y)ϕ(x+ y) dy

 dx =

∫
R

H(x)

∫
R

G(n)(y − x)ϕ(y) dy

 dx =

=

∫
R

∫
R

H(x)G(n)(y − x) dx

ϕ(y) dy =

∫
R

∫
R

H(y)G(n)(x− y) dy

ϕ(x) dx.

Ñëåäîâàòåëüíî, f ∗ g � ðåãóëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ ñ ÿäðîì∫
R

H(y)G(n)(x− y) dy =
(
h(y), G(n)(x− y)

)
=
(
h(n)(y), G(x− y)

)
=
(
f(y), G(x− y)

)
. (2.2)

Ãëàäêîñòü ÿäðà
(
f(y), G(· − y)

)
ñëåäóåò èç ôîðìóëû (2.2) è êëàññè÷åñêèõ ñâîéñòâ ñâåðòêè. �
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3. Îáîáùåííûå ðåøåíèÿ ëèíåéíûõ äèôôåðåíöèàëüíûõ

óðàâíåíèé

3.1. Îáîáùåííûå ðåøåíèÿ ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé.

Òåîðåìà 3.1 (Îáùèé âèä ðåøåíèÿ ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ â D′). Ïóñòü

• pk ∈ C∞(R) ïðè k = 1, 2, . . . , (n− 1), ãäå n ∈ N;
• f ∈ D′.

Òîãäà ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.

(1) Äèôôåðåíöèàëüíîå óðàâíåíèå

y(n) + pn−1y
(n−1) + . . .+ p1y

′ + p0y = f (3.1)

ðàçðåøèìî â D′.
(2) Îáùåå ðåøåíèå óðàâíåíèÿ (3.1) â D′ èìååò âèä y = yp + yo, ãäå

• yp � ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ (3.1) â D′,
• yo � îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ

y(n) + pn−1y
(n−1) + . . .+ p1y

′ + p0y = 0 (3.2)

â D′.
(3) Ëþáîå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ (3.2) â D′ ÿâëÿåòñÿ ðåãóëÿðíîé îáîáùåííîé ôóíê-

öèåé, ÿäðî êîòîðîé óäîâëåòâîðÿåò óðàâíåíèþ (3.2) â êëàññè÷åñêîì ñìûñëå.
(4) Ïðîñòðàíñòâî ðåøåíèé îäíîðîäíîãî óðàâíåíèÿ (3.2) â D′ îáðàçóåò n-ìåðíîå ëèíåéíîå

ïðîñòðàíñòâî.

Äîêàçàòåëüñòâî. (1) Äîêàçàòåëüñòâî ïðîâåäåì äëÿ ñëó÷àÿ n = 1. Îáùåå ðåøåíèå êëàññè÷å-
ñêîãî îäíîðîäíîãî óðàâíåíèÿ

u′ + p0u = 0

èìååò âèä

u(x) = C exp

− x∫
0

p0(t) dt

 , C ∈ C.

Ðåøåíèå óðàâíåíèÿ

y′ + p0y = f, y ∈ D′ (3.3)

áóäåì èñêàòü â âèäå

y = uz, (3.4)

ãäå z ∈ D′. Ïîäñòàâëÿÿ ïðåäñòàâëåíèå (3.4) â óðàâíåíèå (3.3), íàéäåì, ÷òî

(uz)′ + p0uz = f ⇐⇒ u′z + uz′ + p0uz = f ⇐⇒ (u′ + p0u)z + uz′ = f ⇐⇒ uz′ = f.

Ó÷èòûâàÿ, ÷òî u ∈ C∞(R) è 1
u
∈ C∞(R), ïîëó÷èì

z′ =
1

u
f. (3.5)

Íàéäåì ðåøåíèå óðàâíåíèÿ (3.5). Ïóñòü ω ∈ D òàêàÿ, ÷òî∫
R
ω(x) dx = 1.
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Ëåãêî âèäåòü, ÷òî

∀ ϕ ∈ D
x∫

−∞

ϕ(t) dt−
∫
R

ϕ(t) dt

x∫
−∞

ω(t) dt ∈ D. (3.6)

Èç (3.6) ñëåäóåò, ÷òî êîððåêòíî îïðåäåëåíî îòîáðàæåíèå

∀ ϕ ∈ D (zp, ϕ) = −

1

u
f,

x∫
−∞

ϕ(t) dt−
∫
R

ϕ(t) dt

x∫
−∞

ω(t) dt

 .

Íåñëîæíî ïîêàçàòü, ÷òî yp ∈ D′. Âû÷èñëèì òåïåðü y′p

∀ ϕ ∈ D (z′p, ϕ) = −(zp, ϕ
′) =

1

u
f,

x∫
−∞

ϕ′(t) dt−
∫
R

ϕ′(t) dt

x∫
−∞

ω(t) dt

 =

(
1

u
f, ϕ

)
.

Òàêèì îáðàçîì, zp � îáîáùåííîå ðåøåíèå óðàâíåíèÿ (3.5).
(2) Ïóñòü y � ðåøåíèå óðàâíåíèÿ (3.1). Âûïîëíÿÿ ïîäñòàíîâêó

y = yp + yo,

ãäå yp � ÷àñòíîå ðåøåíèå óðàâíåíèÿ (3.1), â óðàâíåíèè (3.1), ïîëó÷èì

(yp + yo)
(n) + pn−1(yp + yo)

(n−1) + . . .+ p1(yp + yo)
′ + p0(yp + yo) = f =⇒

(y(n)
p + pn−1y

(n−1)
p + . . .+ p1y

′
p + p0yp)︸ ︷︷ ︸

=f

+(y(n)
o + pn−1y

(n−1)
o + . . .+ p1y

′
o + p0yo) = f =⇒

y(n)
o + pn−1y

(n−1)
o + . . .+ p1y

′
o + p0yo = 0.

×òî è òðåáîâàëîñü äîêàçàòü.
(3) Äîêàçàòåëüñòâî ïðîâåäåì äëÿ ñëó÷àÿ n = 1. Ïóñòü y � îáîáùåííîå ðåøåíèå óðàâíåíèÿ

y′ + p0y = 0. (3.7)

Ðàññìîòðèì êëàññè÷åñêîå ðåøåíèå óðàâíåíèÿ

u′ + p0u = 0

âèäà

u(x) = exp

− x∫
0

p0(t) dt

 , C ∈ C.

Èç óñëîâèé u ∈ C∞(R) è 1
u
∈ C∞(R), ñëåäóåò, ÷òî êîððåêòíî îïðåäåëåíà îáîáùåííàÿ ôóíêöèÿ

âèäà

z =
1

u
y. (3.8)

Ëåãêî âèäåòü, ÷òî

z′ =
1

u
y′ − u′

u2
y =

1

u
y′ +

p0u

u2
y =

1

u
(y′ + p0y) = 0.

Îòñþäà è èç òåîðåìû 1.38 ñëåäóåò, ÷òî íàéäåòñÿ ïîñòîÿííàÿ C ∈ C òàêàÿ, ÷òî z ≡ C. Òàêèì
îáðàçîì, èç (3.8) âûòåêàåò, ÷òî y = Cu � ðåãóëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ ñ ãëàäêèì ÿäðîì.
(4) Ñëåäóåò èç ïóíêòà (3) íàñòîÿùåé òåîðåìû è êëàññè÷åñêîé òåîðèè äèôôåðåíöèàëüíûõ

óðàâíåíèé. �
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Ïðèìåð 3.2. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ y′ = P 1
x
â D′

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â íåñêîëüêî øàãîâ.
Øàã 1. Íàéäåì ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ

y′ = P 1

x
. (3.9)

Èç ïðèìåðà 1.32 ñëåäóåò, ÷òî yp = ln |x| � ÷àñòíîå ðåøåíèå óðàâíåíèÿ (3.9) â D′.
Øàã 2. Íàéäåì îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ

y′ = 0. (3.10)

Îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ (3.10) â D′ èìååò âèä yo = C, ãäå C ∈ C.
Øàã 3. Èç òåîðåìû 3.1 ñëåäóåò, ÷òî îáùåå ðåøåíèå óðàâíåíèÿ (3.9) â D′ èìååò âèä y = yp+yo.

Îòâåò: y = ln |x|+ C, C ∈ C.

Òåîðåìà 3.3 (Ñâÿçü ìåæäó êëàññè÷åñêèìè è îáîáùåííûìè ðåøåíèÿìè ëèíåéíîãî äèôôåðåí-
öèàëüíîãî óðàâíåíèÿ). Ïóñòü

• pk ∈ C∞(R) ïðè k = 1, 2, . . . , (n− 1), ãäå n ∈ N;
• f - ðåãóëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ ñ íåïðåðûâíûì ÿäðîì F .

Òîãäà ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.

(1) Åñëè Y � êëàññè÷åñêîå ðåøåíèå óðàâíåíèÿ

Y (n) + pn−1Y
(n−1) + . . .+ p1Y

′ + p0Y = F, (3.11)

òî ðåãóëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ y ñ ÿäðîì Y óäîâëåòâîðÿåò óðàâíåíèþ (3.1).
(2) Ëþáîå ðåøåíèå óðàâíåíèÿ (3.1) â D′ ÿâëÿåòñÿ ðåãóëÿðíîé îáîáùåííîé ôóíêöèåé, ÿäðî

êîòîðîé óäîâëåòâîðÿåò óðàâíåíèþ (3.11) â êëàññè÷åñêîì ñìûñëå.

Äîêàçàòåëüñòâî. (1) Èç òîãî, ÷òî Y � êëàññè÷åñêîå ðåøåíèå óðàâíåíèÿ (3.11) âûòåêàåò, ÷òî
Y ∈ Cn(R). Ñëåäîâàòåëüíî,

∀ ϕ ∈ D (y(n) + pn−1y
(n−1) + . . .+ p0y, ϕ) =

(
y, (−1)nϕ(n) + (−1)n−1(pn−1ϕ)(n−1) + . . .+ p0ϕ

)
=

=

∫
R

Y (x)
(

(−1)nϕ(n)(x) + (−1)n−1(pn−1(x)ϕ(x))(n−1) + . . .+ p0(x)ϕ(x)
)
dx =

(èíòåãðèðîâàíèå ïî ÷àñòÿì âîçìîæíî â ñèëó óñëîâèÿ Y ∈ Cn(R))

=

∫
R

(
Y (n)(x) + pn−1(x)Y (x)(n−1) + . . .+ p0(x)Y (x)

)
ϕ(x) dx =

∫
R

f(x)ϕ(x) dx = (f, ϕ).

(2) Èç òåîðåìû 3.1 ñëåäóåò, ÷òî îáùåå ðåøåíèå óðàâíåíèÿ (3.1) èìååò âèä y = yp + yo, ïðè÷åì
yo � ðåãóëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ, ÿäðî êîòîðîé óäîâëåòâîðÿåò óðàâíåíèþ (3.2) â êëàññè-
÷åñêîì ñìûñëå.
Â ñèëó íåïðåðûâíîñòè F , èç êëàññè÷åñêîãî àíàëèçà ñëåäóåò, ÷òî ñóùåñòâóåò êëàññè÷åñêîå ðå-

øåíèå Yp óðàâíåíèÿ (3.11). Îòñþäà è èç ïóíêòà (1) íàñòîÿùåé òåîðåìû ñëåäóåò, ÷òî ðåãóëÿðíàÿ
îáîáùåííàÿ ôóíêöèÿ yp ñ ÿäðîì Yp ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì óðàâíåíèÿ (3.1). Òàêèì
îáðàçîì, îáùåå ðåøåíèå óðàâíåíèÿ (3.1) ÿâëÿåòñÿ ðåãóëÿðíûì ôóíêöèîíàëîì, ÿäðî êîòîðîãî
óäîâëåòâîðÿåò óðàâíåíèþ (3.1). �
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3.2. Ôóíäàìåíòàëüíîå ðåøåíèå ëèíåéíîãî äèôôåðåíöèàëüíîãî îïåðàòîðà ñ ïîñòî-
ÿííûìè êîýôôèöèåíòàìè.

Îïðåäåëåíèå 3.4 (Ôóíäàìåíòàëüíîå ðåøåíèå äèôôåðåíöèàëüíîãî îïåðàòîðà ñ ïîñòîÿííûìè
êîýôôèöèåíòàìè â D′(R)). Ïóñòü

• ak ∈ C ïðè k = 1, 2, . . . , (n− 1), ãäå n ∈ N;
• ∀ y ∈ D′ Ly = y(n) + an−1y

(n−1) + . . .+ a1y
′ + a0y.

Ôóíäàìåíòàëüíûì ðåøåíèåì îïåðàòîðà L íàçûâàþò âñÿêóþ îáîáùåííóþ ôóíêöèþ E, óäî-
âëåòâîðÿþùóþ óðàâíåíèþ LE(x) = δ(x).

Òåîðåìà 3.5 (Ôóíäàìåíòàëüíîå ðåøåíèå äèôôåðåíöèàëüíîãî îïåðàòîðà ñ ïîñòîÿííûìè êîýô-
ôèöèåíòàìè â D′(R)). Ïóñòü

• ak ∈ C ïðè k = 1, 2, . . . , (n− 1), ãäå n ∈ N;
• ∀ y ∈ D′ Ly = y(n) + an−1y

(n−1) + . . .+ a1y
′ + a0y;

• ÿäðî Z ðåãóëÿðíîé îáîáùåííîé ôóíêöèè z ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì çàäà÷è Êî-
øè {

Z(n) + an−1Z
(n−1) + . . .+ a1Z

′ + a0Z = 0,

Z(n−1)(0) = 1, Z(n−2)(0) = 0, Z(n−3)(0) = 0, . . . , Z(0) = 0.

Òîãäà E(x) = z(x)θ(x) � ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà L.

Äîêàçàòåëüñòâî. Èç òåîðåìû 1.36 ñëåäóåò, ÷òî

E ′(x) = z′(x)θ(x) + Z(0)δ(x) = z′(x)θ(x),

E ′′(x) = z′′(x)θ(x) + Z ′(0)δ(x) = z′′(x)θ(x),

. . . ,

E (n−1)(x) = z(n−1)(x)θ(x) + Z(n−2)(0)δ(x) = z(n−1)(x)θ(x),

E (n)(x) = z(n)(x)θ(x) + Z(n−1)(0)δ(x) = z(n)(x)θ(x) + δ(x).

Ñëåäîâàòåëüíî,
LE(x) = L

(
z(x)θ(x)

)
= L

(
z(x)

)
θ(x) + δ(x) = δ(x). �

Ïðèìåð 3.6. Íàéòè ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà

Ly = y′′ + 4y.

Ðåøåíèå. Ëåãêî âèäåòü, ÷òî ðåøåíèå êëàññè÷åñêîé çàäà÷è Êîøè

Z ′′ + 4Z = 0, Z(0) = 0, Z ′(0) = 1

èìååò âèä Z(x) = 1
2

sin 2x. Îòñþäà è èç òåîðåìû 3.5 ñëåäóåò, ÷òî E(x) = 1
2

sin(2x)θ(x) � ôóíäà-
ìåíòàëüíîå ðåøåíèå îïåðàòîðà L.
Îòâåò: E(x) = 1

2
sin(2x)θ(x).

Òåîðåìà 3.7 (×àñòíîå ðåøåíèå íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ ïîñòîÿííûìè
êîýôôèöèåíòàìè â D′(R)). Ïóñòü

• ak ∈ C ïðè k = 1, 2, . . . , (n− 1), ãäå n ∈ N;
• ∀ y ∈ D′ Ly = y(n) + an−1y

(n−1) + . . .+ a1y
′ + a0y

• E � ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà L;
• f ∈ D′;
• êîððåêòíî îïðåäåëåíà ñâåðòêà E ∗ f â D′.
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Òîãäà

(1) îáîáùåííàÿ ôóíêöèÿ y = E ∗ f ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ Ly = f ;
(2) ðåøåíèå óðàâíåíèÿ Ly = f åäèíñòâåííî â êëàññå îáîáùåííûõ ôóíêöèé, äëÿ êîòîðûõ

êîððåêòíî îïðåäåëåíà ñâåðòêà E ∗ y â D′.

Äîêàçàòåëüñòâî. (1) Èç òåîðåìû 2.22 ñëåäóåò, ÷òî

Ly = L(E ∗ f) = (LE) ∗ f = δ ∗ f = f.

(2) Ïóñòü Ly1 = f , Ly2 = f è êîððåêòíî îïðåäåëåíû ñâåðòêè E ∗ y1 è E ∗ y2. Òîãäà

y1 − y2 = (y1 − y2) ∗ δ = (y1 − y2) ∗ (LE) = (Ly1 − Ly2) ∗ E = (f − f) ∗ E = 0. �

Ïðèìåð 3.8. Íàéòè îáùåå êëàññè÷åñêîå ðåøåíèå óðàâíåíèÿ

y′′ = ex. (3.12)

Ðåøåíèå. Ëåãêî âèäåòü, ÷òî ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà Ly = y′′ èìååò âèä E(x) =
xθ(x). Äàëåå, èç òåîðåìû 3.7 ñëåäóåò, ÷òî ÷àñòíîå ðåøåíèå óðàâíåíèÿ (3.12) èìååò âèä

yp(x) = E ∗ f(x) =

∫
R

y θ(y)ex−y dy =

∞∫
0

yex−y dy = ex.

Îòñþäà, ó÷èòûâàÿ, ÷òî îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ y′′ = 0 èìååò âèä

yo(x) = ax+ b, a ∈ C, b ∈ C,

íàéäåì îáùåå ðåøåíèå óðàâíåíèÿ (3.12)

y(x) = yp(x) + yo(x) = ex + ax+ b, a ∈ C, b ∈ C. �

Ïðèìåð 3.9. Íàéòè îáùåå êëàññè÷åñêîå ðåøåíèå óðàâíåíèÿ

y′′ + y = f, (3.13)

ãäå f ∈ L1(R).

Ðåøåíèå. Ëåãêî âèäåòü, ÷òî ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà Ly = y′′ + y èìååò âèä

E(x) = sinx θ(x).

Äàëåå, èç òåîðåìû 3.7 ñëåäóåò, ÷òî ÷àñòíîå ðåøåíèå óðàâíåíèÿ (3.13) èìååò âèä

yp(x) = E ∗ f(x) =

∫
R

sin y θ(y)f(x− y) dy =

∞∫
0

sin yf(x− y) dy = [y = x− t] =

x∫
−∞

sin(x− t)f(t) dt.

Îòñþäà, ó÷èòûâàÿ, ÷òî îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ y′′ + y = 0 èìååò âèä

yo(x) = a sinx+ b cosx, a ∈ C, b ∈ C,

íàéäåì îáùåå ðåøåíèå óðàâíåíèÿ (3.13)

y(x) = yp(x) + yo(x) =

x∫
−∞

sin(x− t)f(t) dt+ a sinx+ b cosx, a ∈ C, b ∈ C. �
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3.3. Ôóíäàìåíòàëüíîå ðåøåíèå ëèíåéíîãî äèôôåðåíöèàëüíîãî îïåðàòîðà ñ ïåðå-
ìåííûìè êîýôôèöèåíòàìè.

Îïðåäåëåíèå 3.10 (Ôóíäàìåíòàëüíîå ðåøåíèå äèôôåðåíöèàëüíîãî îïåðàòîðà ñ ïåðåìåííû-

ìè êîýôôèöèåíòàìè â D′(R)). Ïóñòü

• pk ∈ C∞(R) ïðè k = 1, 2, . . . , (n− 1), ãäå n ∈ N;
• ∀ y ∈ D′ Ly = y(n) + pn−1y

(n−1) + . . .+ p1y
′ + p0y.

Ôóíäàìåíòàëüíûì ðåøåíèåì îïåðàòîðà L íàçûâàþò âñÿêóþ îáîáùåííóþ ôóíêöèþ E(x, t),
óäîâëåòâîðÿþùóþ óðàâíåíèþ LE(x, t) = δ(x − t) äëÿ ëþáîãî t ∈ R (ïðåäïîëàãàåòñÿ, ÷òî îïå-
ðàòîð L äåéñòâóåò ïî ïåðåìåííîé x).

Òåîðåìà 3.11 (Ôóíäàìåíòàëüíîå ðåøåíèå äèôôåðåíöèàëüíîãî îïåðàòîðà ñ ïåðåìåííûìè êî-
ýôôèöèåíòàìè â D′(R)). Ïóñòü

• pk ∈ C∞(R) ïðè k = 1, 2, . . . , (n− 1), ãäå n ∈ N;
• ∀ y ∈ D′ Ly = y(n) + pn−1y

(n−1) + . . .+ p1y
′ + p0y;

• äëÿ ëþáîãî t ∈ R ÿäðî Z(x, t) ðåãóëÿðíîé îáîáùåííîé ôóíêöèè z(x, t) ÿâëÿåòñÿ êëàññè-
÷åñêèì ðåøåíèåì çàäà÷è Êîøè{

Z(n) + pn−1Z
(n−1) + . . .+ p1Z

′ + p0Z = 0,

Z(n−1)(t, t) = 1, Z(n−2)(t, t) = 0, Z(n−3)(t, t) = 0, . . . , Z(t, t) = 0,

ãäå âñå ïðîèçâîäíûå áåðóòñÿ ïî ïåðåìåííîé x.

Òîãäà E(x, t) = z(x, t)θ(x− t) � ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà L.

Äîêàçàòåëüñòâî. Äîêàçûâàåòñÿ òàê æå êàê è òåîðåìà 3.5. �

Ïðèìåð 3.12. Íàéòè ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà

Ly = y′ − 2xy.

Ðåøåíèå. Ëåãêî âèäåòü, ÷òî ðåøåíèå êëàññè÷åñêîé çàäà÷è Êîøè

Z ′ − 2xZ = 0, Z(t) = 1, t ∈ R,

èìååò âèä Z(x) = ex
2−t2 . Îòñþäà è èç òåîðåìû 3.11 ñëåäóåò, ÷òî E(x, t) = ex

2−t2θ(x − t) �
ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà L.
Îòâåò: E(x, t) = ex

2−t2θ(x− t).

Òåîðåìà 3.13 (×àñòíîå ðåøåíèå íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ ïåðåìåííû-
ìè êîýôôèöèåíòàìè â D′(R)). Ïóñòü

• pk ∈ C∞(R) ïðè k = 1, 2, . . . , (n− 1), ãäå n ∈ N;
• ∀ y ∈ D′ Ly = y(n) + pn−1y

(n−1) + . . .+ p1y
′ + p0y;

• E � ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà L;
• f ∈ D′;
• êîððåêòíî îïðåäåëåíà îáîáùåííàÿ ôóíêöèÿ

∀ ϕ ∈ D (yp, ϕ) =
(
f(t),

(
E(x, t), ϕ(x)

))
.

Òîãäà îáîáùåííàÿ ôóíêöèÿ yp ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ Ly = f .
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Äîêàçàòåëüñòâî. Ëåãêî âèäåòü, ÷òî

∀ ϕ ∈ D (Lyp, ϕ) = (yp,L∗ϕ) =
(
f(t),

(
E(x, t),L∗ϕ(x)

))
=
(
f(t),

(
LE(x, t), ϕ(x)

))
=

=
(
f(t),

(
δ(x− t), ϕ(x)

))
=
(
f(t), ϕ(t)

)
= (f, ϕ),

ãäå ôîðìàëüíî ñîïðÿæåííûé îïåðàòîð L∗ îïðåäåëåí ðàâåíñòâîì

∀ ϕ ∈ D L∗ϕ = (−1)nϕ(n) + (−1)n−1
(
pn−1ϕ

)(n−1)
+ . . .+ (−1)

(
p1ϕ
)′

+ p0ϕ.

Ñëåäîâàòåëüíî, Lyp = f . �

Òåîðåìà 3.14 (×àñòíîå ðåøåíèå íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ ïåðåìåííû-
ìè êîýôôèöèåíòàìè è ðåãóëÿðíîé ïðàâîé ÷àñòüþ â R). Ïóñòü

• pk ∈ C∞(R) ïðè k = 1, 2, . . . , (n− 1), ãäå n ∈ N;
• ∀ y ∈ D′ Ly = y(n) + pn−1y

(n−1) + . . .+ p1y
′ + p0y;

• E � ÿäðî ôóíäàìåíòàëüíîãî ðåøåíèÿ E îïåðàòîðà L âèäà E(x, t) = Z(x, t)θ(x− t);
• f � ðåãóëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ ñ íåïðåðûâíûì ÿäðîì F , èìåþùèì ôèíèòíûé
íîñèòåëü.

Òîãäà ôóíêöèÿ

Yp(x) =

∫
R

E(x, t)F (t) dt

ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì óðàâíåíèÿ LY = F .

Äîêàçàòåëüñòâî. Èç òåîðåìû 3.13 ñëåäóåò, ÷òî îáîáùåííàÿ ôóíêöèÿ

∀ ϕ ∈ D (yp, ϕ) =
(
f(t),

(
E(x, t), ϕ(x)

))
ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ Ly = f . Èç òåîðåìû Ôóáèíè ñëåäóåò, ÷òî

∀ ϕ ∈ D (yp, ϕ) =

∫
R

F (t)

∫
R

E(x, t)ϕ(x) dx

 dt =

∫
R

∫
R

F (t)E(x, t) dt

ϕ(x) dx.

Òàêèì îáðàçîì, yp � ðåãóëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ ñ ÿäðîì Yp. Îòñþäà è èç òåîðåìû 3.3
ñëåäóåò, ÷òî Yp � êëàññè÷åñêîå ðåøåíèå óðàâíåíèÿ LY = F . �

Ïðèìåð 3.15. Íàéòè ÷àñòíîå êëàññè÷åñêîå ðåøåíèå óðàâíåíèÿ

y′ − 2xy = f, (3.14)

ãäå f ∈ L1(R).

Ðåøåíèå. Ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà Ly = y′ − 2xy íàéäåíî â çàäà÷å 3.12

E(x, t) = ex
2−t2θ(x− t).

Äàëåå, èç òåîðåìû 3.13 ñëåäóåò, ÷òî ÷àñòíîå ðåøåíèå óðàâíåíèÿ (3.14) ìîæåò áûòü çàïèñàíî â
âèäå

yp(x) =

∫
R

ex
2−t2θ(x− t)f(t) dt = ex

2

x∫
−∞

e−t
2

f(t) dt. �
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3.4. Ôóíêöèÿ Ãðèíà çàäà÷è Øòóðìà-Ëèóâèëëÿ.

Îïðåäåëåíèå 3.16 (Îïåðàòîð Øòóðìà-Ëèóâèëëÿ). Ïóñòü

• −∞ < a < b < +∞;
• α1, α2, β1 è β2 � âåùåñòâåííûå ïàðàìåòðû;
• |αk|+ |βk| 6= 0 ïðè k = 1, 2;
• p ∈ C1[a, b] è q ∈ C[a, b];
• ∀ x ∈ [a, b] p(x) 6= 0.

Îïåðàòîðîì Øòóðìà-Ëèóâèëëÿ íà îòðåçêå [a, b] íàçûâàåòñÿ îïåðàòîð

Lu(x) = − (p(x)u′(x))
′
+ q(x)u(x)

ñ îáëàñòüþ îïðåäåëåíèÿ âèäà

Dom(L) =
{
u
∣∣∣ u ∈ C2[a, b], α1u(a) + β1u

′(a) = 0, α2u(b) + β2u
′(b) = 0

}
.

Îïðåäåëåíèå 3.17 (Ôóíêöèÿ Ãðèíà îïåðàòîðà Øòóðìà-Ëèóâèëëÿ). Ïóñòü

• L � îïåðàòîð Øòóðìà-Ëèóâèëëÿ íà îòðåçêå [a, b];
• g(·, y) � ðåãóëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ, çàâèñÿùàÿ îò ïàðàìåòðà y ∈ [a, b];
• ∀ y ∈ (a, b) ∀ x ∈ (a, b) Lxg(x, y) = δ(x− y);
• G(x, y) � ÿäðî ðåãóëÿðíîé îáîáùåííîé ôóíêöèè g(x, y);
• ∀ y ∈ (a, b) G(·, y) ∈ C2[a, y) ∩ C2(y, b];
• ∀ y ∈ (a, b) α1G(x, y) + β1G

′
x(x, y)

∣∣
x=a

= 0, α2G(x, y) + β2G
′
x(x, y)

∣∣
x=b

= 0.

Òîãäà g íàçûâàþò ôóíêöèåé Ãðèíà îïåðàòîðà Øòóðìà-Ëèóâèëëÿ L.

Òåîðåìà 3.18 (Äîñòàòî÷íîå óñëîâèå ñóùåñòâîâàíèÿ ôóíêöèè Ãðèíà îïåðàòîðà Øòóðìà-Ëèó-

âèëëÿ). Ïóñòü

• L � îïåðàòîð Øòóðìà-Ëèóâèëëÿ íà îòðåçêå [a, b];
• λ = 0 � íå ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì îïåðàòîðà Øòóðìà-Ëèóâèëëÿ, ò.å. çàäà÷à

Lu = 0, u ∈ Dom(L)

èìååò òîëüêî òðèâèâàëüíîå ðåøåíèå u ≡ 0;

Òîãäà

(1) ñóùåñòâóåò ôóíêöèÿ Ãðèíà g îïåðàòîðà Øòóðìà-Ëèóâèëëÿ L;
(2) ÿäðî G ôóíêöèè Ãðèíà g èìååò âèä

G(x, y) =
1

k

{
u1(x)u2(y), a 6 x 6 y 6 b,
u1(y)u2(x), a 6 y 6 x 6 b.

Çäåñü
• u1 � ïðîèçâîëüíîå íåòðèâèàëüíîå ðåøåíèå çàäà÷è

Lu1 = 0, α1u1(a) + β1u
′
1(a) = 0;

• u2 � ïðîèçâîëüíîå íåòðèâèàëüíîå ðåøåíèå çàäà÷è

Lu2 = 0, α2u2(b) + β2u
′
2(b) = 0;

• k = p(x)(u′1(x)u2(x)− u′2(x)u1(x)), ïðè÷åì k � íåòðèâèàëüíàÿ ïîñòîÿííàÿ.
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Äîêàçàòåëüñòâî. Óòâåðæäåíèå î òîì, ÷òî k � ïîñòîÿííàÿ îñòàâèì áåç äîêàçàòåëüñòâà (äîêàçà-
íî íà 2-îì êóðñå). Èç òîãî, ÷òî λ = 0 íå ÿâëÿåòñÿ ñîáñòâåííûì ÷èñëîì îïåðàòîðà L, ñëåäóåò, ÷òî
u1 è u2 � ëèíåéíî íåçàâèñèìûå ðåøåíèÿ óðàâíåíèÿ Lu = 0. Îòñþäà ñëåäóåò íåòðèâèàëüíîñòü
ïîñòîÿííîé k.
Äàëåå, íåîáõîäèìî âû÷èñëèòü âûðàæåíèå LxG(x, y) (è äîêàçàòü, ÷òî îíî ðàâíî δ(x− y)). Èç

òîãî, ÷òî u1(x) è u2(x) � ðåøåíèÿ óðàâíåíèÿ Lxu = 0 ñëåäóåò, ÷òî LxG(x, y) = 0 ïðè x 6= y
êàê â êëàññè÷åñêîì, òàê è â îáîáùåííîì ñìûñëå. Òàêèì îáðàçîì, äîñòàòî÷íî îñòàíîâèòüñÿ íà
âû÷èñëåíèè âûðàæåíèÿ LxG(x, y) â îêðåñòíîñòè òî÷êè x = y.
Ôóíêöèÿ G(x, y) íåïðåðûâíà ïðè x = y, ñëåäîâàòåëüíî

G′x(x, y) =
1

k

{
u′1(x)u2(y), a 6 x 6 y 6 b,
u′2(x)u1(y), a 6 y 6 x 6 b.

Ôóíêöèÿ p(x)G′x(x, y) èìååò ñêà÷îê ïðè x = y, ñëåäîâàòåëüíî

(p(x)G′x(x, y))′x =
1

k

{
(p(x)u′1(x))′u2(y), a 6 x 6 y 6 b,
(p(x)u′2(x))′u1(y), a 6 y 6 x 6 b

}
+

+
p(x)u′2(x)u1(x)− p(x)u′1(x)u2(x)

k
δ(x− y) =

=
1

k

{
(p(x)u′1(x))′u2(y), a 6 x 6 y 6 b,
(p(x)u′2(x))′u1(y), a 6 y 6 x 6 b

}
− δ(x− y).

Îòñþäà ïîëó÷èì, ÷òî

LxG(x, y) =
1

k

{
(Lu1(x))u2(y), a 6 x 6 y 6 b,
(Lu2(x))u1(y), a 6 y 6 x 6 b

}
+ δ(x− y) = δ(x− y). �

Òåîðåìà 3.19 (Îáðàòíûé îïåðàòîð ê îïåðàòîðó Øòóðìà-Ëèóâèëëÿ). Ïóñòü
• L � îïåðàòîð Øòóðìà-Ëèóâèëëÿ íà îòðåçêå [a, b];
• λ = 0 � íå ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì îïåðàòîðà Øòóðìà-Ëèóâèëëÿ.

Òîãäà

(1) ñóùåñòâóåò îáðàòíûé îïåðàòîð L−1 : C[a, b] −→ Dom(L);
(2) îáðàòíûé îïåðàòîð L−1 ìîæåò áûòü çàïèñàí â âèäå

L−1f(x) =

∫ b

a

G(x, y)f(y) dy,

ãäå G � ÿäðî ôóíêöèè Ãðèíà îïåðàòîðà Øòóðìà-Ëèóâèëëÿ L.

Äîêàçàòåëüñòâî. (1) Äëÿ äîêàçàòåëüñòâî íåîáõîäèìî ïîêàçàòü, ÷òî äëÿ ëþáîãî f ∈ C[a, b]
ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå óðàâíåíèÿ Lu = f òàêîå, ÷òî u ∈ Dom(L). Ñóùåñòâîâàíèå
ðåøåíèÿ áóäåò äîêàçàíî â ïóíêòå (2).
Äîêàæåì, ÷òî ðåøåíèå óðàâíåíèÿ Lu = f åäèíñòâåííî. Ïóñòü

Lu1 = f, Lu2 = f, u1 ∈ Dom(L), u2 ∈ Dom(L).

Îòñþäà ïîëó÷èì, ÷òî
L(u1 − u2) = 0, (u1 − u2) ∈ Dom(L).

Ó÷èòûâàÿ, ÷òî λ = 0 íå ÿâëÿåòñÿ ñîáñòâåííûé çíà÷åíèåì îïåðàòîðà L, ïîëó÷èì, ÷òî u1 = u2.
(2) Äëÿ äîêàçàòåëüñòâà íåîáõîäèìî ïîêàçàòü, ÷òî äëÿ ëþáîãî f ∈ C[a, b] ôóíêöèÿ

u(x) =

∫ b

a

G(x, y)f(y) dy
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ïðèíàäëåæèò îáëàñòè îïðåäåëåíèÿ îïåðàòîðà L è ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

Lu(x) = f(x).

ßäðî G(x, y) èìååò ñêà÷îê ïðîèçâîäíîé ïðè x = y, ïîýòîìó óäîáíî ïåðåïèñàòü ôóíêöèþ u â
âèäå

u(x) =

∫ x

a

G(x, y)f(y) dy +

∫ b

x

G(x, y)f(y) dy. (3.15)

Îòñþäà ëåãêî ñëåäóåò, ÷òî u ∈ C2[a, b] (îòìåòèì, ÷òî G(·, y) 6∈ C2[a, b] íè ïðè êàêîì y ∈ [a, b]).
Ó÷èòûâàÿ, ÷òî G(x, y) óäîâëåòâîðÿåò ãðàíè÷íûì óñëîâèÿì, èç (3.15) ëåãêî ñëåäóåò, ÷òî u òàêæå
óäîâëåòâîðÿåò íåîáõîäèìûì ãðàíè÷íûì óñëîâèÿì è, ñëåäîâàòåëüíî, u ∈ Dom(L).
Äîêàæåì òåïåðü, ÷òî Lu(x) = f(x) ñ ïîìîùüþ ñëåäóþùåé íåñòðîãîé âûêëàäêè

Lu(x) = Lx
∫ b

a

G(x, y)f(y) dy =

∫ b

a

LxG(x, y)f(y) dy =

∫ b

a

δ(x− y)f(y) dy = f(x).

Äàííîå íåñòðîãîå äîêàçàòåëüñòâî âåñüìà íàãëÿäíî, õîòÿ è ñîäåðæèò ãðóáóþ îøèáêó (èíòåãðè-
ðîâàíèå îáîáùåííîé δ-ôóíêöèè).
Áîëåå ñòðîãîå äîêàçàòåëüñòâî ïðàêòè÷åñêè ïîëíîñòüþ ïîâòîðÿåò äîêàçàòåëüñòâî òåîðåì 3.13

è 3.14. Ïðèâåäåì îñíîâíûå åãî ìîìåíòû. Äëÿ íà÷àëà, äîêàæåì, ÷òî îáîáùåííàÿ ôóíêöèÿ

(u, ϕ) =
(
f(y), (g(x, y), ϕ(x))

)
,

îïðåäåëåííàÿ îñíîâíûõ ôóíêöèÿõ ϕ ñ íîñèòåëÿìè ñîñðåäîòî÷åííûìè íà èíòåðâàëå (a, b), ÿâëÿ-
åòñÿ ðåøåíèåì óðàâíåíèÿ Lu(x) = f(x) â îáîáùåííîì ñìûñëå. Ëåãêî âèäåòü, ÷òî

(Lu, ϕ) = (u,Lϕ) =
(
f(y), (g(x, y),Lϕ(x))

)
=
(
f(y), (Lxg(x, y), ϕ(x))

)
=

=
(
f(y), (δ(x− y), ϕ(x))

)
=
(
f(y), ϕ(y)

)
= (f, ϕ).

Çäåñü ìû ó÷ëè, ÷òî L � ôîðìàëüíî ñàìîñîïðÿæåííûé îïåðàòîð (L = L∗)2. Òàêèì îáðàçîì,
Lu = f â ñìûñëå îáîáùåííûõ ôóíêöèé.
Íàêîíåö, òàê êàê u è f � ðåãóëÿðíûå îáîáùåííûå ôóíêöèè ñ íåïðåðûâíûìè ÿäðàìè, òî

òàêæå êàê è ïðè äîêàçàòåëüñòâå òåîðåìû 3.14 îòñþäà ñëåäóåò, ÷òî u è f � êëàññè÷åñêèå ðåøåíèÿ
óðàâíåíèÿ Lu = f . �

2Ñïðàâåäëèâîñòè ðàäè, îòìåòèì, ÷òî çäåñü òàêæå íóæíî ïðåäïîëîæèòü, ÷òî p è q � áåñêîíå÷íî äèôôåðåíöè-
ðóåìûå ôóíêöèè.
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4. Îáîáùåííûå ôóíêöèè ìåäëåííîãî ðîñòà

4.1. Ïðîñòðàíñòâî îáîáùåííûõ ôóíêöèé ìåäëåííîãî ðîñòà.

Îïðåäåëåíèå 4.1 (Êëàññ Øâàðöà S(R)). Êëàññîì Øâàðöà S(R) (ñîêðàùåííî, S) íàçûâàþò
ïðîñòðàíñòâî ôóíêöèé âèäà ϕ : R→ C, óäîâëåòâîðÿþùèõ ñëåäóþùèì óñëîâèÿì

• ϕ ∈ C∞(R);
• ∀ n ∈ Z+ ∀ p ∈ Z+ lim

x→±∞
xnϕ(p)(x) = 0.

Îïðåäåëåíèå 4.2 (Ñõîäèìîñòü â ñìûñëå S). Ãîâîðÿò, ÷òî ïîñëåäîâàòåëüíîñòü ôóíêöèé

{ϕn}∞n=1 ñõîäèòñÿ ïðè n→∞ ê ôóíêöèè ϕ â ñìûñëå S, è ïèøóò ϕn
S−→

n→∞
ϕ, åñëè

• ∀ n ∈ N ϕn ∈ S;
• ϕ ∈ S;
• äëÿ ëþáûõ k ∈ Z+ è p ∈ Z+ ïîñëåäîâàòåëüíîñòü ôóíêöèé

{
xkϕ

(p)
n (x)

}∞
n=1

ñõîäèòñÿ ïðè

n→∞ ê ôóíêöèè xkϕ(p)(x) ðàâíîìåðíî íà R.

Îïðåäåëåíèå 4.3 (Ïðîñòðàíñòâî îáîáùåííûõ ôóíêöèé ìåäëåííîãî ðîñòà). Ïóñòü îòîáðà-
æåíèå

f : S 3 ϕ 7−→ (f, ϕ) ∈ C
óäîâëåòâîðÿåò óñëîâèÿì

• ëèíåéíîñòü: äëÿ ëþáûõ ϕ1, ϕ2 ∈ S è α1, α2 ∈ C âåðíî, ÷òî

(f, α1ϕ1 + α2ϕ2) = α1(f, ϕ1) + α2(f, ϕ2);

• íåïðåðûâíîñòü: äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè ôóíêöèé {ϕn}∞n=1 òàêîé, ÷òî ϕn
S−→

n→∞
0

âåðíî, ÷òî lim
n→∞

(f, ϕn) = 0.

Òîãäà îòîáðàæåíèå f íàçûâàþò îáîáùåííîé ôóíêöèåé ìåäëåííîãî ðîñòà.

◦ Ïðîñòðàíñòâî îáîáùåííûõ ôóíêöèé ìåäëåííîãî ðîñòà îáîçíà÷àþò S ′(R) èëè, ñîêðà-
ùåííî, S ′.

Òåîðåìà 4.4 (Ñâÿçü ìåæäó D è S è D′ è S ′). Ñïðàâåäëèâû ñëåäóþùèå âëîæåíèÿ

(1) D(R) ⊂ S(R);
(2) S ′(R) ⊂ D′(R);

Äîêàçàòåëüñòâî. (1) Ñëåäóåò èç îïðåäåëåíèé 1.4 è 4.2.
(2) Ñëåäóåò èç (1) è îïðåäåëåíèé 1.6 è 4.3. �

Ïðèìåð 4.5. Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ

(1) δ(x) ∈ S ′;
(2) P 1

x
∈ S ′;

(3) ex 6∈ S ′, ex ∈ D′.

Ðåøåíèå. Ñàìîñòîÿòåëüíî. �

Òåîðåìà 4.6 (Äîñòàòî÷íîå óñëîâèå ïðèíàäëåæíîñòè ðåãóëÿðíîé îáîáùåííîé ôóíêöèè èç D′

êëàññó S ′). Ïóñòü
(1) f ∈ D′(R);
(2) f � ðåãóëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ ñ ÿäðîì F ;
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(3) ∃ C > 0 ∃ n > 0 : ∀ x ∈ R |F (x)| 6 C(1 + |x|)n.
Òîãäà f ∈ S ′(R).

Äîêàçàòåëüñòâî. Ïðîâåðèì, ÷òî îòîáðàæåíèå

S 3 ϕ 7−→ (f, ϕ) =

∫
R

F (x)ϕ(x) dx (4.1)

çàäàíî êîððåêòíî. Ïóñòü ϕ ∈ S. Èç îïðåäåëåíèÿ êëàññà S ñëåäóåò, ÷òî ϕ(x) óáûâàåò ïðè x →
±∞ áûñòðåå ëþáîé ñòåïåíè x. Òàêèì îáðàçîì, íàéäåòñÿ ïîñòîÿííàÿ M > 0 òàêàÿ, ÷òî

∀ x ∈ R |ϕ(x)| 6 M

(1 + |x|)n+2
.

Îòñþäà ïîëó÷èì, ÷òî∣∣∣∣∣∣
∫
R

F (x)ϕ(x) dx

∣∣∣∣∣∣ 6
∫
R

|F (x)||ϕ(x)| dx 6
∫
R

C(1 + |x|)n M

(1 + |x|)n+2
dx =

∫
R

CM

(1 + |x|)2
dx <∞.

Ñëåäîâàòåëüíî, äëÿ ëþáîãî ϕ ∈ S êîððåêòíî îïðåäåëåíî ÷èñëî (f, ϕ) (ò.å. îòîáðàæåíèå (4.1)
îïðåäåëåíî êîððåêòíî).
Ëèíåéíîñòü îòîáðàæåíèÿ (4.1) ñëåäóåò èç òîãî, ÷òî f ∈ D′.
Äîêàæåì íåïðåðûâíîñòü îòîáðàæåíèÿ (4.1). Ïóñòü çàäàíà ïîñëåäîâàòåëüíîñòü {ϕk}∞k=1 òàêàÿ,

÷òî ϕk
S−→

k→∞
0. Èç ðàâíîìåðíîé ñõîäèìîñòè {xn+2ϕk(x)

}∞
k=1

íà R ïðè k →∞ ñëåäóåò, ÷òî

εk = max
x∈R

(1 + |x|n+2)|ϕk(x)| −→ 0

ïðè k →∞. Òàêèì îáðàçîì,

|(f, ϕk)| 6
∫
R

|F (x)||ϕk(x)| dx 6
∫
R

|F (x)|
(1 + |x|)n

(1 + |x|)n

1 + |x|n+2
(1 + |x|n+2)|ϕk(x)| dx 6

6 εkC

∫
R

(1 + |x|)n

1 + |x|n+2
dx −→ 0

ïðè k →∞. �

4.2. Ïðåîáðàçîâàíèå Ôóðüå íà êëàññå Øâàðöà.

Îïðåäåëåíèå 4.7 (Ïðåîáðàçîâàíèå Ôóðüå íà S). Ïðåîáðàçîâàíèåì Ôóðüå ôóíêöèè ϕ ∈ S
íàçûâàþò ôóíêöèþ

F [ϕ](k) =

∫
R

ϕ(x)eikx dx.

Çàìå÷àíèå 4.8. Èíîãäà ïðåîáðàçîâàíèå ôóðüå F [ϕ](k) ìû áóäåì îáîçíà÷àòü ÷åðåç ϕ̂(k).

Òåîðåìà 4.9 (Îñíîâíûå ñâîéñòâà ïðåîáðàçîâàíèÿ Ôóðüå íà S). Ïóñòü ϕ ∈ S è ψ ∈ S. Òîãäà
(1) ∀ p ∈ N F [xpϕ(x)](k) = (−i)p dp

dkp
F [ϕ(x)](k);

(2) ∀ p ∈ N F
[
dp

dxp
ϕ(x)

]
(k) = (−ik)pF [ϕ(x)](k);

(3) ∀ a ∈ R F [ϕ(x− a)](k) = eikaF [ϕ(x)] (k);

(4) ∀ a ∈ R F [ϕ(x)eiax](k) = F [ϕ(x)] (k + a);
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(5) F [ϕ ∗ ψ] = F [ϕ] · F [ψ].

Äîêàçàòåëüñòâî. Ñàìîñòîÿòåëüíî (äîêàçàíî íà 2-îì êóðñå). �

Òåîðåìà 4.10 (Îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå íà S). Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.

(1) F � áèåêöèÿ êëàññà Øâàðöà íà ñåáÿ.
(2) Îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå íà S èìååò âèä

∀ ϕ̂ ∈ S F−1[ϕ̂(k)](x) =
1

2π

∫
R

ϕ̂(k)e−ikx dk.

Äîêàçàòåëüñòâî. Áåç äîêàçàòåëüñòâà (äîêàçàíî íà 2-îì êóðñå). �

4.3. Ïðåîáðàçîâàíèå Ôóðüå íà îáîáùåííûõ ôóíêöèÿõ ìåäëåííîãî ðîñòà.

Ìîòèâèðîâêà 4.11 (Ïðåîáðàçîâàíèå Ôóðüå ðåãóëÿðíîé îáîáùåííîé ôóíêöèè). Ïóñòü G �

ÿäðî ðåãóëÿðíîé îáîáùåííîé ôóíêöèé g èç S ′ è G áûñòðî óáûâàåò íà áåñêîíå÷íîñòè. ßñíî, ÷òî
ïðåîáðàçîâàíèåì Ôóðüå îáîáùåííîé ôóíêöèè g åñòåñòâåííî ñ÷èòàòü ðåãóëÿðíóþ îáîáùåííóþ
ôóíêöèþ F [g] ñ ÿäðîì F [G]. Ñëåäîâàòåëüíî,

∀ ϕ ∈ S (F [g], ϕ) =

∫
R

F [G(x)](k)ϕ(k) dk =

∫
R

∫
R

G(x)eikx dx

ϕ(k) dk =

=

∫
R

G(x)

∫
R

ϕ(k)eikx dk

 dx =

∫
R

G(x)F [ϕ(k)](x) dx = (g, F [ϕ]).

Îïðåäåëåíèå 4.12 (Ïðåîáðàçîâàíèå Ôóðüå íà S ′). Ïðåîáðàçîâàíèåì Ôóðüå îáîáùåííîé ôóíê-

öèè g ∈ S ′ íàçûâàþò îáîáùåííóþ ôóíêöèþ, äåéñòâóþùóþ ïî ïðàâèëó

∀ ϕ ∈ S (F [g], ϕ) = (g, F [ϕ]).

Òåîðåìà 4.13 (Êîððåêòíîñòü îïðåäåëåíèÿ ïðåîáðàçîâàíèÿ Ôóðüå íà S ′). Ïóñòü g ∈ S ′. Òîãäà
F [g] ∈ S ′.

Äîêàçàòåëüñòâî. Ñàìîñòîÿòåëüíî. �

Òåîðåìà 4.14 (Îñíîâíûå ñâîéñòâà ïðåîáðàçîâàíèÿ Ôóðüå íà S ′). Ïóñòü g ∈ S ′. Òîãäà
(1) ∀ p ∈ N F [xpg(x)](k) = (−i)p dp

dkp
F [g(x)](k);

(2) ∀ p ∈ N F
[
dp

dxp
g(x)

]
(k) = (−ik)pF [g(x)](k);

(3) ∀ a ∈ R F [g(x− a)](k) = eikaF [g(x)] (k);

(4) ∀ a ∈ R F [g(x)eiax](k) = F [g(x)] (k + a).

Äîêàçàòåëüñòâî. (1) Ïóñòü p ∈ N. Òîãäà ∀ ϕ ∈ S âåðíî, ÷òî(
F [xpg(x)](k), ϕ(k)

)
=
(
xpg(x), F [ϕ(k)](x)

)
=
(
ipg(x), (−ix)pF [ϕ(k)](x)

)
=

=

(
ipg(x), F

[
dp

dkp
ϕ(k)

]
(x)

)
=

(
ipF [g(x)] (k),

dp

dkp
ϕ(k)

)
=

(
(−i)p d

p

dkp
F [g(x)] (k), ϕ(k)

)
.
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(2) Ïóñòü p ∈ N. Òîãäà ∀ ϕ ∈ S âåðíî, ÷òî(
F

[
dp

dxp
g(x)

]
(k), ϕ(k)

)
=

(
dp

dxp
g(x), F [ϕ(k)](x)

)
=

(
g(x), (−1)p

dp

dxp
F [ϕ(k)](x)

)
=

=
(
g(x), (−i)pF [kpϕ(k)](x)

)
=
(

(−i)pF [g(x)](k), kpϕ(k)
)

=
(

(−ik)pF [g(x)](k), ϕ(k)
)
.

(3) Ïóñòü a ∈ R. Òîãäà ∀ ϕ ∈ S âåðíî, ÷òî(
F [g(x− a)](k), ϕ(k)

)
=
(
g(x− a), F [ϕ(k)](x)

)
=
(
g(x), F [ϕ(k)](x+ a)

)
=

=
(
g(x), F [ϕ(k)eiak](x)

)
=
(
F [g(x)](k), ϕ(k)eiak

)
=
(
eiakF [g(x)](k), ϕ(k)

)
.

(4) Ïóñòü a ∈ R. Òîãäà ∀ ϕ ∈ S âåðíî, ÷òî(
F [g(x)eiax](k), ϕ(k)

)
=
(
g(x)eiax, F [ϕ(k)](x)

)
=
(
g(x), eiaxF [ϕ(k)](x)

)
=

=
(
g(x), F [ϕ(k − a)](x)

)
=
(
F [g(x)](k), ϕ(k − a)

)
=
(
F [g(x)](k + a), ϕ(k)

)
. �

Òåîðåìà 4.15 (Îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå íà S ′). Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.

(1) F � áèåêöèÿ S ′ íà ñåáÿ.
(2) Îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå íà S ′ èìååò âèä

∀ g ∈ S ′ ∀ ϕ ∈ S
(
F−1[g(x)](k), ϕ(k)

)
=
(
g(x), F−1[ϕ(k)](x)

)
.

Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà äîñòàòî÷íî ïðîâåðèòü, ÷òî F ◦ F−1 = I è F−1 ◦ F = I,
ãäå I � òîæäåñòâåííîå îòîáðàæåíèå â S ′.
Èç òåîðåìû 4.10 ñëåäóåò, ÷òî ∀ g ∈ S ′ ∀ ϕ ∈ S(

F ◦ F−1[g](x), ϕ(x)
)

=
(
F−1[g](k), F [ϕ](k)

)
=
(
g(x), F−1 ◦ F [ϕ](x)

)
=
(
g(x), ϕ(x)

)
,(

F−1 ◦ F [g](x), ϕ(x)
)

=
(
F [g](k), F−1[ϕ](k)

)
=
(
g(x), F ◦ F−1[ϕ](x)

)
=
(
g(x), ϕ(x)

)
. �

Òåîðåìà 4.16 (Íåïðåðûâíîñòü ïðÿìîãî è îáðàòíîãî ïðåîáðàçîâàíèé Ôóðüå â S ′).

Ïóñòü fn
S′
−→
n→+∞

f . Òîãäà

(1) F [fn]
S′
−→
n→+∞

F [f ];

(2) F−1[fn]
S′
−→
n→+∞

F−1[f ].

Äîêàçàòåëüñòâî. (1) Íåîáõîäèìî äîêàçàòü, ÷òî äëÿ ëþáîé ϕ ∈ S âåðíî, ÷òî

lim
n→+∞

(F [fn], ϕ) = (F [f ], ϕ).

Ïóñòü ϕ � ïðîèçâîëüíàÿ ôóíêöèÿ èç S. Òîãäà F [ϕ] ∈ S è èç óñëîâèÿ

fn
S′
−→
n→+∞

f

ñëåäóåò, ÷òî
lim

n→+∞
(fn, F [ϕ]) = (f, F [ϕ]).

Îòñþäà ïîëó÷èì, ÷òî

lim
n→+∞

(F [fn], ϕ) = lim
n→+∞

(fn, F [ϕ]) = (f, F [ϕ]) = (F [f ], ϕ).
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(2) Äîêàçûâàåòñÿ àíàëîãè÷íî ïóíêòó (1). �

Îïðåäåëåíèå 4.17 (Ñâåðòêà îáîáùåííûõ ôóíêöèé â S ′). Ñâåðòêîé îáîáùåííûõ ôóíêöèé h ∈
S ′(R) è g ∈ S ′(R) íàçûâàþò îòîáðàæåíèå âèäà

∀ ϕ ∈ S(R) (h ∗ g(x), ϕ(x)) =

(
h(x),

(
g(y), ϕ(x+ y)

))
, (4.2)

ïðè óñëîâèè, ÷òî ôîðìóëà (4.2) êîððåêòíî îïðåäåëÿåò îáîáùåííóþ ôóíêöèþ èç S ′(R).

Òåîðåìà 4.18 (Ñóùåñòâîâàíèå ñâåðòêè îáîáùåííûõ ôóíêöèé â S ′). Ïóñòü h ∈ S ′(R), g ∈ S ′(R)
è âûïîëíåíî îäíî èç ñëåäóþùèõ óñëîâèé.

(1) ∃ R > 0 : supph ⊂ (−R,R);
(2) ∃ R > 0 : supp g ⊂ (−R,R);
(3) ∃ R ∈ R : supph ⊂ (R,+∞) è supp g ⊂ (R,+∞);
(4) ∃ R ∈ R : supph ⊂ (−∞, R) è supp g ⊂ (−∞, R).

Òîãäà êîððåêòíî îïðåäåëåíà ñâåðòêà h ∗ g ∈ S ′(R).

Äîêàçàòåëüñòâî. Áåç äîêàçàòåëüñòâà (àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 2.21). �

Òåîðåìà 4.19 (Ïðåîáðàçîâàíèå Ôóðüå ïîñòîÿííîé ôóíêöèè). Ñïðàâåäëèâà ñëåäóþùàÿ ôîðìóëà

F [1](k) = 2πδ(k)

Äîêàçàòåëüñòâî. Èç òåîðåìû 4.15 ñëåäóåò, ÷òî äëÿ äîêàçàòåëüñòâà íàñòîÿùåé òåîðåìû äîñòà-
òî÷íî äîêàçàòü, ÷òî

F−1[δ(k)] =
1

2π
.

Ëåãêî âèäåòü, ÷òî ∀ ϕ ∈ S(
F−1[δ(k)](x), ϕ(x)

)
=
(
δ(k), F−1[ϕ(x)](k)

)
= F−1[ϕ(x)](0) =

1

2π

∫
R

ϕ(x) dx =

(
1

2π
, ϕ(x)

)
. �

Îïðåäåëåíèå 4.20 (Îáîáùåííàÿ ôóíêöèÿ 1
x+i0

).

∀ ϕ ∈ S
(

1

x+ i0
, ϕ(x)

)
= lim

ε→+0

∫
R

ϕ(x)

x+ iε
dx.

Îïðåäåëåíèå 4.21 (Îáîáùåííàÿ ôóíêöèÿ 1
x−i0).

∀ ϕ ∈ S
(

1

x− i0
, ϕ(x)

)
= lim

ε→+0

∫
R

ϕ(x)

x− iε
dx.

Òåîðåìà 4.22 (Ïðåîáðàçîâàíèå Ôóðüå θ(x)). Ñïðàâåäëèâà ñëåäóþùàÿ ôîðìóëà

F [θ(x)](k) =
i

k + i0
.
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Äîêàçàòåëüñòâî. Ëåãêî âèäåòü, ÷òî ∀ ϕ ∈ S

(
F [θ(x)](k), ϕ(k)

)
=
(
θ(x), F [ϕ](x)

)
=

+∞∫
0

∫
R

eikxϕ(k) dk dx = lim
ε→+0

+∞∫
0

∫
R

eikx−εxϕ(k) dk dx =

= lim
ε→+0

∫
R

 +∞∫
0

e(ik−ε)x dx

ϕ(k) dk = lim
ε→+0

∫
R

−1

ik − ε
ϕ(k) dk =

(
i

k + i0
, ϕ(k)

)
. �

Òåîðåìà 4.23 (Ïðåîáðàçîâàíèå Ôóðüå 1
x±i0). Ñïðàâåäëèâû ñëåäóþùèå ôîðìóëû

F

[
1

x+ i0

]
(k) = −2πiθ(−k), F

[
1

x− i0

]
(k) = 2πiθ(k).

Äîêàçàòåëüñòâî. Èç òåîðåìû 4.22 ñëåäóåò, ÷òî

F

[
1

x+ i0

]
(k) = 2πF−1

[
1

x+ i0

]
(−k) = 2π(−i)θ(−k) = −2πiθ(−k).

Âòîðîå óòâåðæäåíèå äîêàçûâàåòñÿ àíàëîãè÷íî. �

Òåîðåìà 4.24 (Ôîðìóëû Ñîõîöêîãî). Ñïðàâåäëèâû ñëåäóþùèå ôîðìóëû

1

x+ i0
= P 1

x
− πiδ(x),

1

x− i0
= P 1

x
+ πiδ(x).

Äîêàçàòåëüñòâî. Äîêàæåì ïåðâóþ èç äâóõ ôîðìóë (âòîðàÿ äîêàçûâàåòñÿ àíàëîãè÷íî). Ëåãêî
âèäåòü, ÷òî ∀ ϕ ∈ S(

1

x+ i0
, ϕ(x)

)
= lim

ε→+0

∫
R

ϕ(x)

x+ iε
dx = lim

ε→+0

∫
R

ϕ(x)− iϕ(0)
x+i

x+ iε
dx+ lim

ε→+0

∫
R

iϕ(0)

(x+ i)(x+ iε)
dx =

=

∫
R

ϕ(x)− iϕ(0)
x+i

x
dx = v.p.

∫
R

ϕ(x)− iϕ(0)
x+i

x
dx = v.p.

∫
R

ϕ(x)

x
dx− v.p.

∫
R

iϕ(0)

(x+ i)x
dx =

=

(
P 1

x
, ϕ(x)

)
− πi res

z=0

iϕ(0)

(z + i)z
=

(
P 1

x
, ϕ(x)

)
− πiϕ(0) =

(
P 1

x
, ϕ(x)

)
− πi(δ(x), ϕ(x)). �

Òåîðåìà 4.25 (Ïðåîáðàçîâàíèå Ôóðüå P 1
x
). Ñïðàâåäëèâà ñëåäóþùàÿ ôîðìóëà

F

[
P 1

x

]
(k) = πi sign(k).

Äîêàçàòåëüñòâî. Èç òåîðåì 4.23 è 4.24 ñëåäóåò, ÷òî

F

[
P 1

x

]
(k) = F

[
1

x+ i0

]
(k) + πiF [δ(x)](k) = −2πiθ(−k) + πi = πi sign(k). �
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4.4. Ìåòîä Ôóðüå ðåøåíèÿ ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïîñòîÿííûìè
êîýôôèöèåíòàìè â S ′(R).

Òåîðåìà 4.26 (Ìåòîä Ôóðüå ïîñòðîåíèÿ ôóíäàìåíòàëüíîãî ðåøåíèå äèôôåðåíöèàëüíîãî îïå-
ðàòîðà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè â S ′(R)). Ïóñòü

• ak ∈ C ïðè k = 1, 2, . . . , (n− 1), ãäå n ∈ N;
• ∀ y ∈ S ′ Ly = y(n) + an−1y

(n−1) + . . .+ a1y
′ + a0y;

• ŷ � ðåøåíèå óðàâíåíèÿ(
(−ik)n + an−1(−ik)n−1 + . . .+ a1(−ik) + a0

)
ŷ(k) = 1 (4.3)

â S ′.

Òîãäà E(x) = F−1[ŷ](x) � ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà L.

Äîêàçàòåëüñòâî. Ïðèìåíÿÿ îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå ê ðàâåíñòâó (4.3), ïîëó÷èì

F−1
[(

(−ik)n + an−1(−ik)n−1 + . . .+ a1(−ik) + a0

)
ŷ(k)

]
(x) = δ(x)( dn

dxn
+ an−1

dn−1

dxn−1
+ . . .+ a1

d

dx
+ a0

)
F−1 [ŷ] (x) = δ(x)( dn

dxn
+ an−1

dn−1

dxn−1
+ . . .+ a1

d

dx
+ a0

)
E(x) = δ(x)

E (n)(x) + an−1E (n−1)(x) + . . .+ a1E ′(x) + a0y = δ(x). �
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5. Ïðèìåíåíèå îáîáùåííûõ ôóíêöèé ê ðåøåíèþ

äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ

5.1. Ôóíäàìåíòàëüíûå ðåøåíèÿ ëèíåéíûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ â ÷àñò-
íûõ ïðîèçâîäíûõ âî âñåì ïðîñòðàíñòâå.

Îïðåäåëåíèå 5.1 (Ôóíäàìåíòàëüíîå ðåøåíèå ëèíåéíîãî äèôôåðåíöèàëüíîãî îïåðàòîðà â

D′(Rn)). Ïóñòü
• L � ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð â D′(Rn), ãäå n > 1;
• ∀ y ∈ Rn E(·, y) ∈ D′(Rn);
• ∀ y ∈ Rn LE(x, y) = δ(x− y), x ∈ Rn.

Òîãäà E íàçûâàþò ôóíäàìåíòàëüíûì ðåøåíèåì îïåðàòîðà L.

Çàìå÷àíèå 5.2. Ôóíäàìåíòàëüíîå ðåøåíèå îïðåäåëÿåòñÿ íå åäèíñòâåííûì îáðàçîì.

Òåîðåìà 5.3 (Ôóíäàìåíòàëüíîå ðåøåíèå äèôôåðåíöèàëüíîãî îïåðàòîðà â ÷àñòíûõ ïðîèçâîä-
íûõ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè â D′(Rn)). Ïóñòü

• L � ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð â D′(Rn) ñ ïîñòîÿííûìè êîýôôèöèåíòàìè,
ãäå n > 1;
• E � ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà L.

Òîãäà E(x− y, 0) � ôóíäàìåíòàëüíîå ðåøåíèå.

Äîêàçàòåëüñòâî. Èç îïðåäåëåíèÿ 5.1 ñëåäóåò, ÷òî E(t, 0) óäîâëåòâîðÿåò óðàâíåíèþ

LE(t, 0) = δ(t).

Çàìåòèì òåïåðü, ÷òî äëÿ ëþáîãî k ∈ {1, 2, . . . , n} âåðíî, ÷òî
∂E(t, 0)

∂tk

∣∣∣∣
t=x−y

=
∂E(x− y, 0)

∂xk
,

ãäå t = (t1, t2, . . . , tn) è x = (x1, x2, . . . , xn). Îòñþäà, ó÷èòûâàÿ, ÷òî L � äèôôåðåíöèàëüíûé
îïåðàòîð ñ ïîñòîÿííûìè êîýôôèöèåíòàìè, ïîëó÷èì, ÷òî

LE(x− y, 0) = LE(t, 0)|t=x−y = δ(t)|t=x−y = δ(x− y). �

Ïðèìåð 5.4. Ðàññìîòðèì îäíîìåðíûé äèôôåðåíöèàëüíûé îïåðàòîð ñ ïîñòîÿííûìè êîýôôè-
öèåíòàìè âèäà Lu = u′. Ëåãêî âèäåòü, ÷òî

E(x, y) = θ(x− y)

ÿâëÿåòñÿ ôóíäàìåíòàëüíûì ðåøåíèåì îïåðàòîðà L. Âìåñòå ñ ýòèì, îáîáùåííàÿ ôóíêöèÿ
E(x− y, 0) = θ(x− y)

òàêæå ÿâëÿåòñÿ ôóíäàìåíòàëüíûì ðåøåíèåì îïåðàòîðà L.

Ïðèìåð 5.5. Ðàññìîòðèì îäíîìåðíûé äèôôåðåíöèàëüíûé îïåðàòîð ñ ïåðåìåííûìè êîýôôè-
öèåíòàìè âèäà Lu = exu′. Ëåãêî âèäåòü, ÷òî

E(x, y) = e−yθ(x− y)

ÿâëÿåòñÿ ôóíäàìåíòàëüíûì ðåøåíèåì îïåðàòîðà L. Âìåñòå ñ ýòèì, îáîáùåííàÿ ôóíêöèÿ
E(x− y, 0) = θ(x− y)

óæå íå ÿâëÿåòñÿ ôóíäàìåíòàëüíûì ðåøåíèåì îïåðàòîðà L.
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Îïðåäåëåíèå 5.6 (Ôîðìàëüíî ñîïðÿæåííûé îïåðàòîð â D′(Rn)). Ïóñòü L � ëèíåéíûé äèô-

ôåðåíöèàëüíûé îïåðàòîð â D′(Rn), ãäå n > 1. Òîãäà L∗ íàçûâàþò ôîðìàëüíî ñîïðÿæåííûì
îïåðàòîðîì ê L, åñëè

∀ u ∈ D′(Rn) ∀ ϕ ∈ D(Rn) (Lu, ϕ) = (u,L∗ϕ).

Òåîðåìà 5.7 (×àñòíîå ðåøåíèå íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ â ÷àñòíûõ ïðî-
èçâîäíûõ â D′(Rn)). Ïóñòü

• L � ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð â D′(Rn), ãäå n > 1;
• E � ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà L;
• f ∈ D′;
• êîððåêòíî îïðåäåëåíà îáîáùåííàÿ ôóíêöèÿ

∀ ϕ ∈ D (up, ϕ) =
(
f(y),

(
E(x, y), ϕ(x)

))
.

Òîãäà îáîáùåííàÿ ôóíêöèÿ up ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ Lu = f .

Äîêàçàòåëüñòâî. Ëåãêî âèäåòü, ÷òî

∀ ϕ ∈ D (Lup, ϕ) = (up,L∗ϕ) =
(
f(y),

(
E(x, y),L∗ϕ(x)

))
=
(
f(y),

(
LE(x, y), ϕ(x)

))
=

=
(
f(y),

(
δ(x− y), ϕ(x)

))
=
(
f(y), ϕ(y)

)
= (f, ϕ).

Ñëåäîâàòåëüíî, Lup = f . �

Òåîðåìà 5.8 (×àñòíîå ðåøåíèå íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ â ÷àñòíûõ ïðî-
èçâîäíûõ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè â D′(Rn)). Ïóñòü

• L � ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð ñ ïîñòîÿííûìè êîýôôèöèåíòàìè â D′(Rn),
ãäå n > 1;
• E � ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà L;
• E0(x) = E(x, 0);
• f ∈ D′(Rn);
• êîððåêòíî îïðåäåëåíà îáîáùåííàÿ ôóíêöèÿ

up = f ∗ E0.

Òîãäà

(1) îáîáùåííàÿ ôóíêöèÿ up ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ Lu = f ;
(2) ðåøåíèå óðàâíåíèÿ Lu = f åäèíñòâåííî â êëàññå îáîáùåííûõ ôóíêöèé èç D′(Rn), äëÿ

êîòîðûõ êîððåêòíî îïðåäåëåíà ñâåðòêà ñ E0.

Äîêàçàòåëüñòâî. (1) (Ïåðâûé ñïîñîá äîêàçàòåëüñòâà) Èç òåîðåìû 5.3 ñëåäóåò, ÷òî

∀ ϕ ∈ D (up, ϕ) = (f ∗ E0, ϕ) =
(
f(y),

(
E0(x), ϕ(x+ y)

))
=
(
f(y),

(
E0(x− y), ϕ(x)

))
.

Îòñþäà è èç òåîðåìû 5.7 ñëåäóåò, ÷òî up ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ Lu = f .
(1) (Âòîðîé ñïîñîá äîêàçàòåëüñòâà) Èç ñâîéñòâ ñâåðòêè îáîáùåííûõ ôóíêöèé ñëåäóåò, ÷òî

Lup = L(f ∗ E0) = f ∗ (LE0) = f ∗ δ = f.

(2) Ïóñòü u � ðåøåíèå óðàâíåíèÿ Lu = 0 òàêîå, ÷òî u ∈ D′(Rn) è êîððåêòíî îïðåäåëåíà
ñâåðòêà u ∗ E0. Òîãäà

u = u ∗ δ = u ∗ (LE0) = L(u ∗ E0) = (Lu) ∗ E0 = 0. �



ËÅÊÖÈÈ ÏÎ ÌÅÒÎÄÀÌ ÌÀÒÅÌÀÒÈ×ÅÑÊÎÉ ÔÈÇÈÊÈ (6 ÑÅÌÅÑÒÐ) 45

Òåîðåìà 5.9 (×àñòíîå ðåøåíèå íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ ïîñòîÿííûìè
êîýôôèöèåíòàìè è ðåãóëÿðíîé ïðàâîé ÷àñòüþ â Rn). Ïóñòü

• L � ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð ñ ïîñòîÿííûìè êîýôôèöèåíòàìè â D′(Rn),
ãäå n > 1;
• E � ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà L;
• E0(x) = E(x, 0);
• f � ðåãóëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ ñ ÿäðîì F ;
• F ∈ D(Rn).

Òîãäà ôóíêöèÿ

Up(x) =
(
E0(y), F (x− y)

)
ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì óðàâíåíèÿ LU = F .

Äîêàçàòåëüñòâî. Èç òåîðåìû 2.25 (òî÷íåå èç åå àíàëîãà äëÿ Rn) ñëåäóåò, ÷òî Up ∈ C∞(Rn).
Èç íåïðåðûâíîñòè ôóíêöèîíàëà E0 (ñì. îïðåäåëåíèå 1.6 (ïðîñòðàíñòâî îáîáùåííûõ ôóíêöèé))
ñëåäóåò, ÷òî

LUp(x) = L
(
E0(y), F (x− y)

)
=
(
E0(y),LxF (x− y)

)
=
(
E0(y),L∗yF (x− y)

)
=

=
(
LyE0(y), F (x− y)

)
=
(
δ(y), F (x− y)

)
= F (x). �

5.2. Ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà Ëàïëàñà.

Îïðåäåëåíèå 5.10 (Ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà Ëàïëàñà). Ïóñòü

• E ∈ D′(Rn), ãäå n > 2;
• ∆E(x) = δ(x), x ∈ Rn.

Òîãäà E íàçûâàþò ôóíäàìåíòàëüíûì ðåøåíèåì îïåðàòîðà Ëàïëàñà â Rn.

Ôóíäàìåíòàëüíîå ðåøåíèå E îïåðàòîðà Ëàïëàñà âíå îêðåñòíîñòè íà÷àëà êîîðäèíàò óäîâëå-
òâîðÿåò îäíîðîäíîìó óðàâíåíèþ

∆E(x) = 0. (5.1)

Íàéäåì öåíòðàëüíî ñèììåòðè÷íûå ðåøåíèÿ óðàâíåíèÿ (5.1). Äðóãèìè ñëîâàìè, áóäåì èñêàòü
ðåøåíèå óðàâíåíèÿ (5.1) âèäà

E(x) = f(r), r = |x|.
Ëåãêî âèäåòü, ÷òî ïðè k = 1, 2, . . . , n âûïîëíÿþòñÿ ðàâåíñòâà

∂r

∂xk
=
x1

r
,

∂f(r)

∂xk
= f ′(r)

∂r

∂xk
= f ′(r)

xk
r
,

∂2f(r)

∂x2
k

=
∂

∂xk

(
f ′(r)

xk
r

)
= f ′′(r)

x2
k

r2
+ f ′(r)

∂

∂xk

(xk
r

)
= f ′′(r)

x2
k

r2
+ f ′(r)

1

r
− f ′(r)x

2
k

r3
.

Ñëåäîâàòåëüíî,

∆f(r) = f ′′(r) +
n− 1

r
f ′(r) = 0.

Ðåøàÿ ïîñëåäíåå óðàâíåíèå, ïîëó÷èì, ÷òî ïðè n = 2

f(r) = A+B ln r
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è ïðè n > 2

f(r) = A+
B

rn−2
,

ãäå A è B � ïðîèçâîëüíûå ïîñòîÿííûå.

Òåîðåìà 5.11 (Ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà Ëàïëàñà â R2). E(x) = 1
2π

ln r � ôóíäà-

ìåíòàëüíîå ðåøåíèå îïåðàòîðà Ëàïëàñà â R2.

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî E(x) � ðåãóëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ. Ïóñòü òåïåðü ϕ ∈
D′(R), BR � êðóã ñ öåíòðîì âíà÷àëå êîîðäèíàò äîñòàòî÷íî áîëüøîãî ðàäèóñà R, òàêîãî, ÷òî
suppϕ ⊂ BR, Bε � êðóã ñ öåíòðîì âíà÷àëå êîîðäèíàò ìàëîãî ðàäèóñà ε > 0 (â äàëüíåéøåì ìû
ïåðåéäåì ê ïðåäåëó ïðè ε→ 0), Sε � îêðóæíîñòü ñ öåíòðîì âíà÷àëå êîîðäèíàò ðàäèóñà ε è n �
âíóòðåííÿÿ íîðìàëü ê ãðàíèöå êðóãà Bε. Òîãäà

(∆E(x), ϕ(x)) = (E(x),∆ϕ(x)) =

∫
R2

E(x)∆ϕ(x) dx1 dx2 =

∫
BR

E(x)∆ϕ(x) dx1 dx2 =

= lim
ε→+0

∫
BR\Bε

E(x)∆ϕ(x) dx1 dx2.

Äàëåå, èñïîëüçóÿ âòîðóþ ôîðìóëó Ãðèíà∫
D

(
u∆v − v∆u

)
dx1 dx2 =

∫
∂D

(
u
∂v

∂n
− v ∂u

∂n

)
dl

äëÿ u = E , v = ϕ, D = BR \Bε (∂D � ãðàíèöà êîëüöà D) è, ó÷èòûâàÿ, ÷òî ϕ îáðàùàåòñÿ â íîëü
íà ãðàíèöå êðóãà BR ïîëó÷èì, ÷òî

= lim
ε→+0

∫
BR\Bε

E(x)∆ϕ(x) dx1 dx2 =

= lim
ε→+0

 ∫
BR\Bε

ϕ(x)∆E(x) dx1 dx2 +

∫
Sε

(
E(x)

∂ϕ(x)

∂n
− ϕ(x)

∂E(x)

∂n

)
dl

 =

= lim
ε→+0

∫
Sε

E(x)
∂ϕ(x)

∂n
dl −

∫
Sε

ϕ(x)
∂E(x)

∂n
dl

 =

[
∂

∂n
= − ∂

∂r

]

= lim
ε→+0

O(ε ln ε) + lim
ε→+0

1

2π

∫
Sε

(
ϕ(0) +O(ε)

)∂ ln r

∂r
dl =

∂ ln r

∂r
=

1

r
=

1

ε
,

∫
Sε

dl = O(ε)


= lim

ε→+0

ϕ(0)

2π

∫
Sε

1

r
dl + lim

ε→+0
O(ε) = ϕ(0) = (δ(x), ϕ(x)). �

Òåîðåìà 5.12 (Ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà Ëàïëàñà â R3). E(x) = − 1
4πr

� ôóíäà-

ìåíòàëüíîå ðåøåíèå îïåðàòîðà Ëàïëàñà â R3.
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Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ýòîé òåîðåìû ìîæíî ïðîâåñòè àíàëîãè÷íî äîêàçàòåëüñòâó
òåîðåìû 5.11. Ìû æå ïðîâåäåì äîêàçàòåëüñòâî ýòîé òåîðåìû äðóãèì ñïîñîáîì, êîòîðûé íå
ïðåäïîëàãàåò çíàíèå ôîðìóëû äëÿ ôóíäàìåíòàëüíîãî ðåøåíèÿ äî íà÷àëà äîêàçàòåëüñòâà.
Áóäåì èñêàòü ôóíäàìåíòàëüíîå ðåøåíèå èç êëàññà S ′(R3) (íàïîìíèì, ÷òî S ′(R3) ⊂ D′(R3).

Ýòî îçíà÷àåò, ÷òî ê ðàâåíñòâó

∆E(x) = δ(x)

ìîæíî ïðèìåíèòü ïðåîáðàçîâàíèå Ôóðüå. Ñëåäîâàòåëüíî,

−|k|2F [E ](k) = 1, (5.2)

ãäå k = (k1, k2, k3) è |k|2 = k2
1 + k2

2 + k2
3. Óðàâíåíèå (5.2) èìååò íå åäèíñòâåííîå ðåøåíèå (ýòî

ñîîòâåòñòâóåò òîìó, ÷òî ôóíäàìåíòàëüíîå ðåøåíèå îïðåäåëåíî íå åäèíñòâåííûì îáðàçîì). Â
êà÷åñòâå ÷àñòíîãî ðåøåíèÿ óðàâíåíèÿ (5.2) óäîáíî âûáðàòü ñëåäóþùåå

F [E ](k) = − 1

|k|2
.

Çäåñü ìû ó÷ëè, ÷òî 1
|k|2 èìååò èíòåãðèðóåìóþ îñîáåííîñòü â íóëå è, ñëåäîâàòåëüíî, 1

|k|2 � ðåãó-

ëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ.
Äàëåå, çàìåòèì, ÷òî ôóíêöèÿ 1

|k|2 íå ÿâëÿåòñÿ àáñîëþòíî èíòåãðèðóåìîé â îêðåñòíîñòè áåñ-

êîíå÷íîñòè. Ïîýòîìó îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå íåëüçÿ ïîíèìàòü â îáû÷íîì ñìûñëå. Äëÿ
òîãî ÷òîáû îáîéòè ýòó òðóäíîñòü âîñïîëüçóåìñÿ ñëåäóþùèì ïðèåìîì. Ëåãêî âèäåòü, ÷òî

θ(R− |k|)
|k|2

S′(R3)−→
R→+∞

1

|k|2
.

Îòñþäà è èç òåîðåìû 4.16 (íåïðåðûâíîñòü ïðÿìîãî è îáðàòíîãî ïðåîáðàçîâàíèé Ôóðüå â S ′)
ñëåäóåò, ÷òî

F−1

[
θ(R− |k|)
|k|2

]
S′(R3)−→
R→+∞

F−1

[
1

|k|2

]
.

Òàêèì îáðàçîì,

E(x) = −F−1

[
1

|k|2

]
(x) = − lim

R→+∞
F−1

[
θ(R− |k|)
|k|2

]
(x) = − 1

8π3
lim

R→+∞

∫∫∫
|k|<R

e−i(k,x)

|k|2
dk1 dk2 dk3,

ãäå x = (x1, x2, x3), k = (k1, k2, k3) è (x, k) = x1k1 +x2k2 +x3k3. Ââåäåì ñôåðè÷åñêèå êîîðäèíàòû
òàê, ÷òîáû óãîë θ èçìåðÿëñÿ îò íàïðàâëåíèÿ, ñîâïàäàþùåãî ñ íàïðàâëåíèåì âåêòîðà x. Òîãäà
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ïîëó÷èì, ÷òî

E(x) = − 1

8π3
lim

R→+∞

R∫
0

π∫
0

2π∫
0

e−i|k||x| cos θ

|k|2
|k|2 sin θ dϕ dθ d|k| =

= − lim
R→+∞

1

4π2

R∫
0

π∫
0

e−i|k||x| cos θ sin θ dθ d|k| =

= − lim
R→+∞

1

4π2

R∫
0

(
1

i|k||x|
e−i|k||x| cos θ

∣∣∣π
0

)
d|k| = − lim

R→+∞

1

4π2

R∫
0

2 sin(|k||x|)
|k||x|

d|k| =

= − 1

4π2|x|

∫
R

sin |k|
|k|

d|k| = − 1

4π|x|
. �

5.3. Ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà òåïëîïðîâîäíîñòè.

Îïðåäåëåíèå 5.13 (Ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà òåïëîïðîâîäíîñòè). Ïóñòü

• E ∈ D′(Rn+1), ãäå n > 1;

• ∂E(x,t)
∂t
− a2∆E(x, t) = δ(x, t), ãäå a > 0, x ∈ Rn, t ∈ R è îïåðàòîð Ëàïëàñà ∆ äåéñòâóåò

ïî ïåðåìåííîé x.

Òîãäà E íàçûâàþò ôóíäàìåíòàëüíûì ðåøåíèåì îïåðàòîðà òåïëîïðîâîäíîñòè â Rn+1.

Òåîðåìà 5.14 (Ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà òåïëîïðîâîäíîñòè â Rn+1). Äëÿ ëþáîãî
n ∈ N

E(x, t) =
θ(t)

(2a
√
πt)n

e−
|x|2

4a2t

� ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà òåïëîïðîâîäíîñòè â Rn+1.

Äîêàçàòåëüñòâî. Áóäåì èñêàòü ôóíäàìåíòàëüíîå ðåøåíèå èç êëàññà S ′(Rn+1). Ïðèìåíÿÿ ê
ðàâåíñòâó

∂E(x, t)

∂t
− a2∆E(x, t) = δ(x, t)

ïðåîáðàçîâàíèå Ôóðüå ïî ïåðåìåííîé x, ïîëó÷èì

∂F [E ](k, t)

∂t
+ a2|k|2F [E ](k, t) = δ(t). (5.3)

Ðåøåíèå óðàâíåíèÿ (5.3) èìååò âèä

F [E ](k, t) = e−a
2|k|2tθ(t).

Îòìåòèì, ÷òî â êëàññå S ′(R) ðåøåíèå óðàâíåíèÿ (5.3) åäèíñòâåííî, â òî âðåìÿ êàê â êëàññå
D′(R) îáùåå ðåøåíèå óðàâíåíèÿ (5.3) èìååò âèä

F [E ](k, t) = e−a
2|k|2tθ(t) + Ce−a

2|k|2t, C ∈ R.
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Ïðèìåíÿÿ îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå ïîëó÷èì, ÷òî

E(x, t) = F−1
[
e−a

2|k|2tθ(t)
]

(x, t) =
θ(t)

(2π)n

∫
Rn

e−a
2|k|2t−i(k,x) dk =

θ(t)

(2π)n

n∏
m=1

∫
R

e−a
2k2mt−ikmxm dkm =

=
θ(t)

(2π)n

n∏
m=1

√
π

a2t
e−

x2m
4a2t =

θ(t)

(2a
√
πt)n

e−
|x|2

4a2t . �

5.4. Ôóíäàìåíòàëüíîå ðåøåíèå âîëíîâîãî îïåðàòîðà.

Îïðåäåëåíèå 5.15 (Ôóíäàìåíòàëüíîå ðåøåíèå âîëíîâîãî îïåðàòîðà). Ïóñòü

• E ∈ D′(Rn+1), ãäå n > 1;

• ∂2E(x,t)
∂t2

− a2∆E(x, t) = δ(x, t), ãäå a > 0, x ∈ Rn, t ∈ R è îïåðàòîð Ëàïëàñà ∆ äåéñòâóåò
ïî ïåðåìåííîé x.

Òîãäà E íàçûâàþò ôóíäàìåíòàëüíûì ðåøåíèåì âîëíîâîãî îïåðàòîðà â Rn+1.

Òåîðåìà 5.16 (Ôóíäàìåíòàëüíîå ðåøåíèå âîëíîâîãî îïåðàòîðà â R1+1).

E(x, t) =
1

2a
θ(at− |x|)

� ôóíäàìåíòàëüíîå ðåøåíèå âîëíîâîãî îïåðàòîðà â R1+1.

Äîêàçàòåëüñòâî. Áóäåì èñêàòü ôóíäàìåíòàëüíîå ðåøåíèå èç êëàññà S ′(R2). Ïðèìåíÿÿ ê ðà-
âåíñòâó

∂2E(x, t)

∂t2
− a2∂

2E(x, t)

∂x2
= δ(x, t)

ïðåîáðàçîâàíèå Ôóðüå ïî ïåðåìåííîé x, ïîëó÷èì

∂2F [E ](k, t)

∂t2
+ a2k2F [E ](k, t) = δ(t). (5.4)

Ðåøåíèå óðàâíåíèÿ (5.4) èìååò âèä

F [E ](k, t) =
sin(akt)

ak
θ(t).

Ïðèìåíÿÿ îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå ïîëó÷èì, ÷òî

E(x, t) = F−1

[
sin(akt)

ak
θ(t)

]
(x, t) =

θ(t)

2π

∫
R

sin(akt)

ak
e−ikx dk =

θ(t)

2π

∫
γ

sin(akt)

ak
e−ikx dk,

ãäå γ � êîíòóð, ïîëó÷åííûé äåôîðìàöèåé âåùåñòâåííîé îñè â îêðåñòíîñòè íà÷àëà êîîðäèíàò
âíèç. Ñëåäîâàòåëüíî,

E(x, t) =
θ(t)

4iπa

∫
γ

1

k
ei(at−x)k dk − θ(t)

4iπa

∫
γ

1

k
ei(−at−x)k dk =

=
θ(t)

2a
[θ(at− x)− θ(−at− x)] =

1

2a
θ(at− |x|). �
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Òåîðåìà 5.17 (Ôóíäàìåíòàëüíîå ðåøåíèå âîëíîâîãî îïåðàòîðà â R2+1).

E(x, t) =
θ(at− |x|)

2πa
√
a2t2 − |x|2

� ôóíäàìåíòàëüíîå ðåøåíèå âîëíîâîãî îïåðàòîðà â R2+1.

Äîêàçàòåëüñòâî. Íàéäåì ôóíäàìåíòàëüíîå ðåøåíèå èç êëàññà S ′(R3). Ïðèìåíÿÿ ê ðàâåíñòâó

∂2E(x, t)

∂t2
− a2∆E(x, t) = δ(x, t)

ïðåîáðàçîâàíèå Ôóðüå ïî ïåðåìåííîé x, ïîëó÷èì

∂2F [E ](k, t)

∂t2
+ a2|k|2F [E ](k, t) = δ(t). (5.5)

Ðåøåíèå óðàâíåíèÿ (5.5) èìååò âèä

F [E ](k, t) =
sin(a|k|t)
a|k|

θ(t).

Îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè sin(a|k|t)
a|k| â êëàññè÷åñêîì ñìûñëå íå ñóùåñòâóåò. Òåì

íå ìåíåå, ñëåäóþùèé ïðèåì ïîçâîëÿåò âîñïîëüçîâàòüñÿ êëàññè÷åñêîé ôîðìóëîé äëÿ îáðàòíîãî
ïðåîáðàçîâàíèÿ Ôóðüå. Èç òåîðåìû 4.16 (íåïðåðûâíîñòü ïðÿìîãî è îáðàòíîãî ïðåîáðàçîâàíèé
Ôóðüå â S ′) ñëåäóåò, ÷òî

E(x, t) = F−1

[
sin(a|k|t)
a|k|

θ(t)

]
(x, t) = lim

ε→+0
F−1

[
sin(a|k|t)
a|k|

e−ε|k|θ(t)

]
(x, t),

ãäå ïðåäåë ïðè ε→ +0 ïîíèìàåòñÿ â ñìûñëå îáîáùåííûõ ôóíêöèé. Ïðè ε > 0 îáðàòíîå ïðåîá-
ðàçîâàíèå Ôóðüå ìîæíî ïîíèìàòü â êëàññè÷åñêîì ñìûñëå, ñëåäîâàòåëüíî,

F−1

[
sin(a|k|t)
a|k|

e−ε|k|θ(t)

]
(x, t) =

θ(t)

(2π)2

∫
R

∫
R

sin(a|k|t)
a|k|

e−ε|k|−i(k,x) dk1 dk2 =

=
θ(t)

(2π)2a

2π∫
0

+∞∫
0

sin(a|k|t) e−ε|k|−i|k||x| cosϕ d|k| dϕ =

=
θ(t)

8iπ2a

2π∫
0

+∞∫
0

[
e−|k|(ε+i|x| cosϕ−iat) − e−|k|(ε+i|x| cosϕ+iat)

]
d|k| dϕ =

=
θ(t)

8iπ2a

2π∫
0

[
1

ε+ i|x| cosϕ− iat
− 1

ε+ i|x| cosϕ+ iat

]
dϕ.

Ïîñëåäíèå äâà èíòåãðàëà áåðóòñÿ ïî âû÷åòàì, îòêóäà

lim
ε→+0

θ(t)

8iπ2a

2π∫
0

1

ε+ i|x| cosϕ− iat
dϕ =

θ(at− |x|)θ(t)
4πa

√
a2t2 − |x|2

+
θ(|x| − at)θ(t)

4iπa
√
|x|2 − a2t2

,

lim
ε→+0

θ(t)

8iπ2a

2π∫
0

1

ε+ i|x| cosϕ+ iat
dϕ = − θ(at− |x|)θ(t)

4πa
√
a2t2 − |x|2

+
θ(|x| − at)θ(t)

4iπa
√
|x|2 − a2t2

.
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Ñëåäîâàòåëüíî,

E(x, t) =
θ(at− |x|)θ(t)

2πa
√
a2t2 − |x|2

=
θ(at− |x|)

2πa
√
a2t2 − |x|2

. �

Òåîðåìà 5.18 (Ïðåîáðàçîâàíèå Ôóðüå δ-ôóíêöèè, ñîñðåäîòî÷åííîé íà ñôåðå â R3). Ïóñòü
• SR = {x | x = (x1, x2, x3), x2

1 + x2
2 + x2

3 = R2}, ãäå R > 0;
• δSR(x) � δ-ôóíêöèÿ, ñîñðåäîòî÷åííàÿ íà ñôåðå SR.

Òîãäà

F [δSR ](k) = 4πR
sin(R|k|)
|k|

.

Äîêàçàòåëüñòâî. Äëÿ ëþáîé ϕ ∈ S(R3) âåðíî, ÷òî

(F [δSR ](k), ϕ(k)) = (δSR(x), F [ϕ](x)) =

∫∫
SR

F [ϕ](x) dS =

∫∫
SR

∫∫∫
R3

ϕ(k)ei(k,x) dVk

 dSx =

=

∫∫∫
R3

∫∫
SR

ei(k,x) dSx

ϕ(k) dVk.

Ñëåäîâàòåëüíî,

F [δSR ](k) =

∫∫
SR

ei(k,x) dSx =

2π∫
0

π∫
0

ei|k|R cos θR2 sin θ dθ dϕ = 2πR2

π∫
0

ei|k|R cos θ sin θ dθ =

= −2πR2 1

i|k|R
ei|k|R cos θ

∣∣∣π
0

= 4πR
sin(R|k|)
|k|

. �

Òåîðåìà 5.19 (Ôóíäàìåíòàëüíîå ðåøåíèå âîëíîâîãî îïåðàòîðà â R3+1).

E(x, t) =
θ(t)

4πa2t
δSat(x)

� ôóíäàìåíòàëüíîå ðåøåíèå âîëíîâîãî îïåðàòîðà â R3+1, ãäå

Sat = {x | x = (x1, x2, x3), x2
1 + x2

2 + x2
3 = a2t2}.

Äîêàçàòåëüñòâî. Íàéäåì ôóíäàìåíòàëüíîå ðåøåíèå èç êëàññà S ′(R4). Ïðèìåíÿÿ ê ðàâåíñòâó

∂2E(x, t)

∂t2
− a2∆E(x, t) = δ(x, t)

ïðåîáðàçîâàíèå Ôóðüå ïî ïåðåìåííîé x, ïîëó÷èì

∂2F [E ](k, t)

∂t2
+ a2|k|2F [E ](k, t) = δ(t). (5.6)

Ðåøåíèå óðàâíåíèÿ (5.6) èìååò âèä

F [E ](k, t) =
sin(a|k|t)
a|k|

θ(t).

Îòñþäà è èç òåîðåìû 5.18 ñëåäóåò, ÷òî

E(x, t) =
θ(t)

4πa2t
δSat(x). �
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5.5. Ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà Øðåäèíãåðà.

Îïðåäåëåíèå 5.20 (Ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà Øðåäèíãåðà). Ïóñòü

• E ∈ D′(Rn+1), ãäå n > 1;

• i∂E(x,t)
∂t
− ∆E(x, t) = δ(x, t), ãäå x ∈ Rn, t ∈ R è îïåðàòîð Ëàïëàñà ∆ äåéñòâóåò ïî

ïåðåìåííîé x.

Òîãäà E íàçûâàþò ôóíäàìåíòàëüíûì ðåøåíèåì îïåðàòîðà Øðåäèíãåðà â Rn+1.

Òåîðåìà 5.21 (Ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà Øðåäèíãåðà â Rn+1).

E(x, t) =
−iθ(t)

(2
√
πt)n

ei
|x|2
4t
−iπn

4

� ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà Øðåäèíãåðà â Rn+1.

Äîêàçàòåëüñòâî. Áóäåì èñêàòü ôóíäàìåíòàëüíîå ðåøåíèå èç êëàññà S ′(Rn+1). Ïðèìåíÿÿ ê
ðàâåíñòâó

i
∂E(x, t)

∂t
−∆E(x, t) = δ(x, t)

ïðåîáðàçîâàíèå Ôóðüå ïî ïåðåìåííîé x, ïîëó÷èì

i
∂F [E ](k, t)

∂t
+ |k|2F [E ](k, t) = δ(t). (5.7)

Ðåøåíèå óðàâíåíèÿ (5.7) èìååò âèä

F [E ](k, t) = −iei|k|2tθ(t).
Ïðèìåíÿÿ îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå ïîëó÷èì, ÷òî

E(x, t) = −iF−1
[
ei|k|

2tθ(t)
]

(x, t) =
−iθ(t)
(2π)n

∫
Rn

ei|k|
2t−i(k,x) dk =

−iθ(t)
(2π)n

n∏
m=1

∫
R

e−ik
2
mt−ikmxm dkm =

=
−iθ(t)
(2π)n

n∏
m=1

√
π

t
ei
x2m
4t
−iπ

4 =
−iθ(t)

(2
√
πt)n

ei
|x|2
4t
−iπn

4 . �
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6. Ââåäåíèå â çàäà÷è ìàòåìàòè÷åñêîé ôèçèêè.

6.1. Êëàññèôèêàöèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ âòîðîãî
ïîðÿäêà.

Îïðåäåëåíèå 6.1 (Îáùèé âèä íåîäíîðîäíîãî ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ â
÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà). Ïóñòü

• D � îòêðûòîå ìíîæåñòâî â Rn, ãäå n > 2;
• ∀ i, j ∈ {1, 2, . . . , n} aij : D → C, bi : D → C, c : D → C, f : D → C.

Òîãäà óðàâíåíèå âèäà
n∑

i,j=1

aij(x)
∂2u(x)

∂xi∂xj
+

n∑
i=1

bi(x)
∂u(x)

∂xi
+ c(x)u(x) = f(x), x ∈ D,

ãäå u � íåèçâåñòíàÿ ôóíêöèÿ, íàçûâàþò íåîäíîðîäíûì ëèíåéíûì äèôôåðåíöèàëüíûì óðàâíå-
íèåì â ÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà.

Çàìå÷àíèå 6.2. Äëÿ u ∈ C2(D) âåðíî ðàâåíñòâî

∀ i, j ∈ {1, 2, . . . , n} ∂2u(x)

∂xi∂xj
=
∂2u(x)

∂xj∂xi
.

Ñëåäîâàòåëüíî,
n∑

i,j=1

aij(x)
∂2u(x)

∂xi∂xj
=

n∑
i=1

n∑
j=1

aij(x) + aji(x)

2

∂2u(x)

∂xi∂xj
.

Äðóãèìè ñëîâàìè, ìàòðèöó A = (aij)
n
i,j=1 â îïðåäåëåíèè 6.1 âñåãäà ìîæíî ñ÷èòàòü ñèììåò-

ðè÷íîé3.

Îïðåäåëåíèå 6.3 (Ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðèöà). Ïóñòü

• D � ìíîæåñòâî;
• ∀ x ∈ D A(x) � âåùåñòâåííàÿ êâàäðàòíàÿ ìàòðèöà n× n;
• (·, ·) � ñêàëÿðíîå ïðîèçâåäåíèå â Rn;
• ∀ x ∈ D ∀ ξ ∈ Rn \ {0} (A(x)ξ, ξ) > 0.

Òîãäà ãîâîðÿò, ÷òî A � ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðè÷íî-çíà÷íàÿ ôóíêöèÿ íà D.

Îïðåäåëåíèå 6.4 (Ýëëèïòè÷åñêèé òèï äèôôåðåíöèàëüíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîä-

íûõ). Ïóñòü
• D � îòêðûòîå ìíîæåñòâî â Rn, ãäå n > 2;
• ∀ i, j ∈ {1, 2, . . . , n} aij, bi : D → C, c, f : D → C;
• A = (aij)

n
i,j=1 � âåùåñòâåííàÿ ñèììåòðè÷íàÿ ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðè÷íî-

çíà÷íàÿ ôóíêöèÿ.

Òîãäà óðàâíåíèå âèäà
n∑

i,j=1

aij(x)
∂2u(x)

∂xi∂xj
+

n∑
i=1

bi(x)
∂u(x)

∂xi
+ c(x)u(x) = f(x), x ∈ D

íàçûâàþò äèôôåðåíöèàëüíûì óðàâíåíèåì â ÷àñòíûõ ïðîèçâîäíûõ ýëëèïòè÷åñêîãî òèïà.

3Ìàòðèöó A íàçûâàþò ñèììåòðè÷íîé, åñëè ∀ i, j ∈ {1, 2, . . . , n} aij = aji.
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Îïðåäåëåíèå 6.5 (Ïàðàáîëè÷åñêèé òèï äèôôåðåíöèàëüíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîä-
íûõ). Ïóñòü

• D � îòêðûòîå ìíîæåñòâî â Rn, ãäå n > 1;
• ∀ i, j ∈ {1, 2, . . . , n} aij, bi : D × R→ C, c, f : D × R→ C;
• A = (aij)

n
i,j=1 � âåùåñòâåííàÿ ñèììåòðè÷íàÿ ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðè÷íî-

çíà÷íàÿ ôóíêöèÿ íà D × R.
Òîãäà óðàâíåíèå âèäà

∂u(x, t)

∂t
−

n∑
i,j=1

aij(x, t)
∂2u(x, t)

∂xi∂xj
+

n∑
i=1

bi(x, t)
∂u(x, t)

∂xi
+ c(x, t)u(x, t) = f(x, t),

ãäå x ∈ D, t ∈ R íàçûâàþò äèôôåðåíöèàëüíûì óðàâíåíèåì â ÷àñòíûõ ïðîèçâîäíûõ ïàðàáîëè-
÷åñêîãî òèïà.

Îïðåäåëåíèå 6.6 (Ãèïåðáîëè÷åñêèé òèï äèôôåðåíöèàëüíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèç-

âîäíûõ). Ïóñòü
• D � îòêðûòîå ìíîæåñòâî â Rn, ãäå n > 1;
• ∀ i, j ∈ {1, 2, . . . , n} aij, bi, c : D × R→ C, d, f : D × R→ C;
• A = (aij)

n
i,j=1 � âåùåñòâåííàÿ ñèììåòðè÷íàÿ ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðè÷íî-

çíà÷íàÿ ôóíêöèÿ íà D × R.
Òîãäà óðàâíåíèå âèäà

∂2u(x, t)

∂t2
−

n∑
i,j=1

aij(x, t)
∂2u(x, t)

∂xi∂xj
+

n∑
i=1

bi(x, t)
∂u(x, t)

∂xi
+ c(x, t)

∂u(x, t)

∂t
+ d(x, t)u(x, t) = f(x, t),

ãäå x ∈ D, t ∈ R íàçûâàþò äèôôåðåíöèàëüíûì óðàâíåíèåì â ÷àñòíûõ ïðîèçâîäíûõ ãèïåðáî-
ëè÷åñêîãî òèïà.

Îïðåäåëåíèå 6.7 (Óðàâíåíèå Øðåäèíãåðà). Ïóñòü
• D � îòêðûòîå ìíîæåñòâî â Rn, ãäå n > 1;
• ∀ i, j ∈ {1, 2, . . . , n} aij, bi : D × R→ C, c, f : D × R→ C;
• A = (aij)

n
i,j=1 � âåùåñòâåííàÿ ñèììåòðè÷íàÿ ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðè÷íî-

çíà÷íàÿ ôóíêöèÿ íà D × R.
Òîãäà óðàâíåíèå âèäà

i
∂u(x, t)

∂t
−

n∑
i,j=1

aij(x, t)
∂2u(x, t)

∂xi∂xj
+

n∑
i=1

bi(x, t)
∂u(x, t)

∂xi
+ c(x, t)u(x, t) = f(x, t),

ãäå x ∈ D, t ∈ R íàçûâàþò óðàâíåíèåì Øðåäèíãåðà.

6.2. Ôîðìóëû Ãðèíà.

Îïðåäåëåíèå 6.8 (Ãëàäêîñòü ãðàíèöû îáëàñòè). Ïóñòü
• D � îòêðûòîå, îãðàíè÷åííîå ìíîæåñòâî â Rn, ãäå n > 2;
• ∂D � ãðàíèöà D.

Òîãäà ãîâîðÿò, ÷òî ãðàíèöà ∂D ïðèíàäëåæèò êëàññó C2 è ïèøóò ∂D ∈ C2, åñëè äëÿ ëþáîé
òî÷êè x0 ∈ ∂D íàéäóòñÿ åå îêðåñòíîñòü U è îòîáðàæåíèå ϕ : (0, 1)n → U òàêèå, ÷òî

(1) ϕ � áèåêöèÿ ñ êóáà (0, 1)n íà îáëàñòü U , ϕ ∈ C2((0, 1)n) è ϕ−1 ∈ C2(U) (äðóãèìè ñëîâàìè,
ϕ � äèôôåîìîðôèçì ñ êóáà (0, 1)n íà îêðåñòíîñòü U);
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(2) ϕ({x | x1 = 0, (x1, x2, . . . , xn) ∈ (0, 1)n}) = ∂D ∩ U .
Òåîðåìà 6.9 (Ïåðâàÿ ôîðìóëà Ãðèíà). Ïóñòü

• D � îòêðûòîå, îãðàíè÷åííîå ìíîæåñòâî â Rn;
• ∂D ∈ C2, ãäå ∂D � ãðàíèöà D;
• u ∈ C1(D), v ∈ C2(D) ∩ C1(D), ∆v ∈ C(D).

Òîãäà ñïðàâåäëèâà ïåðâàÿ ôîðìóëà Ãðèíà∫
D

(
u∆v + (∇u,∇v)

)
dV =

∫
∂D

u
∂v

∂n
dS.

Äîêàçàòåëüñòâî. Áåç äîêàçàòåëüñòâà (äîêàçàíî íà 2-îì êóðñå). �

Òåîðåìà 6.10 (Âòîðàÿ ôîðìóëà Ãðèíà). Ïóñòü
• D � îòêðûòîå, îãðàíè÷åííîå ìíîæåñòâî â Rn;
• ∂D ∈ C2, ãäå ∂D � ãðàíèöà D;
• u ∈ C2(D) ∩ C1(D), ∆u ∈ C(D), v ∈ C2(D) ∩ C1(D), ∆v ∈ C(D).

Òîãäà ñïðàâåäëèâà âòîðàÿ ôîðìóëà Ãðèíà∫
D

(
u∆v − v∆u

)
dV =

∫
∂D

(
u
∂v

∂n
− v ∂u

∂n

)
dS.

Äîêàçàòåëüñòâî. Áåç äîêàçàòåëüñòâà (äîêàçàíî íà 2-îì êóðñå). �

Òåîðåìà 6.11 (Ïðèíöèï ìàêñèìóìà äëÿ ãàðìîíè÷åñêèõ ôóíêöèé). Ïóñòü
• D � îòêðûòîå, îãðàíè÷åííîå ìíîæåñòâî â Rn, ãäå n > 2;
• ∂D � ãðàíèöà D;
• u ∈ C2(D) ∩ C(D);
• ∆u = 0 â D;
• u � íå òîæäåñòâåííî ïîñòîÿííà â D.

Òîãäà
∀ x0 ∈ D min

x∈∂D
u(x) < u(x0) < max

x∈∂D
u(x).

Äîêàçàòåëüñòâî. Ïðè n = 2 äîêàçàíî ðàíåå. Ïðè n > 2 áåç äîêàçàòåëüñòâà (ñëåäóåò èç òåîðåìû
î ñðåäíåì, êîòîðàÿ âûâîäèòñÿ èç âòîðîé ôîðìóëû Ãðèíà). �

6.3. Êðàåâûå çàäà÷è äëÿ îïåðàòîðà Ëàïëàñà.

Òåîðåìà 6.12 (Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ âíóòðåííåé çàäà÷è Äèðèõëå äëÿ

óðàâíåíèÿ Ïóàññîíà). Ïóñòü
• D � îòêðûòîå, îãðàíè÷åííîå ìíîæåñòâî â Rn, ãäå n > 2;
• ∂D ∈ C2, ãäå ∂D � ãðàíèöà D;
• f ∈ C1(D) (íåëüçÿ çàìåíèòü óñëîâèåì f ∈ C(D));
• g ∈ C(∂D).

Òîãäà

(1) ñóùåñòâóåò ðåøåíèå çàäà÷è Äèðèõëå
∆u = f, x ∈ D,
u = g, x ∈ ∂D,

u ∈ C2(D) ∩ C(D).
(6.1)
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(2) ðåøåíèå çàäà÷è (6.1) åäèíñòâåííî.

Äîêàçàòåëüñòâî. (1) Ñóùåñòâîâàíèå ðåøåíèÿ îñòàâèì áåç äîêàçàòåëüñòâà.
(2) Äîêàæåì åäèíñòâåííîñòü ðåøåíèÿ. Ïóñòü u1 è u2 ðåøåíèÿ çàäà÷è Äèðèõëå (6.1) è u =

u1 − u2. Òîãäà u � ãàðìîíè÷åñêàÿ ôóíêöèÿ â D, ïðè÷åì u òîæäåñòâåííî îáðàùàåòñÿ â íîëü íà
ãðàíèöå ∂D. Îòñþäà è èç ïðèíöèïà ìàêñèìóìà äëÿ ãàðìîíè÷åñêèõ ôóíêöèé ñëåäóåò, ÷òî u �
ïîñòîÿííàÿ ôóíêöèÿ â îáëàñòè D. Ó÷èòûâàÿ, ÷òî íà ãðàíèöå ∂D ôóíêöèÿ u îáðàùàåòñÿ â íîëü,
ïîëó÷èì, ÷òî u òîæäåñòâåííî ðàâíà íóëþ âñþäó â D. Îòñþäà è èç óñëîâèÿ u = u1−u2 ïîëó÷èì,
÷òî u1 = u2 âñþäó â D. �

Òåîðåìà 6.13 (Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ âíóòðåííåé çàäà÷è Íåéìàíà äëÿ

óðàâíåíèÿ Ïóàññîíà). Ïóñòü
• D � îòêðûòîå, îãðàíè÷åííîå ìíîæåñòâî â Rn, ãäå n > 2;
• ∂D ∈ C2, ãäå ∂D � ãðàíèöà D;
• f ∈ C1(D);
• g ∈ C1(∂D).

Òîãäà

(1) äëÿ ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è Íåéìàíà
∆u = f, x ∈ D,
∂u
∂n

= g, x ∈ ∂D,
u ∈ C2(D) ∩ C1(D).

(6.2)

íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèÿ óñëîâèÿ∫
D

f(x) dV =

∫
∂D

g(x) dS; (6.3)

(2) ðåøåíèå çàäà÷è (6.2) åäèíñòâåííî ñ òî÷íîñòüþ äî ïðèáàâëåíèÿ ïðîèçâîëüíîé ïîñòîÿí-
íîé.

Äîêàçàòåëüñòâî. (1) Äîñòàòî÷íîñòü âûïîëíåíèÿ óñëîâèÿ (6.3) äëÿ ñóùåñòâîâàíèÿ ðåøåíèÿ
çàäà÷è (6.2) îñòàâèì áåç äîêàçàòåëüñòâà.
Äîêàæåì, ÷òî äëÿ ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è (6.2) íåîáõîäèìî âûïîëíåíèÿ óñëîâèÿ (6.3).

Ïóñòü u � ðåøåíèÿ çàäà÷è (6.2), òîãäà èç òåîðåìû 6.9 (ïåðâàÿ ôîðìóëà Ãðèíà) ïðè v ≡ 1
ïîëó÷èì, ÷òî∫
D

(
v∆u+ (∇v,∇u)

)
dV =

∫
∂D

v
∂u

∂n
dS =⇒

∫
D

∆u dV =

∫
∂D

∂u

∂n
dS =⇒

∫
D

f(x) dV =

∫
∂D

g(x) dS.

(2) Äîêàæåì ¾åäèíñòâåííîñòü¿ ðåøåíèÿ. Ïóñòü u1 è u2 ðåøåíèÿ çàäà÷è Íåéìàíà (6.2) è
u = u1 − u2. Èç òåîðåìû 6.9 (ïåðâàÿ ôîðìóëà Ãðèíà) ïðè v ≡ u âûòåêàåò, ÷òî∫

D

|∇u|2 dV =

∫
D

(
u∆u+ (∇u,∇u)

)
dV =

∫
∂D

u
∂u

∂n
dS = 0.

Òàêèì îáðàçîì, ∇u ≡ 0 â îáëàñòè D è, ñëåäîâàòåëüíî, u � ïîñòîÿííàÿ ôóíêöèÿ â îáëàñòè D. �

Òåîðåìà 6.14 (Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ âíóòðåííåé ñìåøàííîé çàäà÷è äëÿ
óðàâíåíèÿ Ïóàññîíà). Ïóñòü

• D � îòêðûòîå, îãðàíè÷åííîå ìíîæåñòâî â Rn, ãäå n > 2;
• ∂D ∈ C2, ãäå ∂D � ãðàíèöà D;
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• f ∈ C1(D);
• σ ∈ C1(∂D).
• g ∈ C1(∂D).

Òîãäà

(1) äëÿ ñóùåñòâîâàíèÿ ðåøåíèÿ ñìåøàííîé çàäà÷è
∆u(x) = f(x), x ∈ D,

∂u(x)
∂n

+ σ(x)u = g(x), x ∈ ∂D,
u ∈ C2(D) ∩ C1(D),

(6.4)

íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû äëÿ ëþáîãî ðåøåíèÿ u0 çàäà÷è
∆u0(x) = 0, x ∈ D,

∂u0(x)
∂n

+ σ(x)u0 = 0, x ∈ ∂D,
u0 ∈ C2(D) ∩ C1(D)

(6.5)

âûïîëíÿëîñü óñëîâèå ∫
D

f(x)u0(x) dV =

∫
∂D

g(x)u0(x) dS; (6.6)

(2) ðåøåíèå çàäà÷è (6.4) åäèíñòâåííî ñ òî÷íîñòüþ äî ïðèáàâëåíèÿ ïðîèçâîëüíîãî ðåøåíèÿ
çàäà÷è (6.5).

Äîêàçàòåëüñòâî. (1) Äîñòàòî÷íîñòü âûïîëíåíèÿ óñëîâèÿ (6.6) äëÿ ñóùåñòâîâàíèÿ ðåøåíèÿ
çàäà÷è (6.4) îñòàâèì áåç äîêàçàòåëüñòâà.
Äîêàæåì, ÷òî äëÿ ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è (6.4) íåîáõîäèìî âûïîëíåíèÿ óñëîâèÿ (6.6).

Ïóñòü u � ðåøåíèÿ çàäà÷è (6.4), òîãäà èç òåîðåìû 6.10 (âòîðàÿ ôîðìóëà Ãðèíà) ïðè v = u0

ïîëó÷èì, ÷òî ∫
D

(
u∆u0 − u0∆u

)
dV =

∫
∂D

(
u
∂u0

∂n
− u0

∂u

∂n

)
dS,

−
∫
D

u0f dV =

∫
∂D

(−uσ(x)u0 − u0(g − σ(x)u)) dS,

∫
D

u0f dV =

∫
∂D

u0g dS.

(2) Äîêàæåì ¾åäèíñòâåííîñòü¿ ðåøåíèÿ. Ïóñòü u1 è u2 ðåøåíèÿ ñìåøàííîé çàäà÷è (6.4) è
u = u1−u2. Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà îñòàëîñü çàìåòèòü, ÷òî u � ðåøåíèå çàäà÷è (6.5). �

Îïðåäåëåíèå 6.15 (Ðåãóëÿðíîå ïîâåäåíèå ãàðìîíè÷åñêîé ôóíêöèè íà áåñêîíå÷íîñòè). Ïóñòü
• D � îòêðûòîå, îãðàíè÷åííîå ìíîæåñòâî â Rn, ãäå n > 2;
• ∂D ∈ C2, ãäå ∂D � ãðàíèöà D;
• u ∈ C2(Rn \D);
• ∆u = 0 â Rn \D.

Òîãäà ãîâîðÿò, ÷òî ãàðìîíè÷åñêàÿ ôóíêöèÿ u ðåãóëÿðíà íà áåñêîíå÷íîñòè, åñëè

(1) ñëó÷àé n = 2: u(x) = o(ln |x|) ïðè x −→∞;
(2) ñëó÷àé n > 2: u(x) = o(1) ïðè x −→∞.
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Òåîðåìà 6.16 (Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ âíåøíåé çàäà÷è Äèðèõëå äëÿ óðàâ-
íåíèÿ Ëàïëàñà). Ïóñòü

• D � îòêðûòîå, îãðàíè÷åííîå ìíîæåñòâî â Rn, ãäå n > 2;
• ∂D ∈ C2, ãäå ∂D � ãðàíèöà D;
• g ∈ C(∂D).

Òîãäà

(1) ñóùåñòâóåò ðåøåíèå çàäà÷è Äèðèõëå
∆u = 0, x ∈ Rn \D,
u = g, x ∈ ∂D,

u ∈ C2(Rn \D) ∩ C(Rn \D),
u − ðåãóëÿðíà íà áåñêîíå÷íîñòè.

(6.7)

(2) ðåøåíèå çàäà÷è (6.7) åäèíñòâåííî.

Äîêàçàòåëüñòâî. (1) Ñóùåñòâîâàíèå ðåøåíèÿ îñòàâèì áåç äîêàçàòåëüñòâà.
(2) Åäèíñòâåííîñòü ðåøåíèÿ ïðè n = 2 îñòàâèì áåç äîêàçàòåëüñòâà.
Äîêàæåì åäèíñòâåííîñòü ðåøåíèÿ ïðè n > 2. Ïóñòü u1 è u2 ðåøåíèÿ çàäà÷è Äèðèõëå (6.7) è

u = u1 − u2. Ðàññìîòðèì âñïîìîãàòåëüíóþ îáëàñòü

GR = {x | |x| < R} \D,

ãäå R � äîñòàòî÷íî áîëüøîå ïîëîæèòåëüíîå ÷èñëî. Òîãäà u � ãàðìîíè÷åñêàÿ ôóíêöèÿ â GR,
ïðè÷åì ïðè äîñòàòî÷íî áîëüøèõ R ôóíêöèÿ u íà ãðàíèöå ∂GR ìîæåò áûòü ñäåëàíà ñêîëü
óãîäíî ìàëîé. Îòñþäà è èç ïðèíöèïà ìàêñèìóìà äëÿ ãàðìîíè÷åñêèõ ôóíêöèé ñëåäóåò, ÷òî u �
ïîñòîÿííàÿ ôóíêöèÿ â îáëàñòè Rn \D. Ó÷èòûâàÿ, ÷òî íà ãðàíèöå ∂D ôóíêöèÿ u îáðàùàåòñÿ â
íîëü, ïîëó÷èì, ÷òî u òîæäåñòâåííî ðàâíà íóëþ âñþäó â Rn\D. Îòñþäà è èç óñëîâèÿ u = u1−u2

ïîëó÷èì, ÷òî u1 = u2 âñþäó â Rn \D. �

Òåîðåìà 6.17 (Êîíòð-ïðèìåð ê òåîðåìå î åäèíñòâåííîñòè ðåøåíèÿ âíåøíåé çàäà÷è Äèðèõëå
äëÿ óðàâíåíèÿ Ëàïëàñà). Ðåøåíèå çàäà÷è Äèðèõëå (áåç óñëîâèÿ ðåãóëÿðíîñòè íà áåñêîíå÷íî-
ñòè) {

∆u = 0, |x| > 1, x ∈ Rn, n > 2,
u = 0, |x| = 1

(6.8)

íå ÿâëÿåòñÿ åäèíñòâåííûì.

Äîêàçàòåëüñòâî. Ïðè n = 2 äëÿ ëþáîãî C ∈ R ôóíêöèÿ u = C ln |x| ÿâëÿåòñÿ ðåøåíèåì
çàäà÷è (6.8).
Ïðè n > 2 äëÿ ëþáîãî C ∈ R ôóíêöèÿ u = C(|x|2−n − 1) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (6.8). �

6.4. Ôóíêöèÿ Ãðèíà âíóòðåííåé çàäà÷è Äèðèõëå äëÿ îïåðàòîðà Ëàïëàñà.

Òåîðåìà 6.18 (Ïðåäñòàâëåíèå ïðîèçâîëüíîé ãëàäêîé ôóíêöèè â âèäå ñóììû ïîòåíöèàëîâ

(îáúåìíîãî, ïðîñòîãî è äâîéíîãî ñëîÿ)). Ïóñòü

• E � ÿäðî ôóíäàìåíòàëüíîãî ðåøåíèÿ E îïåðàòîðà Ëàïëàñà â Rn, ãäå n > 2;
• E(x) = 1

2π
ln |x| ïðè n = 2 è E(x) = − 1

4π|x| ïðè n = 3;

• D � îòêðûòîå, îãðàíè÷åííîå ìíîæåñòâî â Rn;
• ∂D ∈ C2, ãäå ∂D � ãðàíèöà D;
• u ∈ C2(D).
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Òîãäà

∀ x ∈ D u(x) =

∫
D

E(x− y)∆u(y) dVy +

∫
∂D

(
u(y)

∂E(x− y)

∂ny
− E(x− y)

∂u(y)

∂ny

)
dSy.

Äîêàçàòåëüñòâî. Ïóñòü Bε = {y | |y−x| < ε}, ãäå ε > 0, Dε = D \Bε. Èç òåîðåìû 6.10 (âòîðàÿ
ôîðìóëà Ãðèíà) ñëåäóåò, ÷òî∫

Dε

(
u(y)∆E(x− y)− E(x− y)∆u(y)

)
dVy =

∫
∂Dε

(
u(y)

∂E(x− y)

∂ny
− E(x− y)

∂u(y)

∂ny

)
dSy,

ãäå n � âíåøíÿÿ íîðìàëü ê ãðàíèöå îáëàñòè Dε. Ïåðåõîäÿ ê ïðåäåëó ïðè ε → +0 (òàêæå êàê
ïðè äîêàçàòåëüñòâå òåîðåìû 5.11), ïîëó÷èì, ÷òî

lim
ε→+0

∫
Dε

(
u(y)∆E(x− y)− E(x− y)∆u(y)

)
dVy = −

∫
D

E(x− y)∆u(y) dVy,

lim
ε→+0

∫
∂Bε

(
u(y)

∂E(x− y)

∂ny
− E(x− y)

∂u(y)

∂ny

)
dSy = u(x).

ãäå n � âíåøíÿÿ íîðìàëü ê ãðàíèöå øàðó Bε (è âíóòðåííÿÿ ïî îòíîøåíèþ ê îáëàñòè Dε).
Ñëåäîâàòåëüíî,

u(x) =

∫
D

E(x− y)∆u(y) dVy +

∫
∂D

(
u(y)

∂E(x− y)

∂ny
− E(x− y)

∂u(y)

∂ny

)
dSy. �

Îïðåäåëåíèå 6.19 (Ëîãàðèôìè÷åñêèé ïîòåíöèàë). Ïóñòü

• D � îòêðûòîå, îãðàíè÷åííîå ìíîæåñòâî â R2;
• ρ ∈ C(D).

Òîãäà èíòåãðàë âèäà

∀ x ∈ D u(x) =

∫
D

ρ(y) ln
1

|x− y|
dVy ≡

∫∫
D

ρ(y1, y2) ln
1

|x− y|
dy1 dy2

íàçûâàþò ëîãàðèôìè÷åñêèì ïîòåíöèàëîì ñ ïëîòíîñòüþ ρ â îáëàñòè D.

Îïðåäåëåíèå 6.20 (Îáúåìíûé ïîòåíöèàë). Ïóñòü

• D � îòêðûòîå, îãðàíè÷åííîå ìíîæåñòâî â R3;
• ρ ∈ C(D).

Òîãäà èíòåãðàë âèäà

∀ x ∈ D u(x) =

∫
D

ρ(y)

|x− y|
dVy ≡

∫∫∫
D

ρ(y1, y2, y3)

|x− y|
dy1 dy2 dy3

íàçûâàþò îáúåìíûì ïîòåíöèàëîì ñ ïëîòíîñòüþ ρ â îáëàñòè D.

Îïðåäåëåíèå 6.21 (Ïîòåíöèàë ïðîñòîãî ñëîÿ â R2). Ïóñòü

• γ � ãëàäêàÿ îãðàíè÷åííàÿ êðèâàÿ â R2;
• ρ ∈ C(γ).
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Òîãäà èíòåãðàë âèäà

∀ x 6∈ γ u(x) =

∫
γ

ρ(y) ln
1

|x− y|
dly

íàçûâàþò ïîòåíöèàëîì ïðîñòîãî ñëîÿ â R2 ñ ïëîòíîñòüþ ρ íà êðèâîé γ.

Îïðåäåëåíèå 6.22 (Ïîòåíöèàë ïðîñòîãî ñëîÿ â R3). Ïóñòü

• S � ãëàäêàÿ îãðàíè÷åííàÿ ïîâåðõíîñòü â R3;
• ρ ∈ C(S).

Òîãäà èíòåãðàë âèäà

∀ x 6∈ S u(x) =

∫
S

ρ(y)

|x− y|
dSy

íàçûâàþò ïîòåíöèàëîì ïðîñòîãî ñëîÿ â R3 ñ ïëîòíîñòüþ ρ íà ïîâåðõíîñòè S.

Îïðåäåëåíèå 6.23 (Ïîòåíöèàë äâîéíîãî ñëîÿ â R2). Ïóñòü

• γ � ãëàäêàÿ îãðàíè÷åííàÿ êðèâàÿ â R2;
• ρ ∈ C(γ).

Òîãäà èíòåãðàë âèäà

∀ x 6∈ γ u(x) =

∫
γ

ρ(y)
∂

∂ny
ln

1

|x− y|
dly

íàçûâàþò ïîòåíöèàëîì äâîéíîãî ñëîÿ â R2 ñ ïëîòíîñòüþ ρ íà êðèâîé γ.

Îïðåäåëåíèå 6.24 (Ïîòåíöèàë äâîéíîãî ñëîÿ â R3). Ïóñòü

• S � ãëàäêàÿ îãðàíè÷åííàÿ ïîâåðõíîñòü â R3;
• ρ ∈ C(S).

Òîãäà èíòåãðàë âèäà

∀ x 6∈ S u(x) =

∫
S

ρ(y)
∂

∂ny

1

|x− y|
dSy

íàçûâàþò ïîòåíöèàëîì äâîéíîãî ñëîÿ ñ ïëîòíîñòüþ ρ íà ïîâåðõíîñòè S.

Îïðåäåëåíèå 6.25 (Ôóíêöèÿ Ãðèíà âíóòðåííåé çàäà÷è Äèðèõëå äëÿ îïåðàòîðà Ëàïëàñà).
Ïóñòü

• E � ÿäðî ôóíäàìåíòàëüíîãî ðåøåíèÿ E îïåðàòîðà Ëàïëàñà â Rn, ãäå n > 2;
• E(x) = 1

2π
ln |x| ïðè n = 2 è E(x) = − 1

4π|x| ïðè n = 3;

• D � îòêðûòîå, îãðàíè÷åííîå ìíîæåñòâî â Rn;
• ∂D ∈ C2, ãäå ∂D � ãðàíèöà D;
• U(x, y) � ðåøåíèå êðàåâîé çàäà÷è

∀ y ∈ D


∆xU(x, y) = 0, x ∈ D,
U(x, y) = −E(x− y), x ∈ ∂D,
U ∈ C2(D) ∩ C(D).

Òîãäà ãîâîðÿò, ÷òî G(x, y) = E(x−y)+U(x, y) � ôóíêöèÿ Ãðèíà âíóòðåííåé çàäà÷è Äèðèõëå
äëÿ îïåðàòîðà Ëàïëàñà â îáëàñòè D.
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Çàìå÷àíèå 6.26. Ãðóáî ãîâîðÿ, ìîæíî ñêàçàòü, ÷òî ôóíêöèÿ Ãðèíà ÿâëÿåòñÿ (åäèíñòâåí-
íûì) ðåøåíèåì çàäà÷è

∀ y ∈ D
{

∆xg(x, y) = δ(x− y), x ∈ D,
G(x, y) = 0, x ∈ ∂D.

Òåîðåìà 6.27 (Îñíîâíûå ñâîéñòâà ôóíêöèè Ãðèíà âíóòðåííåé çàäà÷è Äèðèõëå äëÿ îïåðàòîðà
Ëàïëàñà). Ïóñòü

• D � îòêðûòîå, îãðàíè÷åííîå ìíîæåñòâî â Rn;
• ∂D ∈ C2, ãäå ∂D � ãðàíèöà D.

Òîãäà

(1) ôóíêöèÿ Ãðèíà G âíóòðåííåé çàäà÷è Äèðèõëå äëÿ îïåðàòîðà Ëàïëàñà â îáëàñòè D
ñóùåñòâóåò è åäèíñòâåííà;

(2) äëÿ ëþáûõ (x, y) ∈ D2 òàêèõ, ÷òî x 6= y âåðíî, ÷òî G(x, y) = G(y, x).

Äîêàçàòåëüñòâî. (1) Ñëåäóåò èç òåîðåìû 6.12.
(2) Ïóñòü (x1, x2) ∈ D2, x1 6= x2, u(x) = G(x, x1), v(x) = G(x, x2), B1

ε = {x | |x − x1| < ε},
B2
ε = {x | |x− x2| < ε} è Dε = D \ (B1

ε ∪B2
ε ), ãäå ε � ìàëîå ïîëîæèòåëüíîå ÷èñëî.

Ðàäè óïðîùåíèÿ âûêëàäîê, äàëüíåéøåå äîêàçàòåëüñòâî ïðîâåäåì â äîïîëíèòåëüíîì ïðåä-
ïîëîæåíèè, ÷òî u ∈ C1(Dε), v ∈ C1(Dε). Èç òåîðåìû 6.10 (âòîðàÿ ôîðìóëà Ãðèíà) ñëåäóåò,
÷òî ∫

Dε

(
u(x)∆v(x)− v(x)∆u(x)

)
dV =

∫
∂Dε

(
u(x)

∂v(x)

∂n
− v(x)

∂u(x)

∂n

)
dS,

ãäå n � âíåøíÿÿ íîðìàëü ê ãðàíèöå îáëàñòè Dε. Îòñþäà ñëåäóåò, ÷òî∫
∂B1

ε

(
u(x)

∂v(x)

∂n
− v(x)

∂u(x)

∂n

)
dS =

∫
∂B2

ε

(
v(x)

∂u(x)

∂n
− u(x)

∂v(x)

∂n

)
dS.

Ïåðåõîäÿ ê ïðåäåëó ïðè ε→ +0 â ðàâåíñòâå (6.4) (òàêæå êàê ïðè äîêàçàòåëüñòâå òåîðåìû 5.11),
ïîëó÷èì, ÷òî

v(x1) = u(x2).

Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà îñòàëîñü âñïîìíèòü, ÷òî u(x) = G(x, x1), v(x) = G(x, x2). �

Òåîðåìà 6.28 (Âûðàæåíèå ðåøåíèÿ âíóòðåííåé çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ Ïóàññîíà

÷åðåç ôóíêöèþ Ãðèíà). Ïóñòü

• D � îòêðûòîå, îãðàíè÷åííîå ìíîæåñòâî â Rn, ãäå n > 2;
• ∂D ∈ C2, ãäå ∂D � ãðàíèöà D;
• G � ôóíêöèÿ Ãðèíà âíóòðåííåé çàäà÷è Äèðèõëå äëÿ îïåðàòîðà Ëàïëàñà â îáëàñòè D.
• f ∈ C1(D);
• g ∈ C(∂D);
• u � ðåøåíèå çàäà÷è Äèðèõëå 

∆u = f, x ∈ D,
u = g, x ∈ ∂D,

u ∈ C2(D) ∩ C(D).
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Òîãäà

∀ x ∈ D u(x) =

∫
D

G(x, y)f(y) dVy +

∫
∂D

g(y)
∂G(x, y)

∂ny
dSy.

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ïðîâåäåì â ïðåäïîëîæåíèè, ÷òî u ∈ C2(D) è äëÿ âñåõ y ∈ D
ôóíêöèÿ Ãðèíà G(·, y) èìååò íåïðåðûâíûå ïðîèçâîäíûå âáëèçè ãðàíèöû ∂D. Â ýòîì ñëó÷àå
äîêàçàòåëüñòâî ïðîâîäèòñÿ àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 6.18. Ïðè ýòîì â êà÷åñòâå ÿäðà
ôóíäàìåíòàëüíîãî ðåøåíèÿ íåîáõîäèìî âçÿòü ôóíêöèþ Ãðèíà G. �

6.5. Ôóíêöèÿ Ãðèíà âíóòðåííåé çàäà÷è Äèðèõëå äëÿ îïåðàòîðà Ëàïëàñà â øàðå
(ìåòîä îòðàæåíèé).

Òåîðåìà 6.29 (Ôóíêöèÿ Ãðèíà âíóòðåííåé çàäà÷è Äèðèõëå äëÿ îïåðàòîðà Ëàïëàñà â øàðå

(ìåòîä îòðàæåíèé)). Ïóñòü
• E � öåíòðàëüíî-ñèììåòðè÷íîå ÿäðî ôóíäàìåíòàëüíîãî ðåøåíèÿ îïåðàòîðà Ëàïëàñà
â Rn, ãäå n > 2;
• BR � îòêðûòûé øàð ðàäèóñà R > 0 ñ öåíòðîì â íà÷àëå êîîðäèíàò â Rn.

Òîãäà ôóíêöèÿ Ãðèíà âíóòðåííåé çàäà÷è Äèðèõëå äëÿ îïåðàòîðà Ëàïëàñà â øàðå BR èìååò
âèä

G(x, y) = E(x− y)− E
(
|y|
R

(x− y∗)
)
,

ãäå y∗ = y R
2

|y|2 � ñèììåòðè÷íàÿ ê òî÷êå y îòíîñèòåëüíî ñôåðû ∂BR.

Äîêàçàòåëüñòâî. Ïðè y ∈ BR ôóíêöèÿ Ãðèíà G(x, y) èìååò äâå îñîáûå òî÷êè x = y ∈ BR è
x = y∗ 6∈ BR. Îòñþäà ëåãêî ñëåäóåò, ÷òî

∀ y ∈ BR ∆g(x, y) = δ(x− y)− Cδ(x− y∗),
ãäå g � ðåãóëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ ñ ÿäðîì G è C � íåêîòîðàÿ ïîñòîÿííàÿ.
Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà äîñòàòî÷íî ïîêàçàòü, ÷òî

∀ y ∈ BR ∀ x ∈ ∂BR G(x, y) = 0.

Ïóñòü ϕ � óãîë ìåæäó âåêòîðàìè x è y, òîãäà

|x− y|2 = |x|2 + |y|2 − 2|x||y| cosϕ = R2 + |y|2 − 2R|y| cosϕ,∣∣∣∣ |y|R (x− y∗)
∣∣∣∣2 =

∣∣∣∣x|y|R − yR

|y|

∣∣∣∣2 = |y|2 +R2 − 2R|y| cosϕ.

Äðóãèìè ñëîâàìè,

∀ y ∈ BR ∀ x ∈ ∂BR |x− y| =
∣∣∣∣ |y|R (x− y∗)

∣∣∣∣
è, ñëåäîâàòåëüíî,

∀ y ∈ BR ∀ x ∈ ∂BR G(x, y) = E(x− y)− E
(
|y|
R

(x− y∗)
)

= 0. �

Òåîðåìà 6.30. Ïóñòü
• BR � îòêðûòûé øàð ðàäèóñà R > 0 ñ öåíòðîì â íà÷àëå êîîðäèíàò â Rn, ãäå n > 2;
• SR � ãðàíèöà øàðà BR;
• g ∈ C(∂SR);
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• u � ðåøåíèå çàäà÷è Äèðèõëå 
∆u = 0, x ∈ BR,
u = g, x ∈ SR,

u ∈ C2(BR) ∩ C(BR).

Òîãäà

∀ x ∈ BR u(x) =
R2 − r2

ωnR

∫
SR

g(y)

(R2 + r2 − 2rR cosϕ)n/2
dSy

ãäå ωn � ïëîùàäü ïîâåðõíîñòè åäèíè÷íîé ñôåðû â Rn, r = |x| è ϕ � óãîë ìåæäó âåêòîðàìè x
è y (ò. å. (x, y) = rR cosϕ).

Äîêàçàòåëüñòâî. Ñëåäóåò èç 6.29. Áåç äîêàçàòåëüñòâà. �

6.6. Êîíôîðìíàÿ èíâàðèàíòíîñòü îïåðàòîðà Ëàïëàñà â R2.

Òåîðåìà 6.31 (Êîíôîðìíàÿ èíâàðèàíòíîñòü îïåðàòîðà Ëàïëàñà â R2). Ïóñòü
• D è D∗ � îòêðûòûå ñâÿçíûå ìíîæåñòâà â C;
• F � êîíôîðìíîå îòîáðàæåíèå D íà D∗;
• v ∈ C2(D∗);
• u = v ◦ F ;
• z ∈ D, w = F (z) ∈ D∗.

Òîãäà
∆u(z) = |F ′(z)|2∆v(w).

Äîêàçàòåëüñòâî. Ïóñòü z = x+ iy è w = ξ + iη. Çàìåòèì, ÷òî x = z+z̄
2
, y = z−z̄

2i
è

∂

∂z
=
∂x

∂z

∂

∂x
+
∂y

∂z

∂

∂y
=

1

2

(
∂

∂x
− i ∂

∂y

)
,

∂

∂z̄
=
∂x

∂z̄

∂

∂x
+
∂y

∂z̄

∂

∂y
=

1

2

(
∂

∂x
+ i

∂

∂y

)
,

∂

∂z
=
∂w

∂z

∂

∂w
+
∂w̄

∂z

∂

∂w̄
=

[
∂w

∂z
= F ′(z),

∂w̄

∂z
= 0

]
= F ′(z)

∂

∂w
,

∂

∂z̄
=
∂w

∂z̄

∂

∂w
+
∂w̄

∂z̄

∂

∂w̄
=

[
∂w

∂z̄
= 0,

∂w̄

∂z̄
= F ′(z)

]
= F ′(z)

∂

∂w̄
.

Ñëåäîâàòåëüíî,

∆u(z) =

(
∂2

∂x2
+

∂2

∂y2

)
u(z) =

(
∂

∂x
+ i

∂

∂y

)(
∂

∂x
− i ∂

∂y

)
u(z) = 4

∂

∂z̄

∂

∂z
u(z) =

= 4
∂

∂z̄

∂

∂z
v(w) = 4

∂

∂z̄

(
F ′(z)

∂v(w)

∂w

)
= 4F ′(z)

∂

∂z̄

(
∂v(w)

∂w

)
= 4F ′(z)F ′(z)

∂

∂w̄

∂v(w)

∂w
=

= 4|F ′(z)|2∂
2v(w)

∂w̄∂w
= |F ′(z)|2

(
∂2

∂ξ2
+

∂2

∂η2

)
v(w) = |F ′(z)|2∆v(w). �

Òåîðåìà 6.32 (Ôóíêöèÿ Ãðèíà çàäà÷è Äèðèõëå äëÿ îïåðàòîðà Ëàïëàñà â îáëàñòè â R2 (ïðåä-

ñòàâëåíèå ÷åðåç êîíôîðìíîå îòîáðàæåíèå)). Ïóñòü
• D � îòêðûòîå îãðàíè÷åííîå ìíîæåñòâî â C;
• F � êîíôîðìíîå îòîáðàæåíèå D íà åäèíè÷íûé êðóã D∗ = {w | |w| < 1};
• g � ôóíêöèÿ Ãðèíà çàäà÷è Äèðèõëå äëÿ îïåðàòîðà Ëàïëàñà â îáëàñòè D;
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• G � ÿäðî îáîáùåííîé ôóíêöèè g.

Òîãäà

G(z, z0) =
1

2π
ln

∣∣∣∣∣ F (z)− F (z0)

1− F (z)F (z0)

∣∣∣∣∣ .
Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî

H(z) =
F (z)− F (z0)

1− F (z)F (z0)

êîíôîðìíîå îòîáðàæåíèå îáëàñòè D íà êðóã D∗. Îòñþäà ëåãêî ñëåäóåò, ÷òî

∀ z ∈ ∂D ∀ z0 ∈ D |H(z)| = 1, G(z, z0) = 0.

Äàëåå, èç òåîðåìû 6.31 ïîëó÷èì, ÷òî

∆zG(z, z0) = |H ′(z)|2∆w

(
1

2π
ln |w|

)
,

ãäå w = H(z), ∆z = ∂2
x + ∂2

y è ∆w = ∂2
ξ + ∂2

η . Îòñþäà, ñ ó÷åòîì î÷åâèäíîãî ðàâåíñòâà H(z0) = 0,
ñëåäóåò, ÷òî

∆zg(z, z0) = |H ′(z)|2δ(w) = δ(z − z0).

Ïîñëåäíåå ðàâåíñòâî òàêæå ìîæíî ïîëó÷èòü ðàñêëàäûâàÿ ôóíêöèþ F â ðÿä Òåéëîðà

G(z, z0) =
1

2π
ln

∣∣∣∣∣ F (z)− F (z0)

1− F (z)F (z0)

∣∣∣∣∣ =
1

2π
ln

∣∣∣∣F ′(z0)(z − z0) +O((z − z0)2)

1− |F (z0)|2 +O(z − z0)

∣∣∣∣ =

=
1

2π
ln |z − z0|+

1

2π
ln

|F ′(z0)|
1− |F (z0)|2

+O(z − z0). �

Ïðèìåð 6.33. Íàéòè ôóíêöèþ Ãðèíà âíóòðåííåé çàäà÷è Äèðèõëå äëÿ îïåðàòîðà Ëàïëàñà â
îáëàñòè

D = {z | |z| < 1, Re(z) > 0}.

Ðåøåíèå. Êîíôîðìíîå îòîáðàæåíèå F îáëàñòè D íà åäèíè÷íûé êðóã D∗ = {w | |w| < 1}
ìîæíî âûáðàòü â âèäå

F (z) =
(z − 1)2 + i(z + 1)2

(z − 1)2 − i(z + 1)2
.

Îòñþäà è èç òåîðåìû 6.32 ñëåäóåò, ÷òî ôóíêöèÿ Ãðèíà âíóòðåííåé çàäà÷è Äèðèõëå äëÿ îïåðà-
òîðà Ëàïëàñà â îáëàñòè D èìååò âèä

G(z, z0) =
1

2π
ln

∣∣∣∣∣ F (z)− F (z0)

1− F (z)F (z0)

∣∣∣∣∣ .�
6.7. Çàäà÷à Êîøè äëÿ îïåðàòîðà òåïëîïðîâîäíîñòè âî âñåì ïðîñòðàíñòâå.

Îïðåäåëåíèå 6.34 (Êëàññè÷åñêàÿ çàäà÷à Êîøè äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè â Rn+1).
Ïóñòü

• F : Rn × [0,+∞) −→ R è U0 : Rn −→ R � çàäàííûå ôóíêöèè, ãäå n ∈ N;
• a > 0 � çàäàííàÿ ïîñòîÿííàÿ;
• U : Rn × [0,+∞) −→ R � ôóíêöèÿ, êîòîðóþ òðåáóåòñÿ îïðåäåëèòü.
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Òîãäà êëàññè÷åñêîé çàäà÷åé Êîøè äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè íàçûâàþò çàäà÷ó âèäà
∂U(x,t)
∂t
− a2∆U(x, t) = F (x, t), (x, t) ∈ Rn × (0,+∞),

U(x, t)
∣∣
t=0

= U0(x), x ∈ Rn,

U ∈ C2(Rn × (0,+∞)) ∩ C(Rn × [0,+∞)).

(6.9)

Îïðåäåëåíèå 6.35 (Îáîáùåííàÿ çàäà÷à Êîøè äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè â Rn+1).
Ïóñòü

• f ∈ S ′(Rn+1) è u0 ∈ S ′(Rn) � çàäàííûå îáîáùåííûå ôóíêöèè, ãäå n ∈ N;
• supp f(x, t) ⊂ Rn × [0,+∞);
• a > 0 � çàäàííàÿ ïîñòîÿííàÿ;
• u ∈ S ′(Rn+1) � îáîáùåííàÿ ôóíêöèÿ, êîòîðóþ òðåáóåòñÿ îïðåäåëèòü.

Òîãäà îáîáùåííîé çàäà÷åé Êîøè äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè íàçûâàþò çàäà÷ó âèäà
∂u(x,t)
∂t
− a2∆u(x, t) = f(x, t) + u0(x)δ(t), (x, t) ∈ Rn+1,

suppu(x, t) ⊂ Rn × [0,+∞),

u ∈ S ′(Rn+1).

(6.10)

Òåîðåìà 6.36 (Òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ îáîáùåííîé çàäà÷è Êîøè

äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè â Rn+1). Ïóñòü
• n ∈ N, R > 0, BR = {x | x ∈ Rn, |x| < R} è T > 0;
• f ∈ S ′(Rn+1), u0 ∈ S ′(Rn);
• supp f(x, t) ⊂ BR × [0, T ], suppu0(x) ⊂ BR.

Òîãäà ðåøåíèå îáîáùåííîé çàäà÷è Êîøè äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè (6.10) ñóùåñòâó-
åò, åäèíñòâåííî è ìîæåò áûòü çàïèñàíî â âèäå

u(x, t) =
(
E(y, τ) ∗

[
f(y, τ) + u0(y)δ(τ)

])
(x, t), (6.11)

ãäå E � ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà òåïëîïðîâîäíîñòè, óäîâëåòâîðÿþùåå óñëîâèþ
supp E ⊂ Rn × [0,+∞).

Äîêàçàòåëüñòâî. Ëåãêî âèäåòü, ÷òî íîñèòåëü îáîáùåííîé ôóíêöèè f(y, τ) + u0(y)δ(τ) îãðà-
íè÷åí. Îòñþäà è èç âêëþ÷åíèÿ E ∈ S ′(Rn+1) ñëåäóåò, ÷òî ñâåðòêà â ôîðìóëå (6.11) êîððåêòíî
îïðåäåëåíà è, êðîìå òîãî, u ∈ S ′(Rn+1).
Ôóíäàìåíòàëüíîå ðåøåíèå E óäîâëåòâîðÿåò óñëîâèþ

supp E(x, t) ⊂ Rn × [0,+∞),

îòêóäà ñëåäóåò, ÷òî
suppu(x, t) ⊂ Rn × [0,+∞).

Èç òåîðåìû 5.8 ñëåäóåò, ÷òî îáîáùåííàÿ ôóíêöèÿ (6.11) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (6.10).
Äîêàæåì åäèíñòâåííîñòü ðåøåíèÿ. Ïóñòü v1 è v2 � ÿâëÿþòñÿ ðåøåíèÿìè çàäà÷è (6.10). Òîãäà

îáîáùåííàÿ ôóíêöèÿ v = v1 − v2 ÿâëÿåòñÿ ðåøåíèåì çàäà÷è
∂v(x,t)
∂t
− a2∆v(x, t) = 0, (x, t) ∈ Rn+1,

supp v(x, t) ⊂ Rn × [0,+∞),

v ∈ S ′(Rn+1).
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Ïðèìåíÿÿ ïðåîáðàçîâàíèå Ôóðüå ïî ïåðåìåííîé x ïîëó÷èì, ÷òî
∂v̂(k,t)
∂t

+ a2|k|2v̂(k, t) = 0, (k, t) ∈ Rn+1,

supp v̂(k, t) ⊂ Rn × [0,+∞),

v̂ ∈ S ′(Rn+1),

ãäå v̂(k, t) = Fx→k[v(x, t)].
Ðàññìîòðèì âñïîìîãàòåëüíóþ ôóíêöèþ h(k, t) = v̂(k, t)eta

2|k|2 . Ëåãêî âèäåòü, ÷òî h ∈ D′(Rn+1)

è supph ⊂ Rn × [0,+∞). Ïîäñòàâëÿÿ v̂(k, t) = e−ta
2|k|2h(k, t) â óðàâíåíèå

∂v̂(k, t)

∂t
+ a2|k|2v̂(k, t) = 0, (k, t) ∈ Rn+1,

ïîëó÷èì, ÷òî
∂h(k, t)

∂t
= 0, (k, t) ∈ Rn+1. (6.12)

Òàê æå êàê è ïðè äîêàçàòåëüñòâå òåîðåìû 1.38 (îáùèé âèä ðåøåíèÿ óðàâíåíèÿ y′ = 0 â D′) èç
(6.12) (ñ ó÷åòîì òîãî, ÷òî h = 0 ïðè t < 0) ìîæíî ïîëó÷èòü, ÷òî h ≡ 0 êàê ýëåìåíò D′(Rn+1).
Îòñþäà ñëåäóåò, ÷òî v̂ ≡ 0 êàê ýëåìåíò S ′(Rn+1). Íàêîíåö, èç òåîðåìû 4.15 (îáðàòíîå ïðåîáðà-
çîâàíèå Ôóðüå íà S ′) ñëåäóåò, ÷òî v ≡ 0. �

Òåîðåìà 6.37. Ïóñòü ∀ t > 0 ∀ x ∈ Rn E(x, t) = 1
(2a
√
πt)n

e−
|x|2

4a2t , ãäå n ∈ N.
Òîãäà

∂E(x, t)

∂t
− a2∆E(x, t) = 0, (x, t) ∈ Rn × (0,+∞).

Äîêàçàòåëüñòâî. Ñëåäóåò èç âûâîäà ôîðìóëû äëÿ ôóíäàìåíòàëüíîãî ðåøåíèÿ óðàâíåíèÿ
òåïëîïðîâîäíîñòè (ñì. òåîðåìó 5.14). �

Òåîðåìà 6.38 (Ïðåäåë ôóíäàìåíòàëüíîãî ðåøåíèÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ïðè t→ +0).
Ïóñòü

• ∀ t > 0 ∀ x ∈ Rn E(x, t) = 1
(2a
√
πt)n

e−
|x|2

4a2t , ãäå n ∈ N;
• E(·, t) � ñåìåéñòâî ðåãóëÿðíûõ îáîáùåííûõ ôóíêöèé ñ ÿäðîì E(·, t), çàâèñÿùèì îò ïà-
ðàìåòðà t > 0.

Òîãäà

E(x, t)
D′(Rn)−→
t→+0

δ(x).

Äîêàçàòåëüñòâî. Ïóñòü E1(·, t) � ñåìåéñòâî ðåãóëÿðíûõ îáîáùåííûõ ôóíêöèé ñ ÿäðîì

E(x1, t) =
1

2a
√
πt
e−

x21
4a2t , x1 ∈ R,

çàâèñÿùèì îò ïàðàìåòðà t > 0. Èç òåîðåìû 1.63 ñëåäóåò, ÷òî

E1(x1, t)
D′(R)−→
t→+0

δ(x1).

Çàìåòèì òåïåðü, ÷òî îáîáùåííàÿ ôóíêöèÿ E ìîæåò áûòü ïðåäñòàâëåíà â âèäå ïðÿìîãî ïðî-
èçâåäåíèÿ

E(x, t) = E1(x1, t) · E1(x2, t) · . . . · E1(xn, t).
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Ñëåäîâàòåëüíî,

E(x, t)
D′(Rn)−→
t→+0

δ(x1) · δ(x2) · . . . · δ(xn) = δ(x). �

Òåîðåìà 6.39 (Òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ êëàññè÷åñêîé çàäà÷è Êîøè
äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè â Rn+1). Ïóñòü

• F ∈ D(Rn+1), U0 ∈ D(Rn), ãäå n ∈ N;
• suppF (x, t) ⊂ Rn × [0,+∞).

Òîãäà ðåøåíèå êëàññè÷åñêîé çàäà÷è Êîøè äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè (6.9) ñ äîïîëíè-
òåëüíûì óñëîâèåì (íà ïîâåäåíèå ðåøåíèÿ U íà áåñêîíå÷íîñòè) âèäà

• u ∈ S ′(Rn+1), ãäå u � ðåãóëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ ñ ÿäðîì U ïðè t > 0 è 0 ïðè t < 0,

ñóùåñòâóåò è åäèíñòâåííî. Ïðè ýòîì ðåøåíèå ìîæåò áûòü çàïèñàíî â âèäå

U(x, t) = E ∗ F (x, t) + E(·, t) ∗ U0(x), (6.13)

ãäå ÿäðî ôóíäàìåíòàëüíîãî ðåøåíèÿ E îïåðàòîðà òåïëîïðîâîäíîñòè îïðåäåëåíî ðàâåíñòâîì

E(x, t) =
θ(t)

(2a
√
πt)n

e−
|x|2

4a2t ,

ñâåðòêà ïîíèìàåòñÿ â ñëåäóþùåì ñìûñëå (â Rn+1 äëÿ ïåðâîãî ñëàãàåìîãî è â Rn äëÿ âòîðîãî
ñëàãàåìîãî â ôîðìóëå (6.13))

E ∗ F (x, t) =

t∫
0

∫
Rn

E(y, τ)F (x− y, t− τ) dy dτ, E(·, t) ∗ U0(x) =

∫
Rn

E(y, t)U0(x− y) dy

è íà÷àëüíîå óñëîâèå ïîíèìàåòñÿ â ñëåäóþùåì ñìûñëå

U(x, t)
∣∣
t=0

= lim
t→+0

U(x, t).

Äîêàçàòåëüñòâî. Äëÿ îáîñíîâàíèÿ ñóùåñòâîâàíèÿ ñâåðòêè E ∗ F (x, t) ïåðåïèøåì åå ñëåäóþ-
ùèì îáðàçîì

E ∗ F (x, t) =

t∫
0

∫
Rn

θ(t)

(2a
√
πτ)n

e−
|y|2

4a2τ F (x− y, t− τ) dy dτ =
[
y = z

√
τ
]

=

=
θ(t)

(2a
√
π)n

t∫
0

∫
Rn

e−
|z|2

4a2 F (x− z
√
τ , t− τ) dz dτ.

Â ïîñëåäíåì èíòåãðàëå ïîäûíòåãðàëüíàÿ ôóíêöèÿ íåïðåðûâíà ïî ïåðåìåííûì z è τ âî âñåé
îáëàñòè èíòåãðèðîâàíèÿ è èìååò êîìïàêòíûé íîñèòåëü. Ñëåäîâàòåëüíî, ñâåðòêà E ∗F (x, t) êîð-
ðåêòíî îïðåäåëåíà. Àíàëîãè÷íûì îáðàçîì, ìîæíî óáåäèòüñÿ, ÷òî ôóíêöèÿ E∗F (x, t) áåñêîíå÷íî
äèôôåðåíöèðóåìà ïî îáåèì ïåðåìåííûì.
Çàìåòèì, ÷òî ïðè t > 0 ôóíêöèÿ E(x, t) ÿâëÿåòñÿ ãëàäêîé ïî ïåðåìåííîé x. Îòñþäà ëåãêî

ñëåäóåò, ÷òî ñâåðòêà E(·, t) ∗ U0(x) êîððåêòíî îïðåäåëåíà è áåñêîíå÷íî äèôôåðåíöèðóåìà ïî
îáåèì ïåðåìåííûì ïðè t > 0.
Ââåäåì îáîçíà÷åíèÿ

U1(x, t) = E ∗ F (x, t), U2(x, t) = E(·, t) ∗ U0(x).
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Èç òåîðåìû 5.9 ñëåäóåò, ÷òî [
∂

∂t
− a2∆

]
U1(x, t) = F (x, t).

Èç òåîðåìû 6.37 è ñâîéñòâ ñâåðòêè ñëåäóåò, ÷òî ïðè t > 0[
∂

∂t
− a2∆

]
U2(x, t) =

∫
Rn
U0(y)

[
∂

∂t
− a2∆x

]
E(x− y, t) dy = 0.

Èç óñëîâèé suppE(x, t) ⊂ Rn × [0,+∞) è suppF (x, t) ⊂ Rn × [0,+∞) ñëåäóåò, ÷òî

lim
t→+0

U1(x, t) = lim
t→+0

t∫
0

∫
Rn

E(y, τ)F (x− y, t− τ) dy dτ =

0∫
0

∫
Rn

E(y, τ)F (x− y, t− τ) dy dτ = 0.

Èç òåîðåìû 6.38 ñëåäóåò, ÷òî

lim
t→+0

U2(x, t) = lim
t→+0

(
E(y, t), U0(x− y)

)
=
(
δ(y), U0(x− y)

)
= U0(x).

Ñîáèðàÿ ïîëó÷åííûå ðåçóëüòàòû âìåñòå, ïîëó÷èì, ÷òî U ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ òåïëî-
ïðîâîäíîñòè (6.9).
Åäèíñòâåííîñòü ðåøåíèÿ â óêàçàííîì êëàññå ñëåäóåò èç òåîðåìû 6.36. �

6.8. Çàäà÷à Êîøè äëÿ âîëíîâîãî óðàâíåíèÿ âî âñåì ïðîñòðàíñòâå.

Îïðåäåëåíèå 6.40 (Êëàññè÷åñêàÿ çàäà÷à Êîøè äëÿ âîëíîâîãî óðàâíåíèÿ â Rn+1). Ïóñòü

• F : Rn × [0,+∞) −→ R, U0 : Rn −→ R è U1 : Rn −→ R � çàäàííûå ôóíêöèè, ãäå n ∈ N;
• a > 0 � çàäàííàÿ ïîñòîÿííàÿ;
• U : Rn × [0,+∞) −→ R � ôóíêöèÿ, êîòîðóþ òðåáóåòñÿ îïðåäåëèòü.

Òîãäà êëàññè÷åñêîé çàäà÷åé Êîøè äëÿ âîëíîâîãî óðàâíåíèÿ íàçûâàþò çàäà÷ó âèäà

∂2U(x,t)
∂t2

− a2∆U(x, t) = F (x, t), (x, t) ∈ Rn × (0,+∞),

U(x, t)
∣∣
t=0

= U0(x), x ∈ Rn,

∂U(x,t)
∂t

∣∣∣
t=0

= U1(x), x ∈ Rn,

U ∈ C2(Rn × (0,+∞)) ∩ C1(Rn × [0,+∞)).

(6.14)

Îïðåäåëåíèå 6.41 (Îáîáùåííàÿ çàäà÷à Êîøè äëÿ âîëíîâîãî óðàâíåíèÿ â Rn+1). Ïóñòü

• f ∈ S ′(Rn+1), u0 ∈ S ′(Rn) è u1 ∈ S ′(Rn) � çàäàííûå îáîáùåííûå ôóíêöèè, ãäå n ∈ N;
• supp f(x, t) ⊂ Rn × [0,+∞);
• a > 0 � çàäàííàÿ ïîñòîÿííàÿ;
• u ∈ S ′(Rn+1) � îáîáùåííàÿ ôóíêöèÿ, êîòîðóþ òðåáóåòñÿ îïðåäåëèòü.

Òîãäà îáîáùåííîé çàäà÷åé Êîøè äëÿ âîëíîâîãî óðàâíåíèÿ íàçûâàþò çàäà÷ó âèäà
∂2u(x,t)
∂t2

− a2∆u(x, t) = f(x, t) + u0(x)δ′(t) + u1(x)δ(t), (x, t) ∈ Rn+1,

suppu(x, t) ⊂ Rn × [0,+∞),

u ∈ S ′(Rn+1).

(6.15)

Òåîðåìà 6.42 (Òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ îáîáùåííîé çàäà÷è Êîøè
äëÿ âîëíîâîãî óðàâíåíèÿ â Rn+1). Ïóñòü

• n ∈ N, R > 0, BR = {x | x ∈ Rn, |x| < R} è T > 0;
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• f ∈ S ′(Rn+1), u0 ∈ S ′(Rn), u1 ∈ S ′(Rn);
• supp f(x, t) ⊂ BR × [0, T ], suppu0(x) ⊂ BR, suppu1(x) ⊂ BR.

Òîãäà ðåøåíèå îáîáùåííîé çàäà÷è Êîøè äëÿ âîëíîâîãî óðàâíåíèÿ (6.15) ñóùåñòâóåò, åäèí-
ñòâåííî è ìîæåò áûòü çàïèñàíî â âèäå

u(x, t) =
(
E(y, τ) ∗

[
f(y, τ) + u0(y)δ′(τ) + u1(y)δ(τ)

])
(x, t),

ãäå E � ôóíäàìåíòàëüíîå ðåøåíèå âîëíîâîãî îïåðàòîðà, óäîâëåòâîðÿþùåå óñëîâèþ

supp E ⊂ Rn × [0,+∞).

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ïðàêòè÷åñêè ïîëíîñòüþ ïîâòîðÿåò äîêàçàòåëüñòâî òåîðå-
ìû 6.36 (ñàìîñòîÿòåëüíî). �

Îïðåäåëåíèå 6.43 (Çàïàçäûâàþùèé ïîòåíöèàë). Ïóñòü

• E � ôóíäàìåíòàëüíîå ðåøåíèå âîëíîâîãî îïåðàòîðà, óäîâëåòâîðÿþùåå ïðèíöèïó ïðè-
÷èííîñòè supp E ⊂ Rn × [0,+∞), ãäå n ∈ N;
• ρ ∈ S ′(Rn+1), supp ρ ⊂ Rn × [0,+∞);
• supp ρ � îãðàíè÷åí.

Òîãäà îáîáùåííóþ ôóíêöèþ

u(x, t) = E ∗ ρ(x, t)

íàçûâàþò çàïàçäûâàþùèì ïîòåíöèàëîì ñ ïëîòíîñòüþ ρ.

Òåîðåìà 6.44 (Òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ êëàññè÷åñêîé çàäà÷è Êîøè
äëÿ âîëíîâîãî óðàâíåíèÿ â R1+1). Ïóñòü

• F ∈ D(R1+1), U0 ∈ D(R), U1 ∈ D(R);
• suppF (x, t) ⊂ R× [0,+∞).

Òîãäà ðåøåíèå êëàññè÷åñêîé çàäà÷è Êîøè äëÿ âîëíîâîãî óðàâíåíèÿ (6.14) ïðè n = 1 ñóùå-
ñòâóåò è åäèíñòâåííî. Ïðè ýòîì ðåøåíèå ïðè t > 0 âûðàæàåòñÿ ôîðìóëîé Äàëàìáåðà

U(x, t) =
1

2
[U0(x+ at) + U0(x− at)] +

1

2a

x+at∫
x−at

U1(y) dy +
1

2a

t∫
0

x+a(t+τ)∫
x−a(t−τ)

F (y, τ) dy dτ.

Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà òåîðåìû, âîñïîëüçóåìñÿ ðåçóëüòàòîì òåîðåìû 6.42 ïðè
n = 1. Èç òåîðåìû 5.16 ñëåäóåò, ÷òî ôóíäàìåíòàëüíîå ðåøåíèå âîëíîâîãî îïåðàòîðà èìååò âèä

E(x, t) =
1

2a
θ(at− |x|).

Ïóñòü u0 � ðåãóëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ èç êëàññà D′(R) ñ ÿäðîì U0, u1 � ðåãóëÿðíàÿ
îáîáùåííàÿ ôóíêöèÿ èç êëàññà D′(R) ñ ÿäðîì U1, f � ðåãóëÿðíàÿ ôóíêöèÿ èç êëàññà D′(R1+1)
ñ ÿäðîì F . Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ

v0(x, t) =
(
E(y, τ) ∗ u0(y)δ′(τ)

)
(x, t), v1(x, t) =

(
E(y, τ) ∗ u1(y)δ(τ)

)
(x, t), v2(x, t) = E ∗ f(x, t).

Ëåãêî âèäåòü, ÷òî

v1(x, t) =
(
E(y, τ) ∗ u1(y)δ(τ)

)
(x, t) =

(
E(y, t) ∗y u1(y)

)
(x),
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ãäå ∗y � îáîçíà÷àåò ñâåðòêó ïî ïåðåìåííîé y. Ó÷èòûâàÿ, ÷òî E(y, t) è u1(y) � ðåãóëÿðíûå îáîá-
ùåííûå ôóíêöèè, ïîëó÷èì, ÷òî v1 � ðåãóëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ ñ ÿäðîì

V1(x, t) =
(
E(y, t) ∗y U1(y)

)
(x) =

∫
R

E(x− y, t)U1(y) dy =
1

2a

∫
|x−y|<at

U1(y) dy =
θ(t)

2a

x+at∫
x−at

U1(y) dy.

Ïðè ýòîì ÿäðî V1 ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì óðàâíåíèÿ

∂2V1(x, t)

∂t2
− a2∆V1(x, t) = 0

ïðè (x, t) ∈ R× (0,+∞).
Äàëåå, èç ñâîéñòâ ñâåðòêè ñëåäóåò, ÷òî

v0(x, t) =
(
E(y, τ) ∗ u0(y)δ′(τ)

)
(x, t) =

(
E(y, τ) ∗ u0(y)δ(τ)

)′
t
(x, t) =

(
E(y, t) ∗y u0(y)

)′
t
(x).

Ó÷èòûâàÿ, ÷òî
(
E(y, t)∗yu0(y)

)
(x) � ðåãóëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ ñ íåïðåðûâíûì è êóñî÷íî-

ãëàäêèì ÿäðîì (ïðè t = 0 äàííàÿ ôóíêöèÿ íåïðåðûâíà, à åå ïðîèçâîäíàÿ ïî t, âîîáùå ãîâîðÿ,
íåò), ïðîèçâîäíóþ ïî t ìîæíî ïîíèìàòü â êëàññè÷åñêîì ñìûñëå. Ñëåäîâàòåëüíî, v0 � ðåãóëÿðíàÿ
îáîáùåííàÿ ôóíêöèÿ ñ ÿäðîì

V0(x, t) =
(
E(y, t) ∗y U0(y)

)′
t
(x) =

θ(t)

2a

 x+at∫
x−at

U0(y) dy

′
t

=
θ(t)

2
[U0(x+ at) + U0(x− at)] .

Ïðè ýòîì ÿäðî V0 ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì óðàâíåíèÿ

∂2V0(x, t)

∂t2
− a2∆V0(x, t) = 0

ïðè (x, t) ∈ R× (0,+∞).
Èç òåîðåìû 5.9 ñëåäóåò, ÷òî ÿäðî V2 îáîáùåííîé ôóíêöèè v2 ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì

óðàâíåíèÿ
∂2V2(x, t)

∂t2
− a2∆V2(x, t) = F (x, t)

ïðè (x, t) ∈ R1+1. Âìåñòå ñ ýòèì, ëåãêî âèäåòü, ÷òî

V2(x, t) =
(
E(y, τ), F (x− y, t− τ)

)
=
(
E(x− y, t− τ), F (y, τ)

)
=

1

2a

∫∫
|x−y|<a(t−τ)

F (y, τ) dy dτ =

=
1

2a

t∫
0

∫
|x−y|<a(t−τ)

F (y, τ) dy dτ =
1

2a

t∫
0

x+a(t+τ)∫
x−a(t−τ)

F (y, τ) dy dτ.

Ñîáèðàÿ ïîëó÷åííûå ðåçóëüòàòû âìåñòå, ïîëó÷èì, ÷òî ôóíêöèÿ

U(x, t) = V0(x, t) + V1(x, t) + V2(x, t)

ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

∂2U(x, t)

∂t2
− a2∆U(x, t) = F (x, t)

ïðè (x, t) ∈ R× (0,+∞).
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Çàìåòèì, ÷òî

lim
t→+0

U(x, t) = lim
t→+0

V0(x, t) + lim
t→+0

V1(x, t) + lim
t→+0

V2(x, t) = U0(x) + 0 + 0,

lim
t→+0

∂U(x, t)

∂t
= lim

t→+0

∂V0(x, t)

∂t
+ lim

t→+0

∂V1(x, t)

∂t
+ lim

t→+0

∂V2(x, t)

∂t
= 0 + U1(x) + 0.

Ñëåäîâàòåëüíî, U � óäîâëåòâîðÿåò íà÷àëüíûì óñëîâèÿì çàäà÷è (6.14).
Åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (6.14) îñòàâèì áåç äîêàçàòåëüñòâà. �

Òåîðåìà 6.45 (Òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ êëàññè÷åñêîé çàäà÷è Êîøè
äëÿ âîëíîâîãî óðàâíåíèÿ â R2+1). Ïóñòü

• F ∈ D(R2+1), U0 ∈ D(R2), U1 ∈ D(R2);
• suppF (x, t) ⊂ R2 × [0,+∞).

Òîãäà ðåøåíèå êëàññè÷åñêîé çàäà÷è Êîøè äëÿ âîëíîâîãî óðàâíåíèÿ (6.14) ïðè n = 2 ñóùå-
ñòâóåò è åäèíñòâåííî. Ïðè ýòîì ðåøåíèå ïðè t > 0 âûðàæàåòñÿ ôîðìóëîé Ïóàññîíà

U(x, t) =
1

2πa

∂

∂t

∫
|x−y|<at

U0(y) dy√
a2t2 − |x− y|2

+
1

2πa

∫
|x−y|<at

U1(y) dy√
a2t2 − |x− y|2

+

+
1

2πa

t∫
0

∫
|x−y|<a(t−τ)

F (y, τ) dy dτ√
a2(t− τ)2 − |x− y|2

.

Äîêàçàòåëüñòâî. Áåç äîêàçàòåëüñòâà (äîêàçàòåëüñòâî âïîëíå àíàëîãè÷íî äîêàçàòåëüñòâó òåî-
ðåìû 6.44). �

Òåîðåìà 6.46 (Òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ êëàññè÷åñêîé çàäà÷è Êîøè
äëÿ âîëíîâîãî óðàâíåíèÿ â R3+1). Ïóñòü

• F ∈ D(R3+1), U0 ∈ D(R3), U1 ∈ D3(R);
• suppF (x, t) ⊂ R3 × [0,+∞).

Òîãäà ðåøåíèå êëàññè÷åñêîé çàäà÷è Êîøè äëÿ âîëíîâîãî óðàâíåíèÿ (6.14) ïðè n = 3 ñóùå-
ñòâóåò è åäèíñòâåííî. Ïðè ýòîì ðåøåíèå ïðè t > 0 âûðàæàåòñÿ ôîðìóëîé Êèðõãîôà

U(x, t) =
1

4πa2

∂

∂t

1

t

∫
|x−y|=at

U0(y) dS

+
1

4πa2t

∫
|x−y|=at

U1(y) dS +

+
1

4πa2

∫
|x−y|<at

F

(
y, t− |x− y|

a

)
dy

|x− y|
.

Äîêàçàòåëüñòâî. Áåç äîêàçàòåëüñòâà (äîêàçàòåëüñòâî âïîëíå àíàëîãè÷íî äîêàçàòåëüñòâó òåî-
ðåìû 6.44). �

6.9. Çàäà÷à Êîøè äëÿ óðàâíåíèÿ Øðåäèíãåðà âî âñåì ïðîñòðàíñòâå.

Îïðåäåëåíèå 6.47 (Îáîáùåííàÿ çàäà÷à Êîøè äëÿ óðàâíåíèÿ Øðåäèíãåðà â Rn+1). Ïóñòü

• f ∈ S ′(Rn+1) è u0 ∈ S ′(Rn) � çàäàííûå îáîáùåííûå ôóíêöèè, ãäå n ∈ N;
• supp f(x, t) ⊂ Rn × [0,+∞);
• u ∈ S ′(Rn+1) � îáîáùåííàÿ ôóíêöèÿ, êîòîðóþ òðåáóåòñÿ îïðåäåëèòü.
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Òîãäà îáîáùåííîé çàäà÷åé Êîøè äëÿ óðàâíåíèÿ Øðåäèíãåðà íàçûâàþò çàäà÷ó âèäà
i∂u(x,t)

∂t
−∆u(x, t) = f(x, t) + iu0(x)δ(t), (x, t) ∈ Rn+1,

suppu(x, t) ⊂ Rn × [0,+∞),

u ∈ S ′(Rn+1).

(6.16)

Òåîðåìà 6.48 (Òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ îáîáùåííîé çàäà÷è Êîøè
äëÿ óðàâíåíèÿ Øðåäèíãåðà â Rn+1). Ïóñòü

• n ∈ N, R > 0, BR = {x | x ∈ Rn, |x| < R} è T > 0;
• f ∈ S ′(Rn+1), u0 ∈ S ′(Rn);
• supp f(x, t) ⊂ BR × [0, T ], suppu0(x) ⊂ BR.

Òîãäà ðåøåíèå îáîáùåííîé çàäà÷è Êîøè äëÿ óðàâíåíèÿ Øðåäèíãåðà (6.16) ñóùåñòâóåò, åäèí-
ñòâåííî è ìîæåò áûòü çàïèñàíî â âèäå

u(x, t) =
(
E(y, τ) ∗

[
f(y, τ) + iu0(y)δ(τ)

])
(x, t),

ãäå E � ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà Øðåäèíãåðà, óäîâëåòâîðÿþùåå óñëîâèþ

supp E ⊂ Rn × [0,+∞).

Äîêàçàòåëüñòâî. Ñàìîñòîÿòåëüíî (äîêàçàòåëüñòâî ïðàêòè÷åñêè ïîëíîñòüþ ïîâòîðÿåò äîêàçà-
òåëüñòâî òåîðåìû 6.36). �

6.10. Ôèçè÷åñêàÿ èíòåðïðåòàöèÿ ïîëó÷åííûõ ðåçóëüòàòîâ.

Òåîðåìà 6.49 (Ñêîðîñòü ðàñïðîñòðàíåíèÿ âîçìóùåíèÿ äëÿ óðàâíåíèé ìàòåìàòè÷åñêîé ôèçè-
êè çàâèñÿùèõ îò âðåìåíè). Ñêîðîñòü ðàñïðîñòðàíåíèÿ âîçìóùåíèÿ îò òî÷å÷íîãî èñòî÷íèêà

(1) äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ïðè n ∈ N ðàâíà áåñêîíå÷íîñòè;
(2) äëÿ âîëíîâîãî óðàâíåíèÿ ïðè n ∈ N ðàâíà a;
(3) äëÿ óðàâíåíèÿ Øðåäèíãåðà ïðè n ∈ N ðàâíà áåñêîíå÷íîñòè.

Äîêàçàòåëüñòâî. Ñëåäóåò èç ÿâíîãî âèäà ôóíäàìåíòàëüíîãî ðåøåíèÿ (ñ íîñèòåëåì ñîñðåäî-
òî÷åííûì â îáëàñòè t > 0) äëÿ óïîìÿíóòûõ óðàâíåíèé. �

Îïðåäåëåíèå 6.50 (Ïåðåäíèé ôðîíò âîëíû). Ïóñòü

• u(x, t) � êëàññè÷åñêîå ðåøåíèå çàäà÷è Êîøè äëÿ îäíîðîäíîãî óðàâíåíèÿ (òèï: ïàðàáîëè-
÷åñêîå, ãèïåðáîëè÷åñêîå èëè Øðåäèíãåðà) â Rn+1, ãäå n ∈ N;
• u(x, 0) (è ∂tu(x, 0) äëÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ) � èìåþò êîìïàêòíûé íîñèòåëü (ïî
ïåðåìåííîé x).

Òîãäà ãîâîðÿò, ÷òî S ⊂ Rn � ïåðåäíèé ôðîíò âîëíû u â ìîìåíò âðåìåíè T > 0, åñëè
ñóùåñòâóåò ε > 0 òàêîå, ÷òî

(1) äëÿ ëþáûõ x ∈ S è t 6 T âåðíî, ÷òî u(x, t) = 0;
(2) äëÿ ëþáûõ x ∈ S è t ∈ (T, T + ε) âåðíî, ÷òî u(x, t) 6= 0.

Îïðåäåëåíèå 6.51 (Çàäíèé ôðîíò âîëíû). Ïóñòü

• u(x, t) � êëàññè÷åñêîå ðåøåíèå çàäà÷è Êîøè äëÿ îäíîðîäíîãî óðàâíåíèÿ (òèï: ïàðàáîëè-
÷åñêîå, ãèïåðáîëè÷åñêîå èëè Øðåäèíãåðà) â Rn+1, ãäå n ∈ N;
• u(x, 0) (è ∂tu(x, 0) äëÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ) � èìåþò êîìïàêòíûé íîñèòåëü (ïî
ïåðåìåííîé x).



ËÅÊÖÈÈ ÏÎ ÌÅÒÎÄÀÌ ÌÀÒÅÌÀÒÈ×ÅÑÊÎÉ ÔÈÇÈÊÈ (6 ÑÅÌÅÑÒÐ) 73

Òîãäà ãîâîðÿò, ÷òî S ⊂ Rn � çàäíèé ôðîíò âîëíû u â ìîìåíò âðåìåíè T > 0, åñëè ñóùå-
ñòâóåò ε > 0 òàêîå, ÷òî

(1) äëÿ ëþáûõ x ∈ S è t ∈ (T − ε, T ) âåðíî, ÷òî u(x, t) 6= 0;
(2) äëÿ ëþáûõ x ∈ S è t > T âåðíî, ÷òî u(x, t) = 0.

Òåîðåìà 6.52 (Ïåðåäíèé è çàäíèé ôðîíòû âîëíû äëÿ óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè

çàâèñÿùèõ îò âðåìåíè).
(1) Äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ïðè n ∈ N ïåðåäíèé è çàäíèé ôðîíòû âîëíû îòñóò-

ñòâóþò;
(2) Äëÿ âîëíîâîãî óðàâíåíèÿ ïðè n ∈ N ñóùåñòâóåò ïåðåäíèé ôðîíò âîëíû;
(3) Äëÿ âîëíîâîãî óðàâíåíèÿ ïðè n = 1, 2 (è âñåõ ÷åòíûõ n) çàäíèé ôðîíò âîëíû îòñóò-

ñòâóåò;
(4) Äëÿ âîëíîâîãî óðàâíåíèÿ ïðè n = 3 (è âñåõ íå÷åòíûõ n, êðîìå n = 1) ñóùåñòâóåò

çàäíèé ôðîíò âîëíû;
(5) Äëÿ óðàâíåíèÿ Øðåäèíãåðà ïðè n ∈ N ïåðåäíèé è çàäíèé ôðîíòû âîëíû îòñóòñòâóþò;

Äîêàçàòåëüñòâî. Ñëåäóåò èç ÿâíîãî âèäà ôóíäàìåíòàëüíîãî ðåøåíèÿ (ñ íîñèòåëåì ñîñðåäî-
òî÷åííûì â îáëàñòè t > 0) äëÿ óïîìÿíóòûõ óðàâíåíèé. �
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7. Àíàëèòè÷åñêàÿ òåîðèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé

7.1. Ïîâåäåíèå ðåøåíèé äèôôåðåíöèàëüíîãî óðàâíåíèÿ â îáëàñòè ðåãóëÿðíîñòè åãî
êîýôôèöèåíòîâ.

Òåîðåìà 7.1 (Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è Êîøè äëÿ ëèíåéíîãî äèôôå-
ðåíöèàëüíîãî óðàâíåíèÿ â îáëàñòè ðåãóëÿðíîñòè åãî êîýôôèöèåíòîâ). Ïóñòü

• D � îäíîñâÿçíàÿ îáëàñòü â C;
• F ∈ H(D);
• z0 ∈ D è w0 ∈ C.

Òîãäà ðåøåíèå çàäà÷è Êîøè

W ′(z) = F (z)W (z), W (z0) = w0 (7.1)

ñóùåñòâóåò, åäèíñòâåííî è ÿâëÿåòñÿ ðåãóëÿðíîé ôóíêöèåé â îáëàñòè D.

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ïðîâåäåì äëÿ ñëó÷àÿ, êîãäà D � âûïóêëàÿ îáëàñòü.
Äîêàæåì, ÷òî ðåøåíèå ñóùåñòâóåò. Äëÿ ýòîãî ðàññìîòðèì ðåêóððåíòíóþ ïîñëåäîâàòåëüíîñòü

Wp(z) =

z∫
z0

F (ζ)Wp−1(ζ) dζ + w0, (7.2)

ãäå p ∈ N,W0(z) = w0 è z ∈ D. Èíòåãðàë â ôîðìóëå (7.2) íå çàâèñèò îò âûáîðà êîíòóðà èíòåãðè-
ðîâàíèÿ è, ñëåäîâàòåëüíî, â êà÷åñòâå êîíòóðà èíòåãðèðîâàíèÿ ìîæíî âûáðàòü ïðÿìîëèíåéíûé
îòðåçîê, ñîåäèíÿþùèé òî÷êè z è z0. Ëåãêî âèäåòü, ÷òî

W1(z) =

z∫
z0

F (ζ)w0 dζ + w0

è, ñëåäîâàòåëüíî, W1 ∈ H(D). Ïî èíäóêöèè ïîëó÷èì, ÷òî

∀ p ∈ N Wp ∈ H(D).

Äîêàæåì òåïåðü, ÷òî ñóùåñòâóåò ïðåäåë lim
p→∞

Wp(z). Äëÿ ýòîãî çàìåòèì, ÷òî

Wp(z) = W0(z) +

p∑
n=1

[
Wn(z)−Wn−1(z)

]
è äîêàæåì, ÷òî ðÿä

W0(z) +

p∑
n=1

[
Wn(z)−Wn−1(z)

]
(7.3)

ñõîäèòñÿ.
Ïóñòü K � ïðîèçâîëüíûé âûïóêëûé êîìïàêò ëåæàùèé âíóòðè îáëàñòè D è ñîäåðæàùèé

òî÷êó z0. Òîãäà ñóùåñòâóåò êîíå÷íûé ìàêñèìóì

M = max
z∈K
|F (z)|.

Ïî èíäóêöèè ëåãêî ïîëó÷èòü, ÷òî

∀ z ∈ K |W1(z)−W0(z)| 6
z∫

z0

|F (ζ)||w0| dl 6M |w0|
z∫

z0

dl = M |z − z0||w0|,
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|W2(z)−W1(z)| 6
z∫

z0

|F (ζ)||W1(ζ)−W0(ζ)| dl 6M2|w0|
z∫

z0

|z − z0| dl =
1

2
M2|z − z0|2|w0|,

∀ n ∈ N |Wn(z)−Wn−1(z)| 6
z∫

z0

|F (ζ)||Wn−1(ζ)−Wn−2(ζ)| dl 6 1

n!
Mn|z − z0|n|w0|.

Îòñþäà,

∀ z ∈ K

∣∣∣∣∣W0(z) +
∞∑
n=1

[
Wn(z)−Wn−1(z)

]∣∣∣∣∣ 6 |w0|
∞∑
n=0

1

n!
Mn|z − z0|n = |w0|eM |z−z0| <∞.

Ñëåäîâàòåëüíî, ðÿä (7.3) ñõîäèòñÿ ðàâíîìåðíî íà K. Îáîçíà÷èì ñóììó ðÿäà (7.3) ÷åðåç W∗ è
çàìåòèì, ÷òî

W∗(z) = lim
p→∞

Wp(z), (7.4)

ïðè÷åì ïîñëåäíèé ïðåäåë äîñòèãàåòñÿ ðàâíîìåðíî íà ëþáîì âûïóêëîì êîìïàêòå K ⊂ D. Èç
òåîðåìû Âåéåðøòðàññà è ïðîèçâîëüíîñòè âûáîðà êîìïàêòà K ñëåäóåò, ÷òî W∗ ∈ H(D).
Äîêàæåì òåïåðü, ÷òîW∗ � ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êîøè (7.1). Èç ðàâíîìåðíîé ñõîäèìîñòè

ïðåäåëà (7.4) ñëåäóåò, ÷òî â ðàâåíñòâå (7.2) âîçìîæíî ïåðåéòè ê ïðåäåëó ïîä çíàêîì èíòåãðàëà.
Îòñþäà ïîëó÷èì, ÷òî

W∗(z) =

z∫
z0

F (ζ)W∗(ζ) dζ + w0. (7.5)

Äèôôåðåíöèðóÿ ðàâåíñòâî (7.5) ïî z ïîëó÷èì, ÷òî

W ′
∗(z) = F (z)W∗(z).

Ïîëàãàÿ z = z0 â ðàâåíñòâå (7.5) ïîëó÷èì, ÷òî W∗(z0) = w0. Òàêèì îáðàçîì, W∗ � ðåøåíèå
çàäà÷è Êîøè (7.1).
Äîêàæåì òåïåðü, ÷òî ðåøåíèå W çàäà÷è Êîøè (7.1) åäèíñòâåííî. Äëÿ ýòîãî äîñòàòî÷íî äî-

êàçàòü, ÷òî ðÿä Òåéëîðà ðåøåíèÿ W îäíîçíà÷íî îïðåäåëÿåòñÿ çàäà÷åé Êîøè (7.1).
Èç ðåãóëÿðíîñòè ðåøåíèÿ W â îêðåñòíîñòè òî÷êè z0 ñëåäóåò, ÷òî ðåøåíèå W ìîæåò áûòü

ðàçëîæåíî â ñõîäÿùèéñÿ ðÿä Òåéëîðà âèäà

W (z) =
∞∑
n=0

cn(z − z0)n. (7.6)

Àíàëîãè÷íî,

F (z) =
∞∑
n=0

fn(z − z0)n. (7.7)

Ïîäñòàâëÿÿ ðÿäû (7.6) è (7.7) â óðàâíåíèå (7.1) ïîëó÷èì, ÷òî

W ′(z) =
∞∑
n=1

ncn(z − z0)n−1 =
[
p = n− 1

]
=
∞∑
p=0

(p+ 1)cp+1(z − z0)p,
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F (z)W (z) =
∞∑
n=0

cn(z − z0)n
∞∑
k=0

fk(z − z0)k =
[
n = n, p = n+ k

]
=
∞∑
n=0

∞∑
p=n

cnfp−n(z − z0)p =

=
∞∑
p=0

p∑
n=0

cnfp−n(z − z0)p =
∞∑
p=0

(z − z0)p
p∑

n=0

cnfp−n,

∞∑
p=0

(p+ 1)cp+1(z − z0)p =
∞∑
p=0

(z − z0)p
p∑

n=0

cnfp−n. (7.8)

Èç íà÷àëüíîãî óñëîâèÿ çàäà÷è Êîøè (7.1) ïîëó÷èì, ÷òî

c0 = w0. (7.9)

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ (z− z0) â ðàâåíñòâå (7.8), ïîëó÷èì, ÷òî

∀ p ∈ Z+ cp+1 =
1

p+ 1

p∑
n=0

cnfp−n. (7.10)

Çàìåòèì òåïåðü, ÷òî óðàâíåíèå (7.10) ÿâëÿåòñÿ ðåêóððåíòíûì. Ïðè p = 0 ïîëó÷èì, ÷òî c1

âûðàæàåòñÿ ÷åðåç c0, ïðè p = 1 ïîëó÷èì, ÷òî c2 âûðàæàåòñÿ ÷åðåç c0 è c1 è ò.ä. Òàêèì îáðàçîì,
èç (7.9) è (7.10) ñëåäóåò, ÷òî âñå êîýôôèöèåíòû èç ðÿäà Òåéëîðà (7.6) îäíîçíà÷íî âûðàæàþòñÿ
÷åðåç w0 (êîýôôèöèåíò â íà÷àëüíîì óñëîâèè çàäà÷è Êîøè (7.1)) è ÷åðåç êîýôôèöèåíòû ðÿäà
Òåéëîðà (7.7) ôóíêöèè F . Äðóãèìè ñëîâàìè, ðåøåíèå çàäà÷è Êîøè (7.1)) åäèíñòâåííî. �

Òåîðåìà 7.2 (Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è Êîøè äëÿ ñèñòåìû ëèíåéíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé â îáëàñòè ðåãóëÿðíîñòè åå êîýôôèöèåíòîâ). Ïóñòü

• D � îäíîñâÿçíàÿ îáëàñòü â C;
• n ∈ N;
• F � ìàòðèöà n× n, êàæäûé ýëåìåíò êîòîðîé ÿâëÿåòñÿ ðåãóëÿðíîé ôóíêöèåé â D;
• z0 ∈ D è −→w 0 ∈ Cn.

Òîãäà ðåøåíèå çàäà÷è Êîøè
−→
W ′(z) = F (z)

−→
W (z), W (z0) = w0

ñóùåñòâóåò, åäèíñòâåííî è ÿâëÿåòñÿ ðåãóëÿðíîé ôóíêöèåé â îáëàñòè D.

Äîêàçàòåëüñòâî. Ñàìîñòîÿòåëüíî (ïðàêòè÷åñêè äîñëîâíî ïîâòîðÿåò äîêàçàòåëüñòâî òåîðå-
ìû 7.1). �

Òåîðåìà 7.3 (Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è Êîøè äëÿ ñèñòåìû íåëèíåéíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé â îáëàñòè ðåãóëÿðíîñòè åå êîýôôèöèåíòîâ). Ïóñòü

• ε0 > 0, ε1 > 0, . . ., εn > 0, ãäå n ∈ N;
• z0 ∈ D, w0

1 ∈ C, w0
2 ∈ C, . . ., w0

n ∈ C;
•
−→
F (z,W1, . . . ,Wn) � âåêòîð äëèíû n, êàæäûé ýëåìåíò êîòîðîãî ÿâëÿåòñÿ ðåãóëÿðíîé
ôóíêöèåé â êðóãå |z−z0| < ε0 ïî ïåðåìåííîé z è â êðóãå |Wp−w0

p| < εp ïî ïåðåìåííîé Wp

äëÿ ëþáîãî p = 1, . . . , n;

• −→w 0 =

w0
1
...
w0
n

, −→W =

W1
...
Wn

, −→F (z,
−→
W ) ≡

−→
F (z,W1, . . . ,Wn).
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Òîãäà ñóùåñòâóåò ε ∈ (0, ε0] òàêîå, ÷òî ðåøåíèå çàäà÷è Êîøè

−→
W ′(z) =

−→
F (z,

−→
W (z)),

−→
W (z)

∣∣∣
z=z0

= −→w 0

ñóùåñòâóåò, åäèíñòâåííî è ÿâëÿåòñÿ ðåãóëÿðíîé ôóíêöèåé â êðóãå |z − z0| < ε.

Äîêàçàòåëüñòâî. Áåç äîêàçàòåëüñòâà. �

Òåîðåìà 7.4 (Êîíòðïðèìåð ê òåîðåìå î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è
Êîøè äëÿ íåëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ). Ñóùåñòâóþò ôóíêöèÿ F (z, w) ðåãó-
ëÿðíàÿ ïî êàæäîé èç ïåðåìåííûõ âî âñåé êîìïëåêñíîé ïëîñêîñòè, à òàêæå òî÷êè z0 ∈ C è
w0 ∈ C òàêèå, ÷òî ðåøåíèå W çàäà÷è Êîøè

W ′(z) = F (z,W ), W (z0) = w0

íå ìîæåò áûòü àíàëèòè÷åñêè ïðîäîëæåíî âî âñþ êîìïëåêñíóþ ïëîñêîñòü.

Äîêàçàòåëüñòâî. Ðàññìîòðèì çàäà÷ó Êîøè

W ′(z) = W 2, W (0) = w0, (7.11)

ãäå w0 ∈ C. Ðåøåíèå çàäà÷è Êîøè (7.11) èìååò âèä

W (z) =
1

1
w0
− z

. (7.12)

Ëåãêî âèäåòü, ÷òî ðåøåíèå (7.12) èìååò ïîëþñ ïåðâîãî ïîðÿäêà â òî÷êå 1
w0
. Áîëåå òîãî, ïðè

óâåëè÷åíèè ïî ìîäóëþ íà÷àëüíîãî óñëîâèÿ w0 êðóã, â êîòîðîì ðåøåíèå çàäà÷è Êîøè (7.11)
ñóùåñòâóåò è åäèíñòâåííî, ñæèìàåòñÿ ê íà÷àëó êîîðäèíàò (ò. å. ê òî÷êå, â êîòîðîé çàäàíî
íà÷àëüíîå óñëîâèå). �

7.2. Ïîâåäåíèå ðåøåíèé ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ â îêðåñòíîñòè
èçîëèðîâàííîé îñîáîé òî÷êè åãî êîýôôèöèåíòîâ.

Îïðåäåëåíèå 7.5 (Ìàòðèöà ìîíîäðîìèè). Ïóñòü

• D = {z | 0 < |z − z0| < ε}, ãäå z0 ∈ C è ε > 0;
• F ∈ H(D,Mn) (äðóãèìè ñëîâàìè, F � ìàòðèöà n× n, êàæäûé ýëåìåíò êîòîðîé ÿâëÿ-
åòñÿ ðåãóëÿðíîé ôóíêöèåé â D);
• z1 ∈ D è ε1 > 0 òàêèå, ÷òî U = {z | |z − z1| < ε1} ⊂ D;

•
−→
Wp � ðåøåíèå çàäà÷è Êîøè

−→
Wp
′(z) = F (z)

−→
Wp(z),

−→
Wp(z1) = (0, . . . , 0, 1, 0, . . . , 0)t︸ ︷︷ ︸

1 íà p-îì ìåñòå

â îáëàñòè U , ãäå p = 1, 2, . . . , n;
• γ = {z | |z − z0| = |z1 − z0|} � êîíòóð, îðèåíòèðîâàííûé ïðîòèâ ÷àñîâîé ñòðåëêè;

•
−→
W ∗
p � ðåçóëüòàò àíàëèòè÷åñêîãî ïðîäîëæåíèÿ ðåøåíèÿ

−→
Wp ïðè îäíîêðàòíîì îáõîäå

êîíòóðà γ â îáëàñòü U .

Òîãäà (÷èñëîâóþ) ìàòðèöó M = {mkp}nk,p=1, ñâÿçûâàþùóþ áàçèñû {
−→
Wp}np=1 è {

−→
W ∗
p }np=1 â ïðî-

ñòðàíñòâå ðåøåíèé óðàâíåíèÿ
−→
W ′ = F

−→
W (7.13)
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ñîîòíîøåíèåì âèäà
−→
W ∗
p =

n∑
k=1

−→
Wkmkp,

íàçûâàþò ìàòðèöåé ìîíîäðîìèè äëÿ óðàâíåíèÿ (7.13) â îêðåñòíîñòè èçîëèðîâàííîé îñîáîé
òî÷êè z0.

Òåîðåìà 7.6 (Ïîâåäåíèå ðåøåíèÿ ñèñòåìû ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â îêðåñò-

íîñòè îñîáîé òî÷êè (ñëó÷àé ñîáñòâåííîãî âåêòîðà ìàòðèöû ìîíîäðîìèè)). Ïóñòü

• D = {z | 0 < |z − z0| < ε}, ãäå z0 ∈ C è ε > 0;
• F ∈ H(D,Mn)
• M � ìàòðèöà ìîíîäðîìèè äëÿ óðàâíåíèÿ

−→
W ′ = F

−→
W (7.14)

• e � ñîáñòâåííûé âåêòîð ìàòðèöû M è λ � ñîáñòâåííîå ÷èñëî îòâå÷àþùåå ñîáñòâåí-
íîìó âåêòîðó e (ò.å. Me = λe).

Òîãäà

(1) â îáëàñòè D ñóùåñòâóåò (âîîáùå ãîâîðÿ, ìíîãîçíà÷íîå) ðåøåíèå W óðàâíåíèÿ (7.14)
âèäà

−→
W (z) = (z − z0)ρ

+∞∑
k=−∞

−→c k(z − z0)k,

ãäå ρ � ëþáîå ðåøåíèå óðàâíåíèÿ

e2πiρ = λ;

(2)
−→
W íàçûâàþò ñîáñòâåííûì ðåøåíèåì óðàâíåíèÿ (7.14), îòâå÷àþùåì ñîáñòâåííîìó ÷èñ-
ëó λ ìàòðèöû ìîíîäðîìèè M .

Äîêàçàòåëüñòâî. Ïóñòü ñîáñòâåííûé âåêòîð e â êîîðäèíàòíîì ïðåäñòàâëåíèè èìååò âèä e =
(e1, e2, . . . , en)t. Ðàññìîòðèì ðåøåíèå óðàâíåíèÿ (7.14) âèäà

−→
W =

n∑
p=1

ep
−→
Wp.

Àíàëèòè÷åñêîå ïðîäîëæåíèå ðåøåíèÿ
−→
W âîêðóã òî÷êè z0 (âäîëü êîíòóðà γ ñîãëàñíî îïðåäåëå-

íèþ 7.5) èìååò âèä

−→
W ∗ =

n∑
p=1

ep
−→
W ∗
p =

n∑
p=1

ep

n∑
k=1

−→
Wkmkp =

n∑
k=1

−→
Wk

n∑
p=1

mkpep =
n∑
k=1

−→
Wkλek = λ

−→
W.

Ðàññìîòðèì âñïîìîãàòåëüíóþ ôóíêöèþ

−→ω (z) = (z − z0)−ρ
−→
W. (7.15)

Àíàëèòè÷åñêîå ïðîäîëæåíèå ôóíêöèè −→ω âîêðóã òî÷êè z0 (âäîëü êîíòóðà γ ñîãëàñíî îïðåäåëå-
íèþ 7.5) èìååò âèä

−→
ω∗ = e−2πiρ(z − z0)−ρ

−→
W ∗ = e−2πiρ(z − z0)−ρλ

−→
W = (z − z0)−ρ

−→
W = −→ω .
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Äðóãèìè ñëîâàìè, ôóíêöèÿ −→ω ðåãóëÿðíà â îáëàñòèD (òî÷íåå, äîïóñêàåò âûäåëåíèå ðåãóëÿðíîé
âåòâè) è, ñëåäîâàòåëüíî, ìîæåò áûòü ðàçëîæåíà â ðÿä Ëîðàíà âèäà

−→ω (z) =
+∞∑

k=−∞

−→c k(z − z0)k, (7.16)

ñõîäÿùèéñÿ â îáëàñòè D.
Ïîäñòàâëÿÿ ðàçëîæåíèå (7.16) â ïðåäñòàâëåíèå (7.15), ïîëó÷èì òðåáóåìîå óòâåðæäåíèå. �

Òåîðåìà 7.7 (Ïîâåäåíèå ðåøåíèÿ ñèñòåìû ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â îêðåñò-
íîñòè îñîáîé òî÷êè (ñëó÷àé ïðèñîåäèíåííîãî âåêòîðà ìàòðèöû ìîíîäðîìèè)). Ïóñòü

• D = {z | 0 < |z − z0| < ε}, ãäå z0 ∈ C è ε > 0;
• F ∈ H(D,Mn)
• M � ìàòðèöà ìîíîäðîìèè äëÿ óðàâíåíèÿ

−→
W ′ = F

−→
W (7.17)

• e è g � ñîáñòâåííûé è ïðèñîåäèíåííûé âåêòîðà ìàòðèöûM , îòâå÷àþùèå ñîáñòâåííîìó
÷èñëó λ (ò.å. (M − λ)e = 0 è (M − λ)g = e).

Òîãäà

(1) â îáëàñòè D ñóùåñòâóåò (âîîáùå ãîâîðÿ, ìíîãîçíà÷íîå) ðåøåíèå V óðàâíåíèÿ (7.17)
âèäà

−→
V (z) = (z − z0)ρ

+∞∑
k=−∞

−→
d k(z − z0)k + A

−→
W (z) ln(z − z0),

ãäå
−→
W � ñîáñòâåííîå ðåøåíèåå óðàâíåíèÿ (7.17), A 6= 0 è ρ � ëþáîå ðåøåíèå óðàâíåíèÿ

e2πiρ = λ;

(2)
−→
V íàçûâàþò ïðèñîåäèíåííûì ðåøåíèåì óðàâíåíèÿ (7.17), îòâå÷àþùåì ñîáñòâåííîìó
÷èñëó λ ìàòðèöû ìîíîäðîìèè M .

Äîêàçàòåëüñòâî. Ïóñòü e è g â êîîðäèíàòíîì ïðåäñòàâëåíèè èìåþò âèä e = (e1, e2, . . . , en)t è
u = (g1, g2, . . . , gn)t. Ðàññìîòðèì ðåøåíèÿ óðàâíåíèÿ (7.14) âèäà

−→
W =

n∑
p=1

ep
−→
Wp,

−→
V =

n∑
p=1

gp
−→
Wp.

Àíàëèòè÷åñêîå ïðîäîëæåíèå ðåøåíèé
−→
W è

−→
V âîêðóã òî÷êè z0 (âäîëü êîíòóðà γ ñîãëàñíî îïðå-

äåëåíèþ 7.5) èìååò âèä
−→
W ∗ = λ

−→
W,

−→
V ∗ =

n∑
p=1

gp
−→
W ∗
p =

n∑
p=1

gp

n∑
k=1

−→
Wkmkp =

n∑
k=1

−→
Wk

n∑
p=1

mkpgp =
n∑
k=1

−→
Wk(λgk + ek) = λ

−→
V +

−→
W.

Áóäåì èñêàòü ðåøåíèå
−→
V â âèäå
−→
V (z) = (z − z0)ρ−→v + A

−→
W (z) ln(z − z0). (7.18)

Äðóãèì ñëîâàìè, ðàññìîòðèì âñïîìîãàòåëüíóþ ôóíêöèþ

−→v (z) = (z − z0)−ρ
−→
V − A−→ω (z) ln(z − z0),
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ãäå
−→
W = (z − z0)ρ−→ω (z).

Àíàëèòè÷åñêîå ïðîäîëæåíèå ôóíêöèè −→v âîêðóã òî÷êè z0 (âäîëü êîíòóðà γ ñîãëàñíî îïðåäå-
ëåíèþ 7.5) èìååò âèä

−→
v∗ = e−2πiρ(z − z0)−ρ(λ

−→
V +

−→
W )− A−→ω (z)(ln(z − z0) + 2πi) =

= (z − z0)−ρ
−→
V + e−2πiρ(z − z0)−ρ

−→
W − 2πiA−→ω (z)− A−→ω (z) ln(z − z0) =

= (z − z0)−ρ
−→
V +

(
1

λ
− 2πiA

)
−→ω (z)− A−→ω (z) ln(z − z0) =

= −→v +

(
1

λ
− 2πiA

)
−→ω (z).

Òàêèì îáðàçîì, ïðè A = 1
2πiλ

âåðíî, ÷òî
−→
v∗ = −→v . Äðóãèìè ñëîâàìè, ôóíêöèÿ −→v ðåãóëÿðíà

â îáëàñòè D (òî÷íåå, äîïóñêàåò âûäåëåíèå ðåãóëÿðíîé âåòâè) è, ñëåäîâàòåëüíî, ìîæåò áûòü
ðàçëîæåíà â ðÿä Ëîðàíà (ñõîäÿùèéñÿ â îáëàñòè D) âèäà

−→v (z) =
+∞∑

k=−∞

−→
d k(z − z0)k. (7.19)

Ïîäñòàâëÿÿ ðàçëîæåíèå (7.19) â ïðåäñòàâëåíèå (7.18), ïîëó÷èì òðåáóåìîå óòâåðæäåíèå. �

7.3. Òåîðåìà Ôóêñà.

Òåîðåìà 7.8 (Ïîâåäåíèå ðåøåíèÿ ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà
â îêðåñòíîñòè êîíå÷íîé îñîáîé òî÷êè). Ïóñòü

• D = {z | 0 < |z − z0| < ε}, ãäå z0 ∈ C è ε > 0;
• p ∈ H(D), q ∈ H(D).

Òîãäà â îáëàñòè D óðàâíåíèå

W ′′ + p(z)W ′ + q(z)W = 0 (7.20)

èìååò äâà ëèíåéíî-íåçàâèñèìûõ ðåøåíèÿ (âîîáùå ãîâîðÿ, ìíîãîçíà÷íûõ) âèäà

W1(z) = (z − z0)ρ1ω1(z),

W2(z) = (z − z0)ρ2ω2(z) + AW1(z) ln(z − z0),

ãäå ρ1 ∈ C, ρ2 ∈ C, A ∈ C, ω1 ∈ H(D) è ω2 ∈ H(D).

Äîêàçàòåëüñòâî. Ïóñòü W � ðåøåíèå óðàâíåíèÿ (7.20). Ëåãêî âèäåòü, ÷òî âåêòîð-ôóíêöèÿ

−→
W (z) =

(
W (z)
W ′(z)

)
ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû ëèíåéíûõ óðàâíåíèé

−→
W ′(z) = F (z)

−→
W (z), F (z) =

(
0 1

−q(z) −p(z)

)
.

Îòñþäà è èç òåîðåì 7.6 è 7.7 ñëåäóåò íåîáõîäèìîå óòâåðæäåíèå. �

Îïðåäåëåíèå 7.9 (Ïðàâèëüíàÿ îñîáàÿ òî÷êà ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòî-

ðîãî ïîðÿäêà). Ïóñòü
• D = {z | 0 < |z − z0| < ε}, ãäå z0 ∈ C è ε > 0;
• p ∈ H(D), q ∈ H(D);
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• â îáëàñòè D óðàâíåíèå

W ′′ + p(z)W ′ + q(z)W = 0 (7.21)

èìååò äâà ëèíåéíî-íåçàâèñèìûõ ðåøåíèÿ (âîîáùå ãîâîðÿ, ìíîãîçíà÷íûõ) âèäà

W1(z) = (z − z0)ρ1ω1(z),

W2(z) = (z − z0)ρ2ω2(z) + AW1(z) ln(z − z0),

ãäå ρ1 ∈ C, ρ2 ∈ C, A ∈ C, ω1 ∈ H(D) è ω2 ∈ H(D);
• òî÷êà z0 ÿâëÿåòñÿ ïîëþñîì èëè óñòðàíèìîé îñîáîé òî÷êîé äëÿ ôóíêöèé ω1 è ω2.

Òîãäà òî÷êó z0 ∈ C íàçûâàþò ïðàâèëüíîé îñîáîé òî÷êîé óðàâíåíèÿ (7.21).

Òåîðåìà 7.10 (Òåîðåìà Ôóêñà (ñëó÷àé êîíå÷íîé îñîáîé òî÷êè)). Ïóñòü

• D = {z | 0 < |z − z0| < ε}, ãäå z0 ∈ C è ε > 0;
• p ∈ H(D), q ∈ H(D).

Òîãäà äëÿ òîãî ÷òîáû òî÷êà z0 áûëà ïðàâèëüíîé îñîáîé òî÷êîé óðàâíåíèÿ

W ′′ + p(z)W ′ + q(z)W = 0,

íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèÿ äâóõ ñëåäóþùèõ óñëîâèé

(1) z0 � ïîëþñ 1-ãî ïîðÿäêà èëè óñòðàíèìàÿ îñîáàÿ òî÷êà ôóíêöèè p;
(2) z0 � ïîëþñ íå âûøå 2-ãî ïîðÿäêà èëè óñòðàíèìàÿ îñîáàÿ òî÷êà ôóíêöèè q.

Äîêàçàòåëüñòâî. Íåîáõîäèìîñòü (=⇒). Ñàìîñòîÿòåëüíî (ðàññìîòðåòü ñëó÷àé áåç ëîãàðèôìà).
Äîñòàòî÷íîñòü (⇐=). Áåç äîêàçàòåëüñòâà. �

Îïðåäåëåíèå 7.11 (Õàðàêòåðèñòè÷åñêèå ïîêàçàòåëè â îêðåñòíîñòè êîíå÷íîé ïðàâèëüíîé îñî-
áîé òî÷êè). Ïóñòü

• ôóíêöèè p è q äîïóñêàþò ðàçëîæåíèÿ â îêðåñòíîñòè òî÷êè z0 ∈ C â ðÿäû Ëîðàíà âèäà

p(z) =
p0

z − z0

+O(1), q(z) =
q0

(z − z0)2
+

q1

z − z0

+O(1).

• ρ1 è ρ2 êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

ρ(ρ− 1) + p0ρ+ q0 = 0

òàêèå, ÷òî Re ρ1 > Re ρ2.

Òîãäà ÷èñëà ρ1 è ρ2 íàçûâàþò õàðàêòåðèñòè÷åñêèìè ïîêàçàòåëÿìè óðàâíåíèÿ

W ′′ + p(z)W ′ + q(z)W = 0

â îêðåñòíîñòè ïðàâèëüíîé îñîáîé òî÷êè z0.

Òåîðåìà 7.12 (Ñâÿçü ìåæäó õàðàêòåðèñòè÷åñêèìè ïîêàçàòåëÿìè è ïîâåäåíèåì ðåøåíèÿ â
îêðåñòíîñòè êîíå÷íîé ïðàâèëüíîé îñîáîé òî÷êè). Ïóñòü ρ1 è ρ2 � õàðàêòåðèñòè÷åñêèå ïî-
êàçàòåëè óðàâíåíèÿ

W ′′ + p(z)W ′ + q(z)W = 0 (7.22)

â îêðåñòíîñòè ïðàâèëüíîé îñîáîé òî÷êè z0. Òîãäà ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.

(1) Ïóñòü ρ1 − ρ2 6∈ Z, òîãäà ñóùåñòâóåò äâà ðåøåíèÿ óðàâíåíèÿ (7.22) âèäà

W1(z) =
∞∑
n=0

cn(z − z0)n+ρ1 , W2(z) =
∞∑
n=0

dn(z − z0)n+ρ2 (7.23)

òàêèõ, ÷òî c0 6= 0 è d0 6= 0.
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(2) Ïóñòü ρ1 − ρ2 ∈ Z \ {0}, òîãäà ñóùåñòâóåò äâà ðåøåíèÿ óðàâíåíèÿ (7.22) âèäà

W1(z) =
∞∑
n=0

cn(z − z0)n+ρ1 , W2(z) =
∞∑
n=0

dn(z − z0)n+ρ2 + AW1(z) ln(z − z0) (7.24)

òàêèõ, ÷òî c0 6= 0 è d0 6= 0. Ïðè ýòîì ïîñòîÿííàÿ A ìîæåò îêàçàòüñÿ ðàâíîé íóëþ.
(3) Ïóñòü ρ1 = ρ2, òîãäà ñóùåñòâóåò äâà ðåøåíèÿ óðàâíåíèÿ (7.22) âèäà (7.24) òàêèõ,

÷òî c0 6= 0, d0 = 0 è A 6= 0.

Ïðè ýòîì ðÿäû, óêàçàííûå â (7.23) è (7.24), ñõîäÿòñÿ â ëþáîì êðóãå |z − z0| < R, íå ñîäåðæà-
ùåì äðóãèõ îñîáûõ òî÷åê óðàâíåíèÿ (7.22).

Äîêàçàòåëüñòâî. Áåç äîêàçàòåëüñòâà. �

7.4. Ïîâåäåíèå ðåøåíèé ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà
â îêðåñòíîñòè áåñêîíå÷íîñòè.

Òåîðåìà 7.13 (Ïðåîáðàçîâàíèå ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà,
çàäàííîãî â îêðåñòíîñòè áåñêîíå÷íîñòè, â ëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèÿ âòîðîãî ïî-
ðÿäêà, çàäàííîå â îêðåñòíîñòè íóëÿ). Ïóñòü

• D = {z | |z| > R}, U = {t | 0 < |t| < R−1}, ãäå R > 0;
• p ∈ H(D), q ∈ H(D);
• ∀ z ∈ D W (z) = V (1/z).

Òîãäà äëÿ òîãî ÷òîáû W (z) áûëî ðåøåíèåì óðàâíåíèÿ

W ′′(z) + p(z)W ′(z) + q(z)W (z) = 0 (7.25)

â îáëàñòè D, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû V (t) áûëî ðåøåíèåì óðàâíåíèÿ

V ′′(t) +
2t− p(1/t)

t2
V ′(t) +

q(1/t)

t4
V (t) = 0 (7.26)

â îáëàñòè U .

Äîêàçàòåëüñòâî. Ëåãêî âèäåòü, ÷òî

dW (z)

dz
=
dV (1/z)

dz
= V ′(1/z)

d(1/z)

dz
= − 1

z2
V ′(1/z) = −t2V ′(t)

∣∣∣
t=1/z

,

d2W (z)

dz2
= −

(
d

dz

1

z2
V ′(1/z)

)
= −d(1/z2)

dz
V ′(1/z)− 1

z2

dV ′(1/z)

dz
=

2

z3
V ′(1/z) +

1

z4
V ′′(1/z) =

= t4V ′′(t) + 2t3V ′(t)
∣∣∣
t=1/z

.

Îòñþäà ñëåäóåò, ÷òî çàìåíà ïåðåìåííûõ z = 1/t â óðàâíåíèè (7.25) íà ôóíêöèþ W ïðèâîäèò ê
óðàâíåíèþ (7.26) íà ôóíêöèþ V . �

Òåîðåìà 7.14 (Ïîâåäåíèå ðåøåíèÿ ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà
â îêðåñòíîñòè áåñêîíå÷íîñòè). Ïóñòü

• D = {z | |z| > R}, ãäå R > 0;
• p ∈ H(D), q ∈ H(D).

Òîãäà â îáëàñòè D óðàâíåíèå

W ′′ + p(z)W ′ + q(z)W = 0
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èìååò äâà ëèíåéíî-íåçàâèñèìûõ ðåøåíèÿ (âîîáùå ãîâîðÿ, ìíîãîçíà÷íûõ) âèäà

W1(z) = zρ1ω1(z),

W2(z) = zρ2ω2(z) + AW1(z) ln z,

ãäå ρ1 ∈ C, ρ2 ∈ C, A ∈ C, ω1 ∈ H(D) è ω2 ∈ H(D).

Äîêàçàòåëüñòâî. Ñëåäóåò èç òåîðåì 7.8 è 7.13. �

Îïðåäåëåíèå 7.15 (Áåñêîíå÷íî óäàëåííàÿ ïðàâèëüíàÿ îñîáàÿ òî÷êà ëèíåéíîãî äèôôåðåí-

öèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà). Ïóñòü
• D = {z | |z| > R}, ãäå R > 0;
• p ∈ H(D), q ∈ H(D);
• â îáëàñòè D óðàâíåíèå

W ′′ + p(z)W ′ + q(z)W = 0 (7.27)

èìååò äâà ëèíåéíî-íåçàâèñèìûõ ðåøåíèÿ (âîîáùå ãîâîðÿ, ìíîãîçíà÷íûõ) âèäà

W1(z) = zρ1ω1(z),

W2(z) = zρ2ω2(z) + AW1(z) ln z,

ãäå ρ1 ∈ C, ρ2 ∈ C, A ∈ C, ω1 ∈ H(D) è ω2 ∈ H(D);
• áåñêîíå÷íî óäàëåííàÿ òî÷êà ÿâëÿåòñÿ ïîëþñîì èëè óñòðàíèìîé îñîáîé òî÷êîé äëÿ
ôóíêöèé ω1 è ω2.

Òîãäà áåñêîíå÷íî óäàëåííóþ òî÷êó íàçûâàþò ïðàâèëüíîé îñîáîé òî÷êîé óðàâíåíèÿ (7.27).

Òåîðåìà 7.16 (Òåîðåìà Ôóêñà (ñëó÷àé áåñêîíå÷íî óäàëåííîé îñîáîé òî÷êè)). Ïóñòü
• D = {z | |z| > R}, ãäå R > 0;
• p ∈ H(D), q ∈ H(D).

Òîãäà äëÿ òîãî ÷òîáû áåñêîíå÷íî óäàëåííàÿ òî÷êà áûëà ïðàâèëüíîé îñîáîé òî÷êîé óðàâíå-
íèÿ

W ′′ + p(z)W ′ + q(z)W = 0,

íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèÿ äâóõ ñëåäóþùèõ óñëîâèé

(1) áåñêîíå÷íîñòü ÿâëÿåòñÿ íóëåì íå íèæå 1-ãî ïîðÿäêà ôóíêöèè p;
(2) áåñêîíå÷íîñòü ÿâëÿåòñÿ íóëåì íå íèæå 2-ãî ïîðÿäêà ôóíêöèè q.

Äîêàçàòåëüñòâî. Ñëåäóåò èç òåîðåì 7.10 è 7.13. �

Îïðåäåëåíèå 7.17 (Õàðàêòåðèñòè÷åñêèå ïîêàçàòåëè â îêðåñòíîñòè áåñêîíå÷íî óäàëåííîé ïðà-
âèëüíîé îñîáîé òî÷êè). Ïóñòü

• ôóíêöèè p è q äîïóñêàþò ðàçëîæåíèÿ â îêðåñòíîñòè áåñêîíå÷íî óäàëåííîé òî÷êè â
ðÿäû Ëîðàíà âèäà

p(z) =
p0

z
+O

(
1

z2

)
, q(z) =

q0

z2
+O

(
1

z3

)
.

• ρ1 è ρ2 êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

ρ(ρ− 1) + p0ρ+ q0 = 0

òàêèå, ÷òî Re ρ1 6 Re ρ2.
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Òîãäà ÷èñëà ρ1 è ρ2 íàçûâàþò õàðàêòåðèñòè÷åñêèìè ïîêàçàòåëÿìè óðàâíåíèÿ

W ′′ + p(z)W ′ + q(z)W = 0

â îêðåñòíîñòè áåñêîíå÷íî óäàëåííîé ïðàâèëüíîé îñîáîé òî÷êè.

Òåîðåìà 7.18 (Ñâÿçü ìåæäó õàðàêòåðèñòè÷åñêèìè ïîêàçàòåëÿìè è ïîâåäåíèåì ðåøåíèÿ â
îêðåñòíîñòè áåñêîíå÷íî óäàëåííîé ïðàâèëüíîé îñîáîé òî÷êè). Ïóñòü ρ1 è ρ2 � õàðàêòåðè-
ñòè÷åñêèå ïîêàçàòåëè óðàâíåíèÿ

W ′′ + p(z)W ′ + q(z)W = 0 (7.28)

â îêðåñòíîñòè áåñêîíå÷íî óäàëåííîé ïðàâèëüíîé îñîáîé òî÷êè. Òîãäà ñïðàâåäëèâû ñëåäóþùèå
óòâåðæäåíèÿ.

(1) Ïóñòü ρ1 − ρ2 6∈ Z, òîãäà ñóùåñòâóåò äâà ðåøåíèÿ óðàâíåíèÿ (7.28) âèäà

W1(z) =
∞∑
n=0

cnz
−n+ρ1 , W2(z) =

∞∑
n=0

dnz
−n+ρ2 (7.29)

òàêèõ, ÷òî c0 6= 0 è d0 6= 0.
(2) Ïóñòü ρ1 − ρ2 ∈ Z \ {0}, òîãäà ñóùåñòâóåò äâà ðåøåíèÿ óðàâíåíèÿ (7.28) âèäà

W1(z) =
∞∑
n=0

cnz
−n+ρ1 , W2(z) =

∞∑
n=0

dnz
−n+ρ2 + AW1(z) ln z (7.30)

òàêèõ, ÷òî c0 6= 0 è d0 6= 0. Ïðè ýòîì ïîñòîÿííàÿ A ìîæåò îêàçàòüñÿ ðàâíîé íóëþ.
(3) Ïóñòü ρ1 = ρ2, òîãäà ñóùåñòâóåò äâà ðåøåíèÿ óðàâíåíèÿ (7.28) âèäà (7.30) òàêèõ,

÷òî c0 6= 0, d0 = 0 è A 6= 0.

Ïðè ýòîì ðÿäû, óêàçàííûå â (7.29) è (7.30), ñõîäÿòñÿ â ëþáîì êðóãå |z| > R, íå ñîäåðæàùåì
äðóãèõ îñîáûõ òî÷åê óðàâíåíèÿ (7.28).

Äîêàçàòåëüñòâî. Ñëåäóåò èç òåîðåì 7.12 è 7.13. �

7.5. Ìåòîä Ëàïëàñà ïîñòðîåíèÿ èíòåãðàëüíîãî ïðåäñòàâëåíèÿ äëÿ ðåøåíèÿ ëèíåé-
íîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ ëèíåéíûìè êîýôôèöèåíòàìè. Ðàññìîòðèì ëè-
íåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå ñ ëèíåéíûìè êîýôôèöèåíòàìè

(an + bnz)W (n) + (an−1 + bn−1z)W (n−1) + · · ·+ (a1 + b1z)W ′ + (a0 + b0z)W = 0. (7.31)

Çäåñü ak è bk � èçâåñòíûå ïîñòîÿííûå, W � íåèçâåñòíàÿ ôóíêöèÿ. Çàäà÷à çàêëþ÷àåòñÿ â íà-
õîæäåíèè n ëèíåéíî íåçàâèñèìûõ ðåøåíèé óðàâíåíèÿ (7.31). Äëÿ ïîèñêà ðåøåíèé ìîæíî ïðè-
ìåíÿòü ìåòîä Ëàïëàñà. Îïèøåì îñíîâíóþ èäåþ ýòîãî ìåòîäà.
Ðåøåíèå óðàâíåíèÿ (7.31) ñòðîèòñÿ â íåñêîëüêî øàãîâ.

(1) Èùåì ðåøåíèå óðàâíåíèÿ (7.31) â âèäå èíòåãðàëà

W (z) =

∫
γ

V (t)ezt dt, (7.32)

ãäå γ � êîíòóð â êîìïëåêñíîé ïëîñêîñòè C. Ïðè ýòîì ôóíêöèÿ V è êîíòóð γ ïîäëåæàò
îïðåäåëåíèþ.
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(2) Ïîäñòàâëÿÿ èíòåãðàë (7.32) â óðàâíåíèå (7.31), ïîëó÷èì âûðàæåíèå, êîòîðîå ìîæíî ïðè-
âåñòè ê âèäó ∫

γ

[A(t)V ′(t) +B(t)V (t)] ezt dt+ C(t)V (t)ezt
∣∣
γ

= 0, (7.33)

èñïîëüçóÿ ïðåîáðàçîâàíèÿ

W (k)(z) =

∫
γ

V (t)tkezt dt,

zW (k)(z) = z

∫
γ

V (t)tkezt dt =

∫
γ

V (t)tk dezt = V (t)tkezt
∣∣
γ
−
∫
γ

(V (t)tk)′ezt dt.

Äëÿ òîãî ÷òîáû âûïîëíÿëîñü ðàâåíñòâî (7.33), äîñòàòî÷íî ïîòðåáîâàòü âûïîëíåíèÿ äâóõ
ñîîòíîøåíèé

A(t)V ′(t) +B(t)V (t) = 0, (7.34)

C(t)V (t)ezt
∣∣
γ

= 0. (7.35)

(3) Óðàâíåíèå (7.34) ñëóæèò äëÿ îïðåäåëåíèÿ ôóíêöèè V è â ñëó÷àå A 6≡ 0 èíòåãðèðóåòñÿ
ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ

V (t) = exp

− t∫
B(τ)

A(τ)
dτ

 .

Åùå ðàç îáðàòèì âíèìàíèå íà òî, ÷òî â ñëó÷àå A 6≡ 0 ôóíêöèÿ V ÿâëÿåòñÿ ðåøåíèåì
äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïåðâîãî ïîðÿäêà, êîòîðîå âñåãäà ìîæíî ïðîèíòåãðèðî-
âàòü. Èìåííî ýòî îáñòîÿòåëüñòâî äåëàåò ìåòîä Ëàïëàñà ýôôåêòèâíûì ñðåäñòâîì ïðè
ðåøåíèè óðàâíåíèé âèäà (7.31).
Óñëîâèå (7.35) ñëóæèò äëÿ îïðåäåëåíèÿ êîíòóðà γ. Çàìåòèì, ÷òî óñëîâèå (7.35) äîëæ-

íî âûïîëíÿòüñÿ ïðè âñåõ z. Îòñþäà ñëåäóåò, ÷òî êîíòóð γ äîëæåí áûòü ëèáî çàìêíóòûì,
ëèáî íà÷èíàòüñÿ è çàêàí÷èâàòüñÿ â òî÷êàõ (âîçìîæíî áåñêîíå÷íî óäàëåííûõ) ãäå ôóíê-
öèÿ C(t)V (t)ezt îáðàùàåòñÿ â íîëü. Åñëè êîíòóð óõîäèò íà áåñêîíå÷íîñòü, òî íåîáõîäèìî
òàêæå ïðîñëåäèòü çà ñõîäèìîñòüþ èíòåãðàëà (7.32).

Çàìå÷àíèå 7.19. Íå âñåãäà âîçìîæíî âûáðàòü n ðàçëè÷íûõ êîíòóðîâ òàê, ÷òîáû ñîîòâåò-
ñòâóþùèå èíòåãðàëüíûå ïðåäñòàâëåíèÿ (7.32) îòâå÷àëè n ëèíåéíî íåçàâèñèìûì ðåøåíèÿì
èñõîäíîãî óðàâíåíèÿ (7.31). Íàïðèìåð, äëÿ ðåøåíèé óðàâíåíèÿ (zW ′)′ = zW ′′ + W ′ = 0 íåâîç-
ìîæíî óêàçàòü äâà ëèíåéíî íåçàâèñèìûõ èíòåãðàëüíûõ ïðåäñòàâëåíèå âèäà (7.32).

Îïðåäåëåíèå 7.20 (Ìåòîä Ëàïëàñà ïîñòðîåíèÿ èíòåãðàëüíîãî ïðåäñòàâëåíèÿ äëÿ ðåøåíèÿ
ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ ëèíåéíûìè êîýôôèöèåíòàìè). Ìåòîäîì Ëàïëàñà
ïîñòðîåíèÿ èíòåãðàëüíîãî ïðåäñòàâëåíèÿ äëÿ ðåøåíèÿ ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíå-
íèÿ ñ ëèíåéíûìè êîýôôèöèåíòàìè âèäà

(an + bnz)W (n) + (an−1 + bn−1z)W (n−1) + · · ·+ (a1 + b1z)W ′ + (a0 + b0z)W = 0 (7.36)

íàçûâàþò ïîèñê ðåøåíèÿ óðàâíåíèÿ (7.36) â âèäå

W (z) =

∫
γ

V (t)ezt dt,
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ãäå V � íîâàÿ íåèçâåñòíàÿ ôóíêöèÿ è γ � êîíòóð â êîìïëåêñíîé ïëîñêîñòè, êîòîðûé òàêæå
ïîäëåæèò îïðåäåëåíèþ.

7.6. Îñíîâíûå èäåè èññëåäîâàíèÿ ðåøåíèé ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíå-
íèé ñ ðåãóëÿðíûìè êîýôôèöèåíòàìè.

Îïðåäåëåíèå 7.21 (Îñíîâíûå èäåè èññëåäîâàíèÿ ðåøåíèé ëèíåéíûõ äèôôåðåíöèàëüíûõ

óðàâíåíèé ñ ðåãóëÿðíûìè êîýôôèöèåíòàìè).

• Òåîðåìà Ôóêñà. Èññëåäîâàòü ïîâåäåíèå ðåøåíèé â îêðåñòíîñòè âñåõ îñîáûõ òî÷åê
óðàâíåíèÿ (âêëþ÷àÿ áåñêîíå÷íîñòü).
• Ìåòîä Ëàïëàñà. Íàéòè èíòåãðàëüíûå ïðåäñòàâëåíèÿ äëÿ ðåøåíèé óðàâíåíèÿ.
• Àñèìïòîòè÷åñêèå ìåòîäû. Âûäåëèòü èíòåãðàëüíîå ïðåäñòàâëåíèå, óäîâëåòâîðÿþ-
ùåå çàäàííîìó ïîâåäåíèþ â îêðåñòíîñòè îäíîé èç îñîáûõ òî÷åê.
• Àñèìïòîòè÷åñêèå ìåòîäû. Èñïîëüçóÿ âûäåëåííîå èíòåãðàëüíîå ïðåäñòàâëåíèå, íàé-
òè ïîâåäåíèå ðåøåíèÿ â îêðåñòíîñòè äðóãèõ îñîáûõ òî÷åê (âêëþ÷àÿ áåñêîíå÷íîñòü).

Â êà÷åñòâå ïðîñòåéøåãî ïðèìåðà èññëåäóåì ïîâåäåíèå ðåøåíèé óðàâíåíèÿ

xW ′′ +W ′ +W = 0 (7.37)

ïðè x ∈ R.
Ëåãêî âèäåòü, ÷òî òî÷êà x = 0 � ÿâëÿåòñÿ ïðàâèëüíîé îñîáîé òî÷êîé, â òî âðåìÿ êàê x =∞ �

íåïðàâèëüíàÿ îñîáàÿ òî÷êà. Õàðàêòåðèñòè÷åñêèå ïîêàçàòåëÿ óðàâíåíèÿ (7.37) äëÿ òî÷êè x = 0
ðàâíû ρ1 = ρ2 = 0. Îòñþäà è èç òåîðåìû 7.12 ñëåäóåò, ÷òî ñóùåñòâóþò äâà ðåøåíèÿ óðàâíåíèÿ
(7.37), óäîâëåòâîðÿþùèå ñëåäóþùèì óñëîâèÿì

W1(x) = 1 +O

(
1

x

)
, W2(x) = ln |x|+O(1), x→ 0.

Îòìåòèì, ÷òî ïîñêîëüêó óðàâíåíèå (7.37) èìååò îñîáóþ òî÷êó ïðè x = 0, ðåøåíèÿ ýòîãî óðàâ-
íåíèÿ, âîîáùå ãîâîðÿ, íóæíî ðàññìàòðèâàòü îòäåëüíî íà èíòåðâàëàõ (−∞, 0) è (0,+∞) (ïðè
¾ïåðåõîäå¿ ÷åðåç òî÷êó x = 0 òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êîøè
íå ïðèìåíèìà).
Èñïîëüçóÿ ìåòîä Ëàïëàñà ìîæíî íàéòè, ÷òî ñóùåñòâóåò èíòåãðàëüíîå ïðåäñòàâëåíèå âèäà

W3(x) =

∫
|t|=1

1

t
e−

1
t
+xt dt,

êîòîðîå ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (7.37) è ïðè x < 0 è ïðè x > 0. Âìåñòå ñ òåì, âòîðîå
èíòåãðàëüíîå ïðåäñòàâëåíèå ìîæåò áûòü çàïèñàíî â âèäå

W4(x) =

+∞∫
0

1

t
e−

1
t
+xt dt, x < 0,

W5(x) =

∫
γ

1

t
e−

1
t
+xt dt, x > 0,

ãäå γ � ãëàäêèé êîíòóð âûõîäÿùèé èç íà÷àëà êîîðäèíàò â ïîëîæèòåëüíîì íàïðàâëåíèè îñè Ox
è óõîäÿùèé íà áåñêîíå÷íîñòü â îòðèöàòåëüíîì íàïðàâëåíèè îñè Ox.
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Ëåãêî âèäåòü, ÷òî

W3(0) =

∫
|t|=1

1

t
e−

1
t dt = 2πi

è, ñëåäîâàòåëüíî,

W1(x) =
1

2πi

∫
|t|=1

1

t
e−

1
t
+xt dt.

Àíàëîãè÷íî, ìîæíî ïîêàçàòü, ÷òî

W4(x) = − ln |x|+O(1) ïðè x→ −0,

W5(x) = lnx+O(1) ïðè x→ +0

è, ñëåäîâàòåëüíî,
W2(x) = −W4(x), W2(x) = W5(x).

Íàéäåì àñèìïòîòè÷åñêîå ïîâåäåíèå W1(x) ïðè x→ −∞. Ëåãêî âèäåòü, ÷òî

W1(x) =
1

2πi

∫
|t|=1

1

t
e−

1
t
+xt dt =

[
t =

y√
|x|

]
=

1

2πi

∫
|y|=1

1

y
e
√
|x|(− 1

y
−y) dy =

[
y = eiϕ

]
=

=
1

2π

2π∫
0

e−2
√
|x| cosϕ dϕ =

1

2
√
π 4
√
|x|

e2
√
|x|

(
1 +

(
1√
|x|

))
ïðè x→ −∞. Àíàëîãè÷íî, ïîëó÷èì, ÷òî

W1(x) =
1

2πi

∫
|t|=1

1

t
e−

1
t
+xt dt =

[
t =

y√
x

]
=

1

2πi

∫
|y|=1

1

y
e
√
x(− 1

y
+y) dy =

[
y = eiϕ

]
=

=
1

2π

π∫
−π

e2i
√
x sinϕ dϕ =

1

2π

√
2π

2
√
x
e2i
√
x−iπ

4 +
1

2π

√
2π

2
√
x
e−2i

√
x+iπ

4 +

(
1

x3/4

)
=

=
cos
(
2
√
x− π

4

)
2
√
π 4
√
x

+

(
1

x3/4

)
ïðè x→ +∞.
Àíàëîãè÷íûì îáðàçîì ìîæíî èññëåäîâàòü ïîâåäåíèå ðåøåíèÿ W2(x) ïðè x→ ±∞.
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8. Ñïåöèàëüíûå ôóíêöèè

8.1. Óðàâíåíèå Ëåæàíäðà.

Îïðåäåëåíèå 8.1 (Óðàâíåíèå Ëåæàíäðà). Óðàâíåíèåì Ëåæàíäðà íàçûâàþò óðàâíåíèå âèäà

d

dz
(1− z2)

d

dz
W + ν(ν + 1)W = 0,

ãäå ν ∈ C.

Òåîðåìà 8.2 (Ïîâåäåíèå ðåøåíèé óðàâíåíèÿ Ëåæàíäðà â îêðåñòíîñòè åãî îñîáûõ òî÷åê). Â
îêðåñòíîñòè òî÷êè z = 1 óðàâíåíèå Ëåæàíäðà èìååò äâà ëèíåéíî íåçàâèñèìûõ ðåøåíèÿ ñî
ñëåäóþùèì àñèìïòîòè÷åñêèì ïîâåäåíèåì

W1(z) = 1 +O(z − 1), W2(z) = ln(z − 1) +O(1), z → 1.

Â îêðåñòíîñòè òî÷êè z = −1 óðàâíåíèå Ëåæàíäðà èìååò äâà ëèíåéíî íåçàâèñèìûõ ðåøå-
íèÿ ñî ñëåäóþùèì àñèìïòîòè÷åñêèì ïîâåäåíèåì

W3(z) = 1 +O(z + 1), W4(z) = ln(z + 1) +O(1), z → −1.

Â îêðåñòíîñòè áåñêîíå÷íîñòè óðàâíåíèå Ëåæàíäðà ïðè 2ν 6∈ Z èìååò äâà ëèíåéíî íåçàâè-
ñèìûõ ðåøåíèÿ ñî ñëåäóþùèì àñèìïòîòè÷åñêèì ïîâåäåíèåì

W5(z) = zν +O(zν−1), W6(z) = z−ν−1 +O(z−ν−2), z →∞.

Äîêàçàòåëüñòâî. Ñëåäóåò èç òåîðåì 7.12 è 7.18. �

Îïðåäåëåíèå 8.3 (Ôóíêöèÿ Ëåæàíäðà). Ðåøåíèå Pν óðàâíåíèÿ Ëåæàíäðà, ðåãóëÿðíîå â îêðåñ-
òíîñòè òî÷êè z = 1 è óäîâëåòâîðÿþùåå óñëîâèþ

Pν(1) = 1,

íàçûâàþò ôóíêöèåé Ëåæàíäðà.

Òåîðåìà 8.4 (Èíòåãðàëüíîå ïðåäñòàâëåíèå äëÿ ôóíêöèè Ëåæàíäðà). Ïóñòü

• ν ∈ C, z ∈ (−1, 1];
• D = C \

(
(−∞,−1] ∪ [z, 1]

)
;

• γ � çàìêíóòûé ãëàäêèé êîíòóð â D, îðèåíòèðîâàííûé ïðîòèâ õîäà ÷àñîâîé ñòðåëêè,
è, îõâàòûâàþùèé îòðåçîê [z, 1];

• f(t, z) � ðåãóëÿðíàÿ â îáëàñòè D ïî ïåðåìåííîé t âåòâü ôóíêöèè (t2−1)ν

(t−z)ν+1 , óäîâëåòâîðÿ-

þùàÿ óñëîâèþ lim
t→1

f(t, 1)(t− 1) = 2ν, ãäå ïðåäïîëàãàåòñÿ, ÷òî 2ν = eν ln 2.

Òîãäà

Pν(z) =
1

2πi2ν

∫
γ

f(t, z) dt (8.1)

èëè, â óïðîùåííîé çàïèñè,

Pν(z) =
1

2πi2ν

∫
γ

(t2 − 1)ν

(t− z)ν+1
dt.
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Äîêàçàòåëüñòâî. Ðåãóëÿðíîñòü ôóíêöèè f ìîæåò áûòü óñòàíîâëåíà ñòàíäàðòíûìè ìåòîäàìè,
íàïðèìåð, ñ ïîìîùüþ ââåäåíèÿ ïîëÿðíûõ êîîðäèíàò ñ öåíòðàìè â òî÷êàõ t = ±1 è t = z.
Ïðîâåðèì, ÷òî ôóíêöèÿ

F (z) =
1

2πi2ν

∫
γ

f(t, z) dt.

óäîâëåòâîðÿåò óðàâíåíèþ Ëåæàíäðà. Äëÿ ýòîãî çàìåòèì, ÷òî

d

dz
(1− z2)

d

dz
f(t, z) + ν(ν + 1)f(t, z) = C

d

dt

(
f(t, z)

t− z

)
,

ãäå C � íåêîòîðàÿ ïîñòîÿííàÿ (ïðîâåðêà ýòîãî ðàâåíñòâà äîâîëüíî äëèííà è ìû åå îïóñòèì).
Îòñþäà ïîëó÷èì, ÷òî

d

dz
(1− z2)

d

dz
F (z) + ν(ν + 1)F (z) =

1

2πi2ν

∫
γ

(
d

dz
(1− z2)

d

dz
f(t, z) + ν(ν + 1)f(t, z)

)
dt =

=
C

2πi2ν

∫
γ

d

dt

(
f(t, z)

t− z

)
dt = 0.

Ïîñëåäíèé èíòåãðàë ðàâåí íóëþ â ñèëó çàìêíóòîñòè êîíòóðà γ è ðåãóëÿðíîñòè ôóíêöèè f(t, z)
ïî ïåðåìåííîé t â îêðåñòíîñòè γ.
Ëåãêî âèäåòü, ÷òî

F (1) =
1

2πi2ν

∫
γ

f(t, 1) dt =
1

2πi2ν

∫
γ

(t+ 1)ν

t− 1
dt =

(1 + 1)ν

2ν
= 1.

Òàêèì îáðàçîì, ôóíêöèè F è Pν óäîâëåòâîðÿþò óðàâíåíèþ Ëåæàíäðà è íà÷àëüíîìó óñëîâèþ
F (1) = Pν(1) = 1. Îòñþäà ñëåäóåò, ÷òî F ≡ Pν â C. �

Çàìå÷àíèå 8.5. Ïðè z 6∈ [−1, 1] çíà÷åíèÿ ôóíêöèè Pν(z) ìîãóò áûòü ïîëó÷åíû ñ ïîìîùüþ
àíàëèòè÷åñêîãî ïðîäîëæåíèÿ èíòåãðàëà (8.1).

Òåîðåìà 8.6 (Âûâîä èíòåãðàëüíîãî ïðåäñòàâëåíèÿ äëÿ ôóíêöèè Ëåæàíäðà ñ ïîìîùüþ ìå-
òîäà Ëàïëàñà). Èíòåãðàëüíîå ïðåäñòàâëåíèå äëÿ ôóíêöèè Ëåæàíäðà ìîæåò áûòü ïîëó÷åíî
ïðèìåíåíèåì ìåòîäà Ëàïëàñà ê óðàâíåíèþ Ëåæàíäðà.

Äîêàçàòåëüñòâî. Áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ Ëåæàíäðà â âèäå èíòåãðàëà Ëàïëàñà

W (z) =

∫
Γ

V (t)ezt dt. (8.2)

Ïîäñòàâëÿÿ (8.2) â óðàâíåíèå Ëåæàíäðà ïîëó÷èì, ÷òî

t2V ′′ + 2tV ′ − [t2 + ν(ν + 1)]V = 0, t2(V ′(t)− zV (t))ezt
∣∣∣
Γ
. (8.3)

Óðàâíåíèå (8.3) ÿâëÿåòñÿ âîçìóùåíèåì óðàâíåíèåì Ýéëåðà

t2V ′′ + 2tV ′ − ν(ν + 1)V = 0,

îäíî èç ðåøåíèé êîòîðîãî èìååò âèä tν (âòîðîå ðàâíî ëèáî t−ν−1, ëèáî tν ln t). Ñäåëàåì ïîäñòà-
íîâêó V (t) = tνY (t) â óðàâíåíèè (8.3). Â ðåçóëüòàòå ïîëó÷èì, ÷òî

tY ′′ + 2(ν + 1)Y ′ − tY = 0. (8.4)
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Ðåøàÿ óðàâíåíèå (8.4) ìåòîäîì Ëàïëàñà, ïîëó÷èì

Y (t) =

∫
γ̃

(ζ2 − 1)νeζt dζ,

ãäå γ � ïîäõîäÿùèé êîíòóð èíòåãðèðîâàíèÿ.
Ñîáèðàÿ ïîëó÷åííûå ôîðìóëû âìåñòå, íàéäåì

W (z) =

∫
Γ

tνezt

∫
γ̃

(ζ2 − 1)νeζt dζ

 dt =

∫
γ̃

(ζ2 − 1)ν

∫
Γ

tνe(z+ζ)t dt

 dζ =
[
τ = (ζ + z)t

]
=

=

∫
γ̃

(ζ2 − 1)ν

(ζ + z)ν+1

∫
Γ̃

τ νeτ dτ

 dζ = C

∫
γ̃

(ζ2 − 1)ν

(ζ + z)ν+1
dζ =

[
ζ = −s

]
= D

∫
γ

(s2 − 1)ν

(s− z)ν+1
ds,

ãäå C èD � íåêîòîðûå ïîñòîÿííûå. Ìû ïîçâîëèì ñåáå íå îñòàíàâëèâàòüñÿ íà îïèñàíèè êîíòóðîâ
γ, γ̃, Γ è Γ̃, îòìåòèì ëèøü, ÷òî ïðè ïðàâèëüíîì èõ âûáîðå ïåðåñòàíîâêà èíòåãðàëîâ âîçìîæíà
â ñèëó òåîðåìû Ôóáèíè. �

Òåîðåìà 8.7 (Ïîâåäåíèå ôóíêöèè Ëåæàíäðà â îêðåñòíîñòè òî÷êè −1). Â îêðåñòíîñòè òî÷êè
z0 = −1 ñïðàâåäëèâî ðàâåíñòâî

Pν(z) =
sin πν

π
ln(z + 1)Pν(−z) + ω(z),

ãäå ω � íåêîòîðàÿ ðåãóëÿðíàÿ ôóíêöèÿ â îêðåñòíîñòè z0 = −1.

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî ôóíêöèÿ Pν(−z) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ Ëåæàíäðà,
ïðè÷åì Pν(−z) � ðåãóëÿðíà â îêðåñòíîñòè òî÷êè z0 = −1. Îòñþäà è èç òåîðåìû 7.12 ñëåäóåò,
÷òî â îêðåñòíîñòè òî÷êè z0 = −1 ñïðàâåäëèâî ðàçëîæåíèå âèäà

Pν(z) = A ln(z + 1)Pν(−z) + ω(z),

ãäå A � íåêîòîðàÿ ïîñòîÿííàÿ.
Óòâåðæäåíèå î òîì, ÷òî A = sinπν

π
ìû ïîçâîëèì ñåáå îñòàâèòü áåç äîêàçàòåëüñòâà. �

8.2. Ïîëèíîìû Ëåæàíäðà.

Òåîðåìà 8.8 (Ôîðìóëà Ðîäðèãà (äëÿ ïîëèíîìîâ Ëåæàíäðà)). Ïóñòü n ∈ Z+, òîãäà ñïðàâåä-
ëèâà ôîðìóëà Ðîäðèãà

Pn(z) =
1

2nn!

dn

dzn
(z2 − 1)n.

Äîêàçàòåëüñòâî. Èç òåîðåìû 8.4 ñëåäóåò, ÷òî

Pn(z) =
1

2πi2n

∫
|t−z|=ε

(t2 − 1)n

(t− z)n+1
dt,

ãäå ε � äîñòàòî÷íî ìàëîå ïîëîæèòåëüíîå ÷èñëî. Îòñþäà, ïðèìåíÿÿ òåîðåìó î âû÷åòàõ, ïîëó÷èì
÷òî

Pn(z) =
1

2n
res
t=z

(t2 − 1)n

(t− z)n+1
=

1

2nn!

dn

dtn
(t2 − 1)n

∣∣∣
t=z

=
1

2nn!

dn

dzn
(z2 − 1)n.�
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Îïðåäåëåíèå 8.9 (Ïîëèíîìû Ëåæàíäðà). Ïðè âñåõ n ∈ Z+ ôóíêöèþ âèäà

Pn(z) =
1

2nn!

dn

dzn
(z2 − 1)n

íàçûâàþò ïîëèíîìîì Ëåæàíäðà (P0(z) = 1, P1(z) = z, P2(z) = 1
2
(3z2 − 1), . . .).

Òåîðåìà 8.10 (Ñèììåòðè÷íîñòü îïåðàòîðà îòâå÷àþùåãî óðàâíåíèþ Ëåæàíäðà). Ïóñòü

• Lu = − d
dx

(1− x2) d
dx
u(x);

• Dom(L) = C2[−1, 1];
• (·, ·) � ñêàëÿðíîå ïðîèçâåäåíèå â L2(−1, 1).

Òîãäà

∀ u ∈ Dom(L) ∀ v ∈ Dom(L) (Lu, v) = (u,Lv).

Äîêàçàòåëüñòâî. Ïóñòü u ∈ Dom(L) è v ∈ Dom(L). Èíòåãðèðóÿ ïî ÷àñòÿì, ïîëó÷èì, ÷òî

(Lu, v) = −
1∫

−1

(
(1− x2)u′(x)

)′
v(x) dx = −(1− x2)u′(x)v(x)

∣∣∣1
−1

+

1∫
−1

(1− x2)u′(x)v′(x) dx =

=

1∫
−1

(1− x2)v′(x) du(x) = (1− x2)v′(x)u(x)
∣∣∣1
−1
−

1∫
−1

u(x)
(
(1− x2)v′(x)

)′
dx = (u,Lv). �

Òåîðåìà 8.11 (Ñâîéñòâà ïîëèíîìîâ Ëåæàíäðà). Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.

(1) ∀ n ∈ Z+ P−n−1 = Pn.
(2) ∀ n ∈ Z+ ïîëèíîì Pn èìååò ðîâíî n îäíîêðàòíûõ êîðíåé íà îòðåçêå [−1, 1].
(3) ∀ n ∈ Z+ ∀ z ∈ C Pn(z) = (−1)nPn(−z).

(4)
{√

2n+1
2
Pn

}∞
n=0

� îðòîíîðìèðîâàííûé áàçèñ â L2(−1, 1).

Äîêàçàòåëüñòâî. (1) Ñëåäóåò èç òîãî, ÷òî óðàâíåíèå Ëåæàíäðà ïðè ν = n è ν = −n− 1 èìååò
îäèí è òîò æå âèä.
(2) Ïðè n = 0 óòâåðæäåíèå î÷åâèäíî. Ðàññìîòðèì n ∈ N. Ôóíêöèÿ f(z) = (z2 − 1)n èìååò

íóëè ïîðÿäêà n â òî÷êàõ ±1. Èç òåîðåìû Ðîëëÿ ñëåäóåò, ÷òî ôóíêöèÿ f ′(z) èìååò ïî êðàéíåé

ìåðå îäèí íóëü z
(1)
1 íà èíòåðâàëå (−1, 1). Îòñþäà è èç òåîðåìû Ðîëëÿ ñëåäóåò, ÷òî ôóíêöèÿ

f (2)(z) èìååò ïî êðàéíåé ìåðå ïî îäíîìó íóëþ z
(2)
1 è z

(2)
2 íà êàæäîì èç èíòåðâàëîâ (−1, z

(1)
1 ) è

(z
(1)
1 , 1). Ïðîäîëæàÿ ðàññóæäåíèÿ ïîëó÷èì, ÷òî ôóíêöèÿ f (n)(z) èìååò ïî êðàéíåé ïî îäíîìó

íóëþ z
(n)
1 , z

(n)
2 , . . . z

(n)
n íà êàæäîì èç èíòåðâàëîâ âèäà(
−1, z

(n−1)
1

)
,
(
z

(n−1)
1 , z

(n−1)
2

)
, . . . ,

(
z

(n−1)
n−1 , 1

)
.

(3) Ëåãêî âèäåòü, ÷òî

Pn(−z) =
1

2nn!

dn

d(−z)n
((−z)2 − 1)n =

1

2nn!

dn

d(−z)n
(z2 − 1)n =

(−1)n

2nn!

dn

dzn
(z2 − 1)n = (−1)nPn(z).

(4) Ïóñòü L � îïåðàòîð, îòâå÷àþùèé óðàâíåíèþ Ëåæàíäðà. Äëÿ ëþáûõ n ∈ Z+ è m ∈ Z+

òàêèõ, ÷òî n 6= m âåðíî, ÷òî

LPn = n(n+ 1)Pn, LPm = m(m+ 1)Pm.
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Îòñþäà è èç òåîðåìû 8.10 ïîëó÷èì, ÷òî

n(n+ 1)(Pn, Pm) = (LPn, Pm) = (Pn,LPm) = m(m+ 1)(Pn, Pm),

îòêóäà ñëåäóåò, ÷òî
(Pn, Pm) = 0.

Òàêèì îáðàçîì, ïîëèíîìû Ëåæàíäðà îáðàçóþò îðòîãîíàëüíîå ñåìåéñòâî â L2(−1, 1).
Äàëåå, ïðè n ∈ Z+ âåðíî, ÷òî

‖Pn‖2 =

1∫
−1

P 2
n(x) dx =

(−1)n

2nn!

1∫
−1

(x2 − 1)n
dnPn(x)

dxn
dx =

1∫
−1

P 2
n(x) dx =

=
(−1)n

22n(n!)2

1∫
−1

(x2 − 1)n
d2n(x2 − 1)n

dx2n
dx =

(−1)n(2n)!

22n(n!)2

1∫
−1

(x2 − 1)n dx =

=
2(2n)!

22n(n!)2

1∫
0

(1− x2)n dx =

[
x2 = t, dx =

dt

2
√
t

]
=

(2n)!

22n(n!)2

1∫
0

(1− t)nt−1/2 dt =

=
(2n)!

22n(n!)2
B

(
n+ 1,

1

2

)
=

(2n)!

22n(n!)2

Γ(n+ 1)Γ(1
2
)

Γ(n+ 3
2
)

=
(2n)!

22nn!

Γ(1
2
)

Γ(n+ 3
2
)

=

=
(2n)!

22nn!

Γ(1
2
)

(n+ 1
2
)(n− 1

2
) . . . 1

2
Γ(1

2
)

=
2

(2n+ 1)

(2n)!

2nn!(2n− 1) . . . 1
=

2

(2n+ 1)
.

Òàêèì îáðàçîì,
{√

2n+1
2
Pn

}∞
n=0

� îðòîíîðìèðîâàííîå ñåìåéñòâî â L2(−1, 1).

Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà íåîáõîäèìî ïîêàçàòü, ÷òî ëþáîé ýëåìåíò èç L2(−1, 1) ìîæíî
ðàçëîæèòü â ðÿä Ôóðüå ïî ïîëèíîìàì Ëåæàíäðà. Ëåãêî âèäåòü, ÷òî ëèíåéíàÿ îáîëî÷êà ïîëè-
íîìîâ Ëåæàíäðà ñîâïàäàåò ñ ïðîñòðàíñòâîì ïîëèíîìîâ íà îòðåçêå (−1, 1) (ëþáîé ïîëèíîì
ìîæíî ðàçëîæèòü â êîíå÷íûé ðÿä ïî ïîëèíîìàì Ëåæàíäðà). Äàëåå, èçâåñòíî, ÷òî ïðîñòðàí-
ñòâî ïîëèíîìîâ íà îòðåçêå ïëîòíî â ïðîñòðàíñòâå íåïðåðûâíûõ ôóíêöèé (ïî íîðìå â C(−1, 1),
à, ñëåäîâàòåëüíî, è ïî íîðìå â L2(−1, 1)). Â ñâîþ î÷åðåäü, ïðîñòðàíñòâî íåïðåðûâíûõ ôóíê-
öèé ïëîòíî â L2(−1, 1) (ïî íîðìå â L2(−1, 1)). Îêîí÷àòåëüíî, ïîëó÷èì, ÷òî ëèíåéíàÿ îáîëî÷êà
ïîëèíîìîâ Ëåæàíäðà ïëîòíà â L2(−1, 1) (ïî íîðìå â L2(−1, 1)). Îòñþäà, ñ ó÷åòîì òîãî, ÷òî ïî-
ëèíîìû Ëåæàíäðà îáðàçóþò îðòîãîíàëüíóþ ñèñòåìó, ñëåäóåò, ÷òî ëþáîé ýëåìåíò èç L2(−1, 1)
ìîæíî ðàçëîæèòü â ðÿä Ôóðüå ïî ïîëèíîìàì Ëåæàíäðà. �

Îïðåäåëåíèå 8.12 (Ñèíãóëÿðíàÿ çàäà÷àØòóðìà-Ëèóâèëëÿ äëÿ óðàâíåíèÿ Ëåæàíäðà). Ñèí-
ãóëÿðíîé çàäà÷åé Øòóðìà-Ëèóâèëëÿ äëÿ óðàâíåíèÿ Ëåæàíäðà íàçûâàþò çàäà÷ó îá îïðåäåëå-
íèè âñåõ ïàðàìåòðîâ λ òàêèõ, ÷òî íà èíòåðâàëå (−1, 1) ñóùåñòâóåò íåòðèâèàëüíîå ðåøåíèå
çàäà÷è

Lu = λu, u ∈ Dom(L),

ãäå

• Lu = − d
dx

(1− x2) d
dx
u(x);

• Dom(L) = C2[−1, 1].

Çíà÷åíèå ïàðàìåòðà λ, ïðè êîòîðîì äàííàÿ çàäà÷à èìååò íåòðèâèàëüíîå ðåøåíèå, íàçûâà-
þò ñîáñòâåííûì çíà÷åíèåì ýòîé çàäà÷è, à ñîîòâåòñòâóþùåå ðåøåíèå íàçûâàåòñÿ ñîáñòâåí-
íîé ôóíêöèåé.
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Òåîðåìà 8.13 (Ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè ñèíãóëÿðíîé çàäà÷è Øòóðìà�

Ëèóâèëëÿ äëÿ óðàâíåíèÿ Ëåæàíäðà). Ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè ñèíãó-
ëÿðíîé çàäà÷è Øòóðìà-Ëèóâèëëÿ äëÿ óðàâíåíèÿ Ëåæàíäðà èìåþò âèä

∀ n ∈ Z+ λn = n(n+ 1), un = Pn.

Äîêàçàòåëüñòâî. Ñëåäóåò èç òåîðåì 8.7 è 8.11. �

8.3. Ïðèñîåäèíåííûå ôóíêöèè Ëåæàíäðà.

Îïðåäåëåíèå 8.14 (Ïðèñîåäèíåííîå óðàâíåíèå Ëåæàíäðà). Ïðèñîåäèíåííûì óðàâíåíèåì Ëå-
æàíäðà íàçûâàþò óðàâíåíèå âèäà

d

dz
(1− z2)

d

dz
W − m2

1− z2
W + ν(ν + 1)W = 0,

ãäå ν ∈ C è m ∈ N.

Òåîðåìà 8.15 (Ïîâåäåíèå ðåøåíèé ïðèñîåäèíåííîãî óðàâíåíèÿ Ëåæàíäðà â îêðåñòíîñòè îñî-
áûõ òî÷åê). Â îêðåñòíîñòè òî÷êè z = 1 ïðèñîåäèíåííîå óðàâíåíèå Ëåæàíäðà èìååò äâà ëè-
íåéíî íåçàâèñèìûõ ðåøåíèÿ ñî ñëåäóþùèì àñèìïòîòè÷åñêèì ïîâåäåíèåì

W1(z) = (z − 1)
m
2 +O

(
(z − 1)

m+2
2

)
, W2(z) = (z − 1)−

m
2 + o

(
(z − 1)−

m
2

)
, z → 1.

Â îêðåñòíîñòè òî÷êè z = −1 ïðèñîåäèíåííîå óðàâíåíèå Ëåæàíäðà èìååò äâà ëèíåéíî íåçà-
âèñèìûõ ðåøåíèÿ ñî ñëåäóþùèì àñèìïòîòè÷åñêèì ïîâåäåíèåì

W3(z) = (z + 1)
m
2 +O

(
(z + 1)

m+2
2

)
, W4(z) = (z + 1)−

m
2 + o

(
(z + 1)−

m
2

)
, z → −1.

Â îêðåñòíîñòè áåñêîíå÷íîñòè ïðèñîåäèíåííîå óðàâíåíèå Ëåæàíäðà ïðè 2ν 6∈ Z èìååò äâà
ëèíåéíî íåçàâèñèìûõ ðåøåíèÿ ñî ñëåäóþùèì àñèìïòîòè÷åñêèì ïîâåäåíèåì

W5(z) = zν +O(zν−1), W6(z) = z−ν−1 +O(z−ν−2), z →∞.

Äîêàçàòåëüñòâî. Ñëåäóåò èç òåîðåì 7.12 è 7.18. �

Òåîðåìà 8.16 (Ñâÿçü ìåæäó ðåøåíèÿìè ïðèñîåäèíåííîãî óðàâíåíèÿ Ëåæàíäðà è ðåøåíèÿìè
óðàâíåíèÿ Ëåæàíäðà). Ïóñòü V � ðåøåíèå óðàâíåíèÿ Ëåæàíäðà. Òîãäà ôóíêöèÿ

W (z) = (1− z2)
m
2
dm

dzm
V (z)

ÿâëÿåòñÿ ðåøåíèåì ïðèñîåäèíåííîãî óðàâíåíèÿ Ëåæàíäðà.

Äîêàçàòåëüñòâî. Ñäåëàåì ïîäñòàíîâêó

W (z) = (1− z2)
m
2 ϕ(z)

â ïðèñîåäèíåííîì óðàâíåíèè Ëåæàíäðà. Â ðåçóëüòàòå ïîëó÷èì, ÷òî ϕ óäîâëåòâîðÿåò óðàâíåíèþ
âèäà

(1− z2)ϕ′′ − 2z(m+ 1)ϕ′ + (ν2 + ν −m2 −m)ϕ = 0. (8.5)

Ñ äðóãîé ñòîðîíû, äèôôåðåíöèðóÿ m ðàç óðàâíåíèå Ëåæàíäðà

(1− z2)V ′′ − 2zV ′ + (ν2 + ν)V = 0
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ïî ïåðåìåííîé z, ïîëó÷èì, ÷òî

m = 1 : (1− z2)V (3) − 2(1 + 1)zV (2) + (ν2 + ν − 2)V (1) = 0,

m = 2 : (1− z2)V (4) − 2(2 + 1)zV (3) + (ν2 + ν − 2− 4)V (2) = 0,

m = 3 : (1− z2)V (5) − 2(3 + 1)zV (4) + (ν2 + ν − 2− 4− 6)V (3) = 0,

(1− z2)V (m+2) − 2(m+ 1)zV (m+1) + (ν2 + ν −m2 −m)V (m) = 0. (8.6)

Ñðàâíèâàÿ (8.5) è (8.6) ïîëó÷èì óòâåðæäåíèå òåîðåìû. �

Îïðåäåëåíèå 8.17 (Ïðèñîåäèíåííûå ôóíêöèè Ëåæàíäðà). Ïðè âñåõ n ∈ Z+ è m ∈ N òàêèõ,
÷òî n > m ôóíêöèþ âèäà

Pm
n (z) = (1− z2)

m
2
dm

dzm
Pn(z)

íàçûâàþò ïðèñîåäèíåííîé ôóíêöèåé Ëåæàíäðà.
Êðîìå òîãî, ÷òî ïîëàãàþò, ÷òî P 0

n ≡ Pn.

Òåîðåìà 8.18 (Ñèììåòðè÷íîñòü îïåðàòîðà îòâå÷àþùåãî ïðèñîåäèíåííîìó óðàâíåíèþ Ëåæàíä-
ðà). Ïóñòü

• Lu = − d
dx

(1− x2) d
dx
u(x) + m2

1−x2u(x), ãäå m ∈ N;

• Dom(L) =

{
u
∣∣∣ u(x)

(1−x2)
m
2
∈ C2[−1, 1], Lu ∈ L2(−1, 1)

}
;

• (·, ·) � ñêàëÿðíîå ïðîèçâåäåíèå â L2(−1, 1).

Òîãäà
∀ u ∈ Dom(L) ∀ v ∈ Dom(L) (Lu, v) = (u,Lv).

Äîêàçàòåëüñòâî. Ïóñòü u ∈ Dom(L) è v ∈ Dom(L). Îòñþäà ñëåäóåò, ÷òî êîððåêòíî îïðåäåëåí
èíòåãðàë

1∫
−1

u(x)v(x)

1− x2
dx.

Äàëåå, òàêæå êàê è ïðè äîêàçàòåëüñòâå òåîðåìû 8.10, èíòåãðèðóÿ ïî ÷àñòÿì, ïîëó÷èì, ÷òî

(Lu, v) = (u,Lv). �

Òåîðåìà 8.19 (Îñíîâíîå ñâîéñòâî ïðèñîåäèíåííûõ ôóíêöèé Ëåæàíäðà). Äëÿ ëþáîãî m ∈ Z+

ñåìåéñòâî ôóíêöèé {Pm
n }
∞
n=m îáðàçóåò îðòîãîíàëüíûé áàçèñ â L2(−1, 1).4

Äîêàçàòåëüñòâî. Èç ñèììåòðè÷íîñòè îïåðàòîðà, îòâå÷àþùåãî ïðèñîåäèíåííîìó óðàâíåíèþ
Ëåæàíäðà, ñëåäóåò, ÷òî ñåìåéñòâî {Pm

n }
∞
n=m ÿâëÿåòñÿ îðòîãîíàëüíûì â L2(−1, 1).

Ïîëíîòà ñåìåéñòâà {Pm
n }
∞
n=m â L2(−1, 1) ìîæåò áûòü äîêàçàíà òàêæå, êàê ïîëíîòà ñåìåéñòâà

{Pn}∞n=0 â L2(−1, 1) (ñì. äîêàçàòåëüñòâî òåîðåìû 8.11). �

Îïðåäåëåíèå 8.20 (Ñèíãóëÿðíàÿ çàäà÷à Øòóðìà-Ëèóâèëëÿ äëÿ ïðèñîåäèíåííîãî óðàâíåíèÿ
Ëåæàíäðà). Ñèíãóëÿðíîé çàäà÷åé Øòóðìà-Ëèóâèëëÿ äëÿ ïðèñîåäèíåííîãî óðàâíåíèÿ Ëåæàíä-
ðà íàçûâàþò çàäà÷ó îá îïðåäåëåíèè âñåõ ïàðàìåòðîâ λ òàêèõ, ÷òî íà èíòåðâàëå (−1, 1) ñó-
ùåñòâóåò íåòðèâèàëüíîå ðåøåíèå çàäà÷è

Lu = λu, u ∈ Dom(L),

ãäå

4Ïðè m ∈ Z+ ñåìåéñòâî ôóíêöèé
{√

2n+1
2

(n−m)!
(n+m)! P

m
n

}∞
n=m

îáðàçóåò îðòîíîðìèðîâàííûé áàçèñ â L2(−1, 1).
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• Lu = − d
dx

(1− x2) d
dx
u(x) + m2

1−x2u(x), m ∈ N;

• Dom(L) =

{
u
∣∣∣ u(x)

(1−x2)
m
2
∈ C2[−1, 1], Lu ∈ L2(−1, 1)

}
.

Çíà÷åíèå ïàðàìåòðà λ, ïðè êîòîðîì äàííàÿ çàäà÷à èìååò íåòðèâèàëüíîå ðåøåíèå, íàçûâà-
þò ñîáñòâåííûì çíà÷åíèåì ýòîé çàäà÷è, à ñîîòâåòñòâóþùåå ðåøåíèå íàçûâàåòñÿ ñîáñòâåí-
íîé ôóíêöèåé.

Òåîðåìà 8.21 (Ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè ñèíãóëÿðíîé çàäà÷è Øòóðìà�
Ëèóâèëëÿ äëÿ ïðèñîåäèíåííîãî óðàâíåíèÿ Ëåæàíäðà). Ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå
ôóíêöèè ñèíãóëÿðíîé çàäà÷è Øòóðìà-Ëèóâèëëÿ äëÿ ïðèñîåäèíåííîãî óðàâíåíèÿ Ëåæàíäðà
ïðè m ∈ N èìåþò âèä

∀ n > m λn = n(n+ 1), un = Pm
n .

Äîêàçàòåëüñòâî. Ñëåäóåò èç òåîðåì 8.7, 8.15 è 8.16. �

8.4. Ñôåðè÷åñêèå ôóíêöèè.

Òåîðåìà 8.22 (Îïåðàòîð Ëàïëàñà â ñôåðè÷åñêèõ êîîðäèíàòàõ). Ïóñòü
• â R3 çàäàíû ñôåðè÷åñêèå êîîðäèíàòû îòîáðàæåíèåì ψ âèäàx = r sin θ cosϕ,

y = r sin θ sinϕ,
z = r cos θ,

ãäå θ ∈ (0, π), ϕ ∈ (0, 2π) è r ∈ (0,+∞);
• ∆ � îïåðàòîð Ëàïëàñà â R3;
• f ∈ C∞(R3).

Òîãäà

(∆f) ◦ ψ =

[
1

r2

∂

∂r
r2 ∂

∂r
+

1

r2
∆θ,ϕ

]
(f ◦ ψ),

ãäå

∆θ,ϕ =
1

sin θ

∂

∂θ
sin θ

∂

∂θ
+

1

sin2 θ

∂2

∂ϕ2
.

Äîêàçàòåëüñòâî. Áåç äîêàçàòåëüñòâà (äîêàçàíî íà 1-îì êóðñå).�

Îïðåäåëåíèå 8.23 (Îïåðàòîð Ëàïëàñà-Áåëüòðàìè). Îïåðàòîð

∆θ,ϕ =
1

sin θ

∂

∂θ
sin θ

∂

∂θ
+

1

sin2 θ

∂2

∂ϕ2

íàçûâàþò îïåðàòîðîì Ëàïëàñà-Áåëüòðàìè íà ñôåðå â R3.

Îïðåäåëåíèå 8.24 (Ãëàäêàÿ ôóíêöèÿ íà ñôåðå). Ïóñòü

• S = {(x, y, z) | x2 + y2 + z2 = 1};
• f : S → R.

Ãîâîðÿò, ÷òî ôóíêöèÿ f áåñêîíå÷íî äèôôåðåíöèðóåìà íà ñôåðå (èëè ïðèíàäëåæèò êëàñ-
ñó C∞(S)), åñëè äëÿ ëþáîé s ∈ S íàéäóòñÿ îáëàñòü D ⊂ R2 è îòîáðàæåíèå ψ ∈ C∞(D,S)
òàêèå, ÷òî

(1) ψ � âçàèìíî îäíîçíà÷íî îòîáðàæàåò D íà S;
(2) s ∈ ψ(D);
(3) f ◦ ψ ∈ C∞(D).
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Òåîðåìà 8.25 (Ñèììåòðè÷íîñòü îïåðàòîðà Ëàïëàñà-Áåëüòðàìè). Ïóñòü
• S � åäèíè÷íàÿ ñôåðà ñ öåíòðîì â íà÷àëå êîîðäèíàò â R3;
• ∆θ,ϕ � îïåðàòîð Ëàïëàñà-Áåëüòðàìè íà ñôåðå S;
• Dom(L) = C∞(S);
• (·, ·) � ñêàëÿðíîå ïðîèçâåäåíèå â H = L2 ((0, π)× (0, 2π); sin θ), äðóãèìè ñëîâàìè,

∀ u ∈ H ∀ v ∈ H (u, v) =

π∫
0

2π∫
0

u(θ, ϕ)v(θ, ϕ) sin θ dϕ dθ.

Òîãäà
∀ u ∈ Dom(L) ∀ v ∈ Dom(L) (Lu, v) = (u,Lv).

Äîêàçàòåëüñòâî. Äîêàçûâàåòñÿ èíòåãðèðîâàíèåì ïî ÷àñòÿì (ñàìîñòîÿòåëüíî). �

Îïðåäåëåíèå 8.26 (Çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè äëÿ îïåðàòîðà
Ëàïëàñà-Áåëüòðàìè). Ïóñòü

• S � åäèíè÷íàÿ ñôåðà ñ öåíòðîì â íà÷àëå êîîðäèíàò â R3;
• ∆θ,ϕ � îïåðàòîð Ëàïëàñà-Áåëüòðàìè íà ñôåðå S;
• Dom(∆θ,ϕ) = C∞(S).

Çàäà÷åé íà ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè äëÿ îïåðàòîðà Ëàïëàñà-Áåëüòðàìè
íàçûâàþò çàäà÷ó îá îïðåäåëåíèè âñåõ ïàðàìåòðîâ λ òàêèõ, ÷òî

−∆θ,ϕu = λu, u ∈ Dom(∆θ,ϕ).

Çíà÷åíèå ïàðàìåòðà λ, ïðè êîòîðîì äàííàÿ çàäà÷à èìååò íåòðèâèàëüíîå ðåøåíèå, íàçû-
âàþò ñîáñòâåííûì çíà÷åíèåì îïåðàòîðà Ëàïëàñà-Áåëüòðàìè, à ñîîòâåòñòâóþùåå ðåøåíèå
íàçûâàåòñÿ ñîáñòâåííîé ôóíêöèåé îïåðàòîðà Ëàïëàñà-Áåëüòðàìè.

Òåîðåìà 8.27 (Ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè îïåðàòîðà Ëàïëàñà-Áåëüòðà-

ìè). Ïóñòü
• S � åäèíè÷íàÿ ñôåðà ñ öåíòðîì â íà÷àëå êîîðäèíàò â R3;
• ∀ n ∈ Z+ λn = n(n+ 1);

• ∀ n ∈ Z+ ∀ m ∈ {m | m ∈ Z, |m| 6 n} Y m
n (θ, ϕ) = eimϕP

|m|
n (cos θ).

Òîãäà

(1) ∀ n ∈ Z+ ∀ m ∈ {m | m ∈ Z, |m| 6 n} −∆θ,ϕY
m
n = λnY

m
n , Y

m
n ∈ C∞(S);

(2) ñåìåéñòâî ôóíêöèé

Y m
n (θ, ϕ) = eimϕP |m|n (cos θ), ãäå n ∈ Z+, m ∈ Z è |m| 6 n

îáðàçóåò îðòîãîíàëüíûé áàçèñ â ïðîñòðàíñòâå L2 ((0, π)× (0, 2π); sin θ);
(3) ñåìåéñòâî ôóíêöèé

Y m
n (θ, ϕ) = eimϕP |m|n (cos θ), ãäå n ∈ Z+, m ∈ Z è |m| 6 n

îáðàçóåò îðòîãîíàëüíûé áàçèñ â ïðîñòðàíñòâå L2(S);
(4) {Y m

n } � ïîëíûé íàáîð ñîáñòâåííûõ ôóíêöèé îïåðàòîðà Ëàïëàñà-Áåëüòðàìè íà S;
(5) {λn} � ïîëíûé íàáîð ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà Ëàïëàñà-Áåëüòðàìè íà S.

Äîêàçàòåëüñòâî. (1) Äîêàçàòåëüñòâî ïðîâåäåì ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ. Äëÿ ýòîãî
áóäåì èñêàòü ðåøåíèå çàäà÷è

−∆θ,ϕu = λu, u ∈ Dom(∆θ,ϕ) (8.7)
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â âèäå

u(θ, ϕ) = Z(θ)Φ(ϕ). (8.8)

Ïîäñòàâëÿÿ ïðåäñòàâëåíèå (8.8) â óðàâíåíèå (8.7), ïîëó÷èì, ÷òî

−
(
Z ′(θ) sin θ

)′
sin θ

Φ(ϕ)− Z(θ)

sin2 θ
Φ′′(ϕ) = λZ(θ)Φ(ϕ),(

Z ′(θ) sin θ
)′

sin θ

Z(θ)
+ λ sin2 θ = −Φ′′(ϕ)

Φ(ϕ)
. (8.9)

Çàìåòèì, ÷òî ðàâåíñòâî (8.9) äîëæíî âûïîëíÿòüñÿ äëÿ âñåõ θ ∈ (0, π) è ϕ ∈ (0, 2π). Îòñþäà,
ó÷èòûâàÿ, ÷òî ëåâàÿ ÷àñòü ðàâåíñòâà (8.9) çàâèñèò òîëüêî îò θ, à ïðàâàÿ � îò ϕ, ïîëó÷èì, ÷òî
íàéäåòñÿ ïîñòîÿííàÿ ν òàêàÿ, ÷òî(

Z ′(θ) sin θ
)′

sin θ

Z(θ)
+ λ sin2 θ = −Φ′′(ϕ)

Φ(ϕ)
= ν. (8.10)

Îòñþäà è èç óñëîâèÿ Z(θ)Φ(ϕ) ∈ C∞(S) ñëåäóåò, ÷òî Φ � 2π-ïåðèîäè÷åñêîå ðåøåíèå óðàâíåíèÿ

−Φ′′ = νΦ.

Ðåøàÿ ïîëó÷åííóþ êðàåâóþ çàäà÷ó íà ôóíêöèþ Φ ïîëó÷èì, ÷òî

∀ m ∈ Z νm = m2, Φn = eimϕ. (8.11)

Èç (8.11) è (8.10) ïîëó÷èì, ÷òî Z óäîâëåòâîðÿåò óðàâíåíèþ âèäà(
Z ′ sin θ

)′
sin θ + λZ sin2 θ = m2Z. (8.12)

Ñäåëàåì çàìåíó ïåðåìåííûõ

cos θ = t, Z(θ) = v(cos θ) (8.13)

â óðàâíåíèè (8.12). Â ðåçóëüòàòå ïîëó÷èì, ÷òî

Z ′(θ) sin θ =
∂v(cos θ)

∂θ
sin θ = −v′(cos θ) sin2 θ = −v′(t)(1− t2)

∣∣
t=cos θ

,(
Z ′(θ) sin θ

)′
sin θ =

(
v′(t)(1− t2)

)′
(1− t2)

∣∣
t=cos θ

,

îòêóäà

−
(
v′(1− t2)

)′
+

m2

1− t2
v = λv. (8.14)

Ïðè m = 0 óðàâíåíèå (8.14) ÿâëÿåòñÿ óðàâíåíèåì Ëåæàíäðà, à ïðè m 6= 0 ïðèñîåäèíåííûì
óðàâíåíèåì Ëåæàíäðà. Óñëîâèÿ íà ïîâåäåíèå ðåøåíèé â îêðåñòíîñòè òî÷åê t = ±1 ìîæíî âû-
âåñòè èç âêëþ÷åíèÿ Z(θ)Φ(ϕ) ∈ C∞(S) (íàïðèìåð, î÷åâèäíî, ÷òî ðåøåíèÿ äîëæíû îñòàâàòüñÿ
îãðàíè÷åííûìè â îêðåñòíîñòè òî÷åê t = ±1). Òåïåðü, èç òåîðåì 8.13 è 8.21 ñëåäóåò, ÷òî ñèíãó-
ëÿðíàÿ çàäà÷à Øòóðìà-Ëèóâèëëÿ (8.14) (ñ óñëîâèÿìè îãðàíè÷åííîñòè ðåøåíèé â îêðåñòíîñòè
òî÷åê t = ±1) èìååò ñëåäóþùèå ñîáñòâåííûå ÷èñëà è ñîáñòâåííûå ôóíêöèè

∀ n ∈ Z+ ∀ m ∈ {m | m ∈ Z, |m| 6 n} λn = n(n+ 1), vn = P |m|n .

Ñîáèðàÿ ïîëó÷åííûå ðåçóëüòàòû âìåñòå, ïîëó÷èì, ÷òî ôóíêöèÿ

Y m
n (θ, ϕ) = eimϕP |m|n (cos θ)

ïðè n ∈ Z+ è m ∈ {m | m ∈ Z, |m| 6 n} ÿâëÿþòñÿ ñîáñòâåííûìè ôóíêöèÿìè îïåðàòîðà
Ëàïëàñà-Áåëüòðàìè, îòâå÷àþùèå ñîáñòâåííîìó çíà÷åíèþ λn = n(n+ 1).



98 À. À. Ïîæàðñêèé

(2) Çàìåòèì, ÷òî äëÿ âñåõ n1 ∈ Z+, m1 ∈ Z+, n2 ∈ Z+ è m2 ∈ Z+ òàêèõ, ÷òî m1 6 n1 è m2 6 n2

âåðíî, ÷òî
π∫

0

Pm1
n1

(cos θ)Pm2
n2

(cos θ) sin θ dθ =

1∫
−1

Pm1
n1

(t)Pm2
n2

(t) dt.

Îòñþäà è èç òåîðåì 8.11 è 8.19 ñëåäóåò, ÷òî äëÿ ëþáîãî m ∈ Z ñåìåéñòâî ôóíêöèé

P |m|n (cos θ), n ∈ Z+, n > |m|

îáðàçóåò îðòîãîíàëüíûé áàçèñ â ïðîñòðàíñòâå L2 ((0, π); sin θ). Âìåñòå ñ ýòèì, èçâåñòíî, ÷òî

ñåìåéñòâî ôóíêöèé {eimϕ}+∞
−∞ îáðàçóåò îðòîãîíàëüíûé áàçèñ â ïðîñòðàíñòâå L2(0, 2π). Îòñþäà

ëåãêî ñëåäóåò, ÷òî ñåìåéñòâî ôóíêöèé

Y m
n (θ, ϕ) = eimϕP |m|n (cos θ), ãäå n ∈ Z+, m ∈ Z è |m| 6 n

îáðàçóåò îðòîãîíàëüíûé áàçèñ â ïðîñòðàíñòâå L2 ((0, π)× (0, 2π); sin θ);
(3) Ñëåäóåò èç òîãî, ÷òî ∫

S

f(θ, ϕ) dS =

π∫
0

2π∫
0

f(θ, ϕ) sin θ dϕ dθ.

(4) Èç (3) è èç ñèììåòðè÷íîñòè îïåðàòîðà Ëàïëàñà-Áåëüòðàìè (ñì. òåîðåìó 8.25) ñëåäóåò, ÷òî
ñîáñòâåííûõ ôóíêöèé, îðòîãîíàëüíûõ ñåìåéñòâó {Y m

n }, îïåðàòîð Ëàïëàñà-Áåëüòðàìè íå èìååò.
(5) Ñëåäóåò èç (4). �

Îïðåäåëåíèå 8.28 (Ñôåðè÷åñêèå ôóíêöèè). Ñôåðè÷åñêîé ôóíêöèåé Yn ïîðÿäêà n ∈ Z+ íà-
çûâàþò ëþáóþ ëèíåéíóþ êîìáèíàöèþ ôóíêöèé âèäà

Y m
n (θ, ϕ) = eimϕP |m|n (cos θ)

ãäå |m| 6 n.

Òåîðåìà 8.29 (Ïîëèíîìèàëüíîå ñâîéñòâî ñôåðè÷åñêèõ ôóíêöèé). Ïóñòü S � åäèíè÷íàÿ ñôåðà
ñ öåíòðîì â íà÷àëå êîîðäèíàò â R3.
Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.

(1) Äëÿ ëþáîãî n ∈ Z+ ôóíêöèÿ rnYn(θ, ϕ) ÿâëÿåòñÿ îäíîðîäíûì ïîëèíîì ñòåïåíè n îòíî-
ñèòåëüíî äåêàðòîâûõ êîîðäèíàò.

(2) Äëÿ ëþáûõ n ∈ Z+ è m ∈ Z òàêèõ, ÷òî |m| 6 n âåðíî, ÷òî Y m
n ∈ C∞(S);

(3) Äëÿ ëþáîãî n ∈ Z+ ôóíêöèÿ rnYn(θ, ϕ) ÿâëÿåòñÿ ãàðìîíè÷åñêîé.

Äîêàçàòåëüñòâî. (1) Ïóñòü n ∈ Z+ è m ∈ Z+ òàêèå, ÷òî m 6 n, òîãäà

rnY m
n (θ, ϕ) = rneimϕPm

n (cos θ) =
1

2nn!
rneimϕ(1− t2)

m
2
dn+m

dtn+m
(t2 − 1)n

∣∣∣
t=cos θ

=

=
1

2nn!
rneimϕ sinmθ

dn+m

dtn+m
(t2 − 1)n

∣∣∣
t=cos θ

=
(x+ iy)m

2nn!
rn−m

dn+m

dtn+m
(t2 − 1)n

∣∣∣
t=cos θ

.

Çàìåòèì òåïåðü, ÷òî

dn+m

dtn+m
(t2 − 1)n

∣∣∣
t=cos θ

= an−m cosn−mθ + an−m−2 cosn−m−2θ + . . . ,
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ãäå an−m, an−m−2, . . . � íåêîòîðûå ïîñòîÿííûå êîýôôèöèåíòû. Ñëåäîâàòåëüíî,

rn−m
dn+m

dtn+m
(t2 − 1)n

∣∣∣
t=cos θ

= an−mz
n−m + an−m−2z

n−m−2r2 + . . . .

Îòñþäà, ó÷èòûâàÿ, ÷òî r2 � îäíîðîäíûì ïîëèíîì ñòåïåíè 2 îòíîñèòåëüíî äåêàðòîâûõ êîîðäèíàò
(x, y, z), ïîëó÷èì, ÷òî rnY m

n (θ, ϕ) � îäíîðîäíûì ïîëèíîì ñòåïåíè n îòíîñèòåëüíî äåêàðòîâûõ
êîîðäèíàò (x, y, z).
(2) Ñëåäóåò èç (1) è ýëåìåíòàðíîãî âêëþ÷åíèÿ r ∈ C∞(S).
(3) Ëåãêî âèäåòü, ÷òî

∆
(
rnYn(θ, ϕ)

)
=

[
1

r2

∂

∂r
r2 ∂

∂r
+

1

r2
∆θ,ϕ

] (
rnYn(θ, ϕ)

)
= r−2

(
r2(rn)′

)′
Yn(θ, ϕ) + rn−2∆θ,ϕYn(θ, ϕ) =

= rn−2n(n+ 1)Yn(θ, ϕ)− rn−2n(n+ 1)Yn(θ, ϕ) = 0. �

8.5. Ôóíêöèÿ Áåññåëÿ.

Îïðåäåëåíèå 8.30 (Óðàâíåíèå Áåññåëÿ). Óðàâíåíèåì Áåññåëÿ íàçûâàþò óðàâíåíèå âèäà

z2 d
2

dz2
W + z

d

dz
W + (z2 − ν2)W = 0,

ãäå ν ∈ C.

Òåîðåìà 8.31 (Ïîâåäåíèå ðåøåíèé óðàâíåíèÿ Áåññåëÿ â îêðåñòíîñòè åãî îñîáûõ òî÷åê). Ñïðà-
âåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.

(1) Â îêðåñòíîñòè òî÷êè z = 0 óðàâíåíèå Áåññåëÿ èìååò ðåøåíèÿ ñî ñëåäóþùèìè àñèìï-
òîòè÷åñêèìè ïîâåäåíèÿìè:
• ïðè 2ν 6∈ Z (èëè Re ν > 0)

W1(z) = zν +O(zν+1) z → 0;

• ïðè 2ν 6∈ Z (èëè Re ν 6 0)

W2(z) = z−ν +O(z−ν+1) z → 0;

• ïðè ν = 0
W3(z) = ln z +O(z ln z) z → 0.

(2) Â îêðåñòíîñòè áåñêîíå÷íîñòè óðàâíåíèå Áåññåëÿ èìååò íåïðàâèëüíóþ îñîáóþ òî÷êó.

Äîêàçàòåëüñòâî. (1) Õàðàêòåðèñòè÷åñêèå ïîêàçàòåëè óðàâíåíèÿ Áåññåëÿ â îêðåñòíîñòè òî÷êè
z = 0 ÿâëÿþòñÿ ðåøåíèÿìè óðàâíåíèÿ

ρ(ρ− 1) + ρ− ν2 = 0

è, ñëåäîâàòåëüíî, ρ1 = ν è ρ2 = −ν ïðè Re ν > 0. Òåïåðü íåîáõîäèìîå óòâåðæäåíèå ñëåäóåò èç
òåîðåìû 7.12.
(2) Ñëåäóåò èç òåîðåìû 7.16 �.

Òåîðåìà 8.32 (Ðåøåíèå óðàâíåíèÿ Áåññåëÿ ãëàäêî çàâèñÿùåå îò ïàðàìåòðà ν). Ïðè ν ∈ C
ñóùåñòâóåò ðåøåíèå óðàâíåíèÿ Áåññåëÿ âèäà

W (z) =
∞∑
n=0

(−1)n

n! Γ(n+ ν + 1)

(z
2

)2n+ν

. (8.15)

Ïðè Γ(n+ ν + 1) =∞, êîýôôèöèåíò 1
Γ(n+ν+1)

ïîëàãàåòñÿ ðàâíûì íóëþ.
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Äîêàçàòåëüñòâî. Èç òåîðåìû 7.12 ñëåäóåò, ÷òî ïðè 2ν 6∈ Z ñóùåñòâóåò ðåøåíèå óðàâíåíèÿ
Áåññåëÿ âèäà

W (z) =
∞∑
n=0

cnz
n+ν . (8.16)

Ïîäñòàâëÿÿ ðàçëîæåíèå (8.16) â óðàâíåíèå Áåññåëÿ, ïîëó÷èì, ÷òî

∞∑
n=0

(n+ ν)(n+ ν − 1)cnz
n+ν +

∞∑
n=0

(n+ ν)cnz
n+ν −

∞∑
n=0

ν2cnz
n+ν +

∞∑
n=0

cnz
n+ν+2 = 0,

∞∑
n=0

(n2 + 2νn)cnz
n+ν +

∞∑
n=2

cn−2z
n+ν = 0.

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ, íàéäåì

zν : 0 · c0 = 0 =⇒ c0 � ïðîèçâîëüíîå,

zν+1 : (1 + 2ν)c1 = 0 =⇒ c1 = 0,

zν+n(n > 2) : (n2 + 2νn)cn + cn−2 = 0 =⇒ cn = − cn−2

n2 + 2νn
.

Ñëåäîâàòåëüíî, ∀ p ∈ N âåðíî, ÷òî

c2p−1 = 0,

c2p = − c2p−2

2p(2p+ 2ν)
=

−1

22p(p+ ν)
c2p−2 =

(−1)p

22pp!

c0

(p+ ν)(p− 1 + ν) . . . (1 + ν)
.

Ïîëàãàÿ c0 = 1
2νΓ(1+ν)

, ïîëó÷èì, ÷òî

∀ p ∈ Z+ c2p =
(−1)p

22p+νp!

1

(p+ ν)(p− 1 + ν) . . . (1 + ν)Γ(1 + ν)
=

(−1)p

22p+νp! Γ(p+ ν + 1)
.

Òàêèì îáðàçîì,

W (z) =
∞∑
p=0

(−1)p

p! Γ(p+ ν + 1)

(z
2

)2p+ν

ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ Áåññåëÿ ïðè 2ν 6∈ Z.
Ïðîâåðêà òîãî ôàêòà, ÷òî (8.15) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ Áåññåëÿ ïðè âñåõ ν ∈ C îñó-

ùåñòâëÿåòñÿ ïðÿìîé ïîäñòàíîâêîé. Ìû ïîçâîëèì ñåáå îïóñòèòü ýòè âûêëàäêè. �

Îïðåäåëåíèå 8.33 (Ôóíêöèÿ Áåññåëÿ). Ïðè ν ∈ C ðåøåíèå óðàâíåíèÿ Áåññåëÿ âèäà

Jν(z) =
∞∑
n=0

(−1)n

n! Γ(n+ ν + 1)

(z
2

)2n+ν

íàçûâàþò ôóíêöèåé Áåññåëÿ.

Òåîðåìà 8.34 (Ñâîéñòâà ôóíêöèè Áåññåëÿ). Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.

(1) Ïðè ν 6∈ Z ôóíêöèè Jν è J−ν � îáðàçóþò áàçèñ ðåøåíèé óðàâíåíèÿ Áåññåëÿ;
(2) Ïðè n ∈ N âåðíî, ÷òî J−n = (−1)nJn;
(3) Ïðè n ∈ Z ôóíêöèè J−n è Jn ëèíåéíî çàâèñèìû.
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Äîêàçàòåëüñòâî. (1) Ïðè ν 6∈ Z âåðíî, ÷òî

Jν(z) = Azν +O(zν+1), J−ν(z) = Bz−ν +O(z−ν+1), z → 0,

ãäå A è B � íåêîòîðûå íåòðèâèàëüíûå ïîñòîÿííûå. Îòñþäà ëåãêî ñëåäóåò, ÷òî ôóíêöèè Jν è
J−ν ëèíåéíî íåçàâèñèìû è, ñëåäîâàòåëüíî, îáðàçóþò áàçèñ ðåøåíèé óðàâíåíèÿ Áåññåëÿ.
(2) Ïðè n ∈ N âåðíî, ÷òî

J−n(z) =
∞∑
p=0

(−1)p

p! Γ(p− n+ 1)

(z
2

)2p−n
=

[
1

Γ(−n+ 1)
= . . . =

1

Γ(0)
= 0

]
=

=
∞∑
p=n

(−1)p

p! Γ(p− n+ 1)

(z
2

)2p−n
=
[
p = k + n

]
= (−1)n

∞∑
k=0

(−1)k

(k + n)! Γ(k + 1)

(z
2

)2k+n

=

= (−1)n
∞∑
k=0

(−1)k

k! Γ(k + n+ 1)

(z
2

)2k+n

= (−1)nJn(z).

(3) Ñëåäóåò èç (2). �

Òåîðåìà 8.35 (Ðåêóððåíòíûå ñîîòíîøåíèÿ äëÿ ôóíêöèé Áåññåëÿ). Ñïðàâåäëèâû ñëåäóþùèå
óòâåðæäåíèÿ.

(1) ∀ ν ∈ C d
dz

(
Jν(z)
zν

)
= −Jν+1(z)

zν
.

(2) ∀ ν ∈ C d
dz

(zνJν(z)) = zνJν−1(z).

(3) ∀ ν ∈ C Jν+1(z) + Jν−1(z) = 2ν
z
Jν(z).

Äîêàçàòåëüñòâî. (1) Èç îïðåäåëåíèÿ 8.33 ñëåäóåò, ÷òî

∀ ν ∈ C
d

dz

(
Jν(z)

zν

)
=

1

2ν
d

dz

∞∑
n=0

(−1)n

n! Γ(n+ ν + 1)

(z
2

)2n

=
1

2ν

∞∑
n=1

n(−1)n

n! Γ(n+ ν + 1)

(z
2

)2n−1

=

=
[
n = p+ 1

]
=

1

2ν

∞∑
p=0

(−1)p+1

p! Γ(p+ ν + 2)

(z
2

)2p+1

=
1

zν

∞∑
p=0

(−1)p+1

p! Γ(p+ ν + 2)

(z
2

)2p+ν+1

= −Jν+1(z)

zν
.

(2) Èç îïðåäåëåíèÿ 8.33 ñëåäóåò, ÷òî

∀ ν ∈ C
d

dz
(zνJν(z)) = 2ν

d

dz

∞∑
n=0

(−1)n

n! Γ(n+ ν + 1)

(z
2

)2n+2ν

=

= 2ν
∞∑
n=0

(n+ ν)(−1)n

n! Γ(n+ ν + 1)

(z
2

)2n+2ν−1

= zν
∞∑
n=0

(−1)n

n! Γ(n+ ν)

(z
2

)2n+ν−1

= zνJν−1(z).

(3) Èç (1) è (2) ñëåäóåò, ÷òî{
J ′
ν(z)
zν
− ν Jν(z)

zν+1 = −Jν+1(z)
zν

,

zνJ ′ν(z) + νzν−1Jν(z) = zνJν−1(z)
=⇒

{
J ′ν(z)− ν Jν(z)

z
= −Jν+1(z),

J ′ν(z) + ν Jν(z)
z

= Jν−1(z)
=⇒

=⇒ 2ν

z
Jν(z) = Jν+1(z) + Jν−1(z) �

Òåîðåìà 8.36 (Ôóíêöèÿ Áåññåëÿ ïîëóöåëîãî çíà÷êà). Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.

(1) J 1
2
(z) =

√
2
πz

sin z.
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(2) J− 1
2
(z) =

√
2
πz

cos z.

Äîêàçàòåëüñòâî. (1) Èç îïðåäåëåíèÿ 8.33 ñëåäóåò, ÷òî

J 1
2
(z) =

∞∑
n=0

(−1)n

n! Γ(n+ 3
2
)

(z
2

)2n+ 1
2

=
∞∑
n=0

(−1)n

n! (n+ 1
2
)(n− 1

2
) . . . 1

2
Γ(1

2
)

(z
2

)2n+ 1
2

=

=

√
2

πz

∞∑
n=0

(−1)nz2n+1

n! 2n(2n+ 1)(2n− 1) . . . 1
=

√
2

πz

∞∑
n=0

(−1)nz2n+1

(2n+ 1)!
=

√
2

πz
sin z.

(2) Èç òåîðåìû 8.35 ñëåäóåò, ÷òî

J− 1
2
(z) =

1√
z

d

dz

(√
z J 1

2
(z)
)

=
1√
z

d

dz

(√
2

π
sin z

)
=

√
2

πz
cos z. �

Òåîðåìà 8.37 (Èíòåãðàëüíûå ïðåäñòàâëåíèÿ äëÿ ðåøåíèé óðàâíåíèÿ Áåññåëÿ). Ïóñòü γ �
ãëàäêèé êîíòóð â C, óäîâëåòâîðÿþùèé óñëîâèþ

(t2 + 1)ν+ 1
2 ezt
∣∣∣
γ

= 0.

Òîãäà

W (z) = zν
∫
γ

(t2 + 1)ν−
1
2 ezt dt

ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ Áåññåëÿ.

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ïðîâîäèòñÿ ïî àíàëîãèè ñ äîêàçàòåëüñòâîì òåîðåìû 8.6.
Ñäåëàåì ïîäñòàíîâêó W (z) = zνV (z) â óðàâíåíèè Áåññåëÿ. Â ðåçóëüòàòå ïîëó÷èì, ÷òî

zV ′′ + (2ν + 1)V ′ + zV = 0. (8.17)

Ðåøàÿ óðàâíåíèå (8.17) ìåòîäîì Ëàïëàñà, ïîëó÷èì

V (z) =

∫
γ

(t2 + 1)ν−
1
2 ezt dt,

ãäå γ � êîíòóð èíòåãðèðîâàíèÿ, óäîâëåòâîðÿþùèé óñëîâèþ

(t2 + 1)ν+ 1
2 ezt
∣∣∣
γ

= 0. �

Òåîðåìà 8.38 (Èíòåãðàëüíîå ïðåäñòàâëåíèå äëÿ ôóíêöèè Áåññåëÿ). Ïóñòü Re ν > −1
2
, òîãäà

Jν(z) =
zν

√
π 2ν Γ

(
ν + 1

2

) 1∫
−1

(1− s2)ν−
1
2 eizs ds.

Äîêàçàòåëüñòâî. Èç òåîðåìû 8.37 ñëåäóåò, ÷òî

W (z) = zν
i∫

−i

(t2 + 1)ν−
1
2 ezt dt

ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ Áåññåëÿ ïðè Re ν > 0.
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Ëåãêî âèäåòü, ÷òî

lim
z→0

z−νW (z) =

i∫
−i

(t2 + 1)ν−
1
2 dt =

[
t = is

]
= i

1∫
−1

(1− s2)ν−
1
2 ds = 2i

1∫
0

(1− s2)ν−
1
2 ds =

=
[
x = s2

]
= i

1∫
0

(1− x)ν−
1
2x−

1
2 dx = iB

(
ν +

1

2
,
1

2

)
= i

Γ
(
ν + 1

2

)
Γ
(

1
2

)
Γ (ν + 1)

=
i
√
π Γ
(
ν + 1

2

)
Γ (ν + 1)

.

Îòñþäà, ïðèíèìàÿ âî âíèìàíèå, ÷òî

lim
z→0

z−νJν(z) =
1

2νΓ(ν + 1)
,

ïîëó÷èì, ÷òî

Jν(z) =
1

i
√
π 2ν Γ

(
ν + 1

2

)W (z).

Îêîí÷àòåëüíî,

Jν(z) =
zν

i
√
π 2ν Γ

(
ν + 1

2

) i∫
−i

(t2 + 1)ν−
1
2 ezt dt =

[
t = is

]
=

zν
√
π 2ν Γ

(
ν + 1

2

) 1∫
−1

(1− s2)ν−
1
2 eizs ds. �

Òåîðåìà 8.39 (Ëåììà Ýðäåéè). Ïóñòü

• α > 1, β > 0;
• f ∈ C∞[0, a], ãäå a > 0;
• ∀ n ∈ Z+ f (n)(a) = 0.

Òîãäà
a∫

0

xβ−1f(x)eiλx
α

dx = f(0)
Γ
(
β
α

)
e
iπβ
2α

α
λ−

β
α +O

(
λ−

β+1
α

)
ïðè λ→ +∞.

Äîêàçàòåëüñòâî. Áåç äîêàçàòåëüñòâà. �

Òåîðåìà 8.40 (Àñèìïòîòè÷åñêîå ïîâåäåíèå ôóíêöèè Áåññåëÿ ïðè áîëüøèõ ïîëîæèòåëüíûõ

çíà÷åíèÿõ àðãóìåíòà). Ïóñòü ν ∈ C, òîãäà

Jν(x) =

√
2

πx

[
cos
(
x− π

4
(2ν + 1)

)
+O

(
1

x

)]
ïðè x→ +∞.

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ïðîâåäåì òîëüêî äëÿ ñëó÷àÿ Re ν > −1
2
.

Ïóñòü χ− è χ+ � ðàçáèåíèå åäèíèöû äëÿ îòðåçêà [−1, 1] òàêîå, ÷òî

χ− ∈ C∞[−1, 1], χ+ ∈ C∞[−1, 1],

∀ s ∈ [−1,−1/2] χ−(s) = 1, χ+(s) = 0,

∀ s ∈ [1/2, 1] χ−(s) = 0, χ+(s) = 1,

∀ s ∈ [−1, 1] χ−(s) + χ+(s) = 1.
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Îòñþäà ñëåäóåò, ÷òî
1∫

−1

(1− s2)ν−
1
2 eixs ds =

1∫
−1

(1− s2)ν−
1
2χ−(s)eixs ds+

1∫
−1

(1− s2)ν−
1
2χ+(s)eixs ds.

Ïðèìåíÿÿ òåîðåìó 8.39 (ëåììà Ýðäåéè) ïîëó÷èì, ÷òî

1∫
−1

(1− s2)ν−
1
2χ−(s)eixs ds =

[
s+ 1 = t

]
= e−ix

2∫
0

tν−
1
2 (2− t)ν−

1
2χ−(t− 1)eixt dt =

= e−ix2ν−
1
2 Γ

(
ν +

1

2

)
e
iπ
2 (ν+ 1

2)x−ν−
1
2 +O

(
x−ν−

3
2

)
,

1∫
−1

(1− s2)ν−
1
2χ+(s)eixs ds =

[
1− s = t

]
= eix

2∫
0

tν−
1
2 (2− t)ν−

1
2χ+(1− t)e−ixt dt =

= eix2ν−
1
2 Γ

(
ν +

1

2

)
e−

iπ
2 (ν+ 1

2)x−ν−
1
2 +O

(
x−ν−

3
2

)
.

Ñëåäîâàòåëüíî,

Jν(x) =
xν

√
π 2ν Γ

(
ν + 1

2

) 1∫
−1

(1− s2)ν−
1
2 eixs ds =

=
xν

√
π 2ν Γ

(
ν + 1

2

)2ν−
1
2 Γ

(
ν +

1

2

)
x−ν−

1
2

[
e−ixe

iπ
2 (ν+ 1

2) + eixe−
iπ
2 (ν+ 1

2) +O
(
x−1
)]

=

=

√
2

πx

[
cos
(
x− π

4
(2ν + 1)

)
+O

(
1

x

)]
ïðè x→ +∞. �

Òåîðåìà 8.41 (Íóëè ôóíêöèè Áåññåëÿ). Ïóñòü ν > 0, òîãäà

(1) ôóíêöèÿ Áåññåëÿ Jν(x) ïðè x > 0 èìååò ñ÷åòíûé íàáîð âåùåñòâåííûõ íóëåé, êîòîðûå
íàêàïëèâàþòñÿ íà áåñêîíå÷íîñòè: µ1 < µ2 < . . . < µn < . . .;

(2) âñå ïîëîæèòåëüíûå íóëè ôóíêöèè Áåññåëÿ Jν ïðîñòûå (ò.å. ∀ n ∈ N J ′ν(µn) 6= 0);
(3) µn = πn+ πν

2
− π

4
+ o(1) ïðè n→ +∞;

(4) ìíîæåñòâî âñåõ íóëåé ôóíêöèè z−νJν(z) â C èìååò âèä {±µn}∞n=1.

Äîêàçàòåëüñòâî. Áåç äîêàçàòåëüñòâà. �

8.6. Ôóíêöèè Õàíêåëÿ è Íåéìàíà.

Îïðåäåëåíèå 8.42 (Ôóíêöèè Õàíêåëÿ). Ïðè ν ∈ C ðåøåíèÿ óðàâíåíèÿ Áåññåëÿ, èìåþùèå
àñèìïòîòè÷åñêîå ïîâåäåíèå âèäà

H(1)
ν (x) =

√
2

πx

[
ei(x−

π
4

(2ν+1)) +O

(
1

x

)]
,

H(2)
ν (x) =

√
2

πx

[
e−i(x−

π
4

(2ν+1)) +O

(
1

x

)]
ïðè x→ +∞, íàçûâàþò ôóíêöèÿìè Õàíêåëÿ ïåðâîãî è âòîðîãî ðîäà ñîîòâåòñòâåííî.
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Òåîðåìà 8.43 (Ëåììà Âàòñîíà). Ïóñòü
• α > 0, β > 0;
• f ∈ C∞[0, a], ãäå a > 0.

Òîãäà
a∫

0

xβ−1f(x)e−λx
α

dx = f(0)
Γ
(
β
α

)
α

λ−
β
α +O

(
λ−

β+1
α

)
ïðè λ→ +∞.

Äîêàçàòåëüñòâî. Áåç äîêàçàòåëüñòâà. �

Òåîðåìà 8.44 (Èíòåãðàëüíîå ïðåäñòàâëåíèå äëÿ ôóíêöèè Õàíêåëÿ ïåðâîãî ðîäà). Ïóñòü
Re ν > −1

2
è Re z > 0, òîãäà

H(1)
ν (z) =

zν

i
√
π 2ν−1Γ

(
ν + 1

2

) i∫
i−∞

(t2 + 1)ν−
1
2 ezt dt (8.18)

ãäå âåòâü ìíîãîçíà÷íîé ôóíêöèè (t2 + 1)ν−
1
2 âûáèðàåòñÿ òàê, ÷òîáû

∀ t ∈ (i−∞, i) arg(t2 + 1) = −π
2
.

Äîêàçàòåëüñòâî. Èç òåîðåìû 8.37 ñëåäóåò, ÷òî (8.18) � ðåøåíèå óðàâíåíèÿ Áåññåëÿ. Äëÿ çà-
âåðøåíèÿ äîêàçàòåëüñòâî íåîáõîäèìî äîêàçàòü, ÷òî ôóíêöèÿ (8.18) îáëàäàåò òðåáóåìûì àñèìï-
òîòè÷åñêèì ïîâåäåíèåì ïðè x→ +∞.
Èç òåîðåìû 8.43 (ëåììà Âàòñîíà) ñëåäóåò, ÷òî

i∫
i−∞

(t2 + 1)ν−
1
2 ext dt =

[
t = i− s

]
= eix

∞∫
0

sν−
1
2 (s− 2i)ν−

1
2 e−xs ds =

= eix(−2i)ν−
1
2 Γ

(
ν +

1

2

)
x−ν−

1
2 +O

(
x−ν−

3
2

)
= eix−i

π
2

(ν− 1
2

)2ν−
1
2 Γ

(
ν +

1

2

)
x−ν−

1
2 +O

(
x−ν−

3
2

)
ïðè x→ +∞. Ñëåäîâàòåëüíî,

H(1)
ν (x) =

xν

i
√
π 2ν−1Γ

(
ν + 1

2

)eix−iπ2 (ν− 1
2

)2ν−
1
2 Γ

(
ν +

1

2

)
x−ν−

1
2 +O

(
x−

3
2

)
=

=

√
2

πx

[
ei(x−

π
4

(2ν+1)) +O

(
1

x

)]
ïðè x→ +∞. �

Òåîðåìà 8.45 (Èíòåãðàëüíîå ïðåäñòàâëåíèå äëÿ ôóíêöèè Õàíêåëÿ âòîðîãî ðîäà). Ïóñòü
Re ν > −1

2
è Re z > 0, òîãäà

H(2)
ν (z) =

zν

−i
√
π 2ν−1Γ

(
ν + 1

2

) −i∫
−i−∞

(t2 + 1)ν−
1
2 ezt dt

ãäå âåòâü ìíîãîçíà÷íîé ôóíêöèè (t2 + 1)ν−
1
2 âûáèðàåòñÿ òàê, ÷òîáû

∀ t ∈ (−i−∞,−i) arg(t2 + 1) =
π

2
.
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Äîêàçàòåëüñòâî. Ñàìîñòîÿòåëüíî. �

Òåîðåìà 8.46 (Ñâÿçü ìåæäó ôóíêöèåé Áåññåëÿ è ôóíêöèÿìè Õàíêåëÿ). Ïóñòü ν ∈ C, òîãäà

Jν(z) =
H

(1)
ν (z) +H

(2)
ν (z)

2
.

Äîêàçàòåëüñòâî. Ñëåäóåò èç òîãî, ÷òî ôóíêöèè Jν(z) è H
(1)
ν (z)+H

(2)
ν (z)

2
ÿâëÿþòñÿ ðåøåíèåì óðàâ-

íåíèÿ Áåññåëÿ è, êðîìå òîãî, îáëàäàþò îäèíàêîâûì àñèìïòîòè÷åñêèì ïîâåäåíèåì ïðè z → +∞
(ñì. òåîðåìó 8.40, îïðåäåëåíèå 8.42 è òåîðåìû 8.44 è 8.45). �

Îïðåäåëåíèå 8.47 (Ôóíêöèÿ Íåéìàíà). Ïóñòü ν ∈ C, òîãäà

Nν(z) =
H

(1)
ν (z)−H(2)

ν (z)

2i
.

Òåîðåìà 8.48 (Àñèìïòîòè÷åñêîå ïîâåäåíèå ôóíêöèè Íåéìàíà ïðè áîëüøèõ ïîëîæèòåëüíûõ
çíà÷åíèÿõ àðãóìåíòà). Ïóñòü ν ∈ C, òîãäà

Nν(x) =

√
2

πx

[
sin
(
x− π

4
(2ν + 1)

)
+O

(
1

x

)]
ïðè x→ +∞.

Äîêàçàòåëüñòâî. Ñëåäóåò èç îïðåäåëåíèé 8.42, 8.47 è òåîðåì 8.44, 8.45. �

Òåîðåìà 8.49 (Ñâÿçü ìåæäó ôóíêöèåé Íåéìàíà è ôóíêöèÿìè Áåññåëÿ). Ïóñòü ν ∈ C \ Z,
òîãäà

Nν(z) =
cos(πν)Jν(z)− J−ν(z)

sin(πν)
.

Äîêàçàòåëüñòâî. Ôóíêöèè Nν(z) sin(πν) è cos(πν)Jν(z) − J−ν(z) ÿâëÿþòñÿ ðåøåíèåì óðàâíå-
íèÿ Áåññåëÿ, ïîýòîìó äëÿ äîêàçàòåëüñòâà ðàâåíñòâà ýòèõ ôóíêöèé äîñòàòî÷íî äîêàçàòü, ÷òî
îíè îáëàäàþò îäèíàêîâûì àñèìïòîòè÷åñêèì ïîâåäåíèåì ïðè z → +∞. Èñïîëüçóÿ òðèãîíîìåò-
ðè÷åñêóþ ôîðìóëó

sinα sin β = cosα cos β − cos(α + β),

è òåîðåìó 8.48 ïîëó÷èì, ÷òî

sin(πν)Nν(x) =

√
2

πx

[
sin(πν) sin

(
x− π

4
(2ν + 1)

)
+O

(
1

x

)]
=

=

√
2

πx

[
cos(πν) cos

(
x− π

4
(2ν + 1)

)
− cos

(
x− π

4
(2ν + 1) + πν

)
+O

(
1

x

)]
=

=

√
2

πx

[
cos(πν) cos

(
x− π

4
(2ν + 1)

)
− cos

(
x− π

4
(−2ν + 1)

)
+O

(
1

x

)]
ïðè x→ +∞. Âìåñòå ñ ýòèì, èç òåîðåìû 8.40 ñëåäóåò, ÷òî

cos(πν)Jν(z)− J−ν(z) =

√
2

πx

[
cos(πν) cos

(
x− π

4
(2ν + 1)

)
− cos

(
x− π

4
(−2ν + 1)

)
+O

(
1

x

)]
ïðè x→ +∞. �
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Òåîðåìà 8.50 (Ïîâåäåíèå ôóíêöèè Íåéìàíà öåëîãî çíà÷êà ïðè z → 0). Ïóñòü n ∈ Z, òîãäà

(1) Nn(z) = 2
π
Jn(z) ln z + z−|n|ψn(z) ïðè z → 0, ãäå ψn ∈ H(C);

(2) N0(z) = 2
π

ln z +O(1) ïðè z → 0.

Äîêàçàòåëüñòâî. (1) Ëåãêî âèäåòü, ÷òî

∂zν

∂ν

∣∣∣
ν=n

=
∂eν ln z

∂ν

∣∣∣
ν=n

= eν ln z ln z
∣∣∣
ν=n

= zn ln z.

Ñëåäîâàòåëüíî,

J̇n(z) =
∂Jν(z)

∂ν

∣∣∣
ν=n

=
∂

∂ν

(
zν

∞∑
k=0

(−1)k

k! Γ(k + ν + 1)

(z
2

)2k 1

2ν

)∣∣∣∣
ν=n

= Jn(z) ln z +
∞∑
k=0

ck(n)z2k+n,

J̇−n(z) =
∂Jν(z)

∂ν

∣∣∣
ν=−n

= J−n(z) ln z +
∞∑
k=0

ck(−n)z2k−n = (−1)nJn(z) ln z +
∞∑
k=0

ck(−n)z2k−n,

ãäå ck(n) � íåêîòîðûå êîýôôèöèåíòû, çàâèñÿùèå îò k è n.
Âîñïîëüçóåìñÿ òåïåðü òåîðåìîé 8.49. Ïðèìåíÿÿ ïðàâèëî Ëîïèòàëÿ äëÿ ðàñêðûòèÿ íåîïðåäå-

ëåííîñòè 0
0
, ïîëó÷èì, ÷òî

Nn(z) = lim
ν→n

Nν(z) =
∂
∂ν

(cos(πν)Jν(z)− J−ν(z))
∂ sin(πν)

∂ν

∣∣∣∣
ν=n

=
cos(πn)J̇n(z) + J̇−n(z)

π cos(πn)
=

=
J̇n(z) + (−1)nJ̇−n(z)

π
=

2

π
Jn(z) ln z + z−|n|

∞∑
k=0

dk(n)z2k.

(2) Ñëåäóåò èç (1) è î÷åâèäíîé îöåíêè J0(z) = 1 +O(z2) ïðè z → 0. �

8.7. Ñèíãóëÿðíàÿ çàäà÷à Øòóðìà-Ëèóâèëëÿ äëÿ óðàâíåíèÿ Áåññåëÿ.

Òåîðåìà 8.51 (Ñèììåòðè÷íîñòü îïåðàòîðà îòâå÷àþùåãî óðàâíåíèþ Áåññåëÿ íà êîíå÷íîì èí-

òåðâàëå). Ïóñòü

• ν > 0, l > 0;

• Lu(x) = − 1
x
d
dx
x d
dx
u(x) + ν2

x2
u(x);

• Dom(L) =
{
u
∣∣∣ u(x)

xν
∈ C2[0, l], Lu ∈ L2((0, l);x), u(l) = 0

}
;

• (·, ·) � ñêàëÿðíîå ïðîèçâåäåíèå â L2((0, l);x), äðóãèìè ñëîâàìè,

(u, v) =

l∫
0

u(x)v(x)x dx.

Òîãäà

∀ u ∈ Dom(L) ∀ v ∈ Dom(L) (Lu, v) = (u,Lv).
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Äîêàçàòåëüñòâî. Ïóñòü u ∈ Dom(L) è v ∈ Dom(L). Èíòåãðèðóÿ ïî ÷àñòÿì, ïîëó÷èì, ÷òî

(Lu, v) =

l∫
0

(
−1

x
(xu′(x))′ +

ν2

x2
u(x)

)
v(x)x dx = −

l∫
0

(xu′(x))′v(x) dx+

l∫
0

ν2

x
u(x)v(x) dx =

= −xu′(x)v(x)
∣∣∣l
0

+

l∫
0

xu′(x)v′(x) dx+

l∫
0

ν2

x
u(x)v(x) dx =

= xu(x)v′(x)
∣∣∣l
0
−

l∫
0

u(x)(xv′(x))′ dx+

l∫
0

ν2

x
u(x)v(x) dx =

=

l∫
0

u(x)

(
−1

x
(xv′(x))′ +

ν2

x2
v(x)

)
x dx = (u,Lv). �

Îïðåäåëåíèå 8.52 (Ñèíãóëÿðíàÿ çàäà÷à Øòóðìà-Ëèóâèëëÿ äëÿ óðàâíåíèÿ Áåññåëÿ íà êî-

íå÷íîì èíòåðâàëå). Ïóñòü

• ν > 0, l > 0;

• Lu(x) = − 1
x
d
dx
x d
dx
u(x) + ν2

x2
u(x);

• Dom(L) =
{
u
∣∣∣ u(x)

xν
∈ C2[0, l], Lu ∈ L2((0, l);x), u(l) = 0

}
;

• (·, ·) � ñêàëÿðíîå ïðîèçâåäåíèå â L2((0, l);x).

Ñèíãóëÿðíîé çàäà÷åé Øòóðìà-Ëèóâèëëÿ äëÿ óðàâíåíèÿ Áåññåëÿ íàçûâàþò çàäà÷ó îá îïðåäå-
ëåíèè âñåõ ïàðàìåòðîâ λ òàêèõ, ÷òî íà èíòåðâàëå (0, l) ñóùåñòâóåò íåòðèâèàëüíîå ðåøåíèå
çàäà÷è

Lu = λu, u ∈ Dom(L).

Çíà÷åíèå ïàðàìåòðà λ, ïðè êîòîðîì äàííàÿ çàäà÷à èìååò íåòðèâèàëüíîå ðåøåíèå, íàçûâà-
þò ñîáñòâåííûì çíà÷åíèåì ýòîé çàäà÷è, à ñîîòâåòñòâóþùåå ðåøåíèå íàçûâàåòñÿ ñîáñòâåí-
íîé ôóíêöèåé.

Òåîðåìà 8.53 (Ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè ñèíãóëÿðíîé çàäà÷è Øòóðìà�

Ëèóâèëëÿ äëÿ óðàâíåíèÿ Áåññåëÿ íà êîíå÷íîì èíòåðâàëå). Ïóñòü

• ν > 0, l > 0;
• {µn}∞n=1 � ïîëîæèòåëüíûå íóëè ôóíêöèè Áåññåëÿ Jν.

Òîãäà ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè ñèíãóëÿðíîé çàäà÷è Øòóðìà-Ëèóâèëëÿ
äëÿ óðàâíåíèÿ Áåññåëÿ íà èíòåðâàëå (0, l) èìåþò âèä

∀ n ∈ N λn =
(µn
l

)2

, un(x) = Jν

(µnx
l

)
.

Äîêàçàòåëüñòâî. Ïåðåïèøåì óðàâíåíèå

Lu = λu

â âèäå

x2u′′(x) + xu′(x) + (λx2 − ν2)u(x) = 0. (8.19)
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Çàìåòèì, ÷òî ïðè λ = 0 óðàâíåíèå (8.19) ÿâëÿåòñÿ óðàâíåíèåì Ýéðè, îáùåå ðåøåíèå, êîòîðîãî
èìååò âèä

u(x) = Axν +Bx−ν

ïðè ν 6= 0 è
u(x) = A+B lnx

ïðè ν = 0. Èç óñëîâèé u(x)
xν
∈ C2[0, l] è u(l) = 0 ñëåäóåò, ÷òî A = 0 è B = 0. Òàêèì îáðàçîì,

λ = 0 íå ìîæåò áûòü ñîáñòâåííûì çíà÷åíèåì îïåðàòîðà L (ñ îáëàñòüþ îïðåäåëåíèÿ Dom(L)).

Ïóñòü òåïåðü λ ∈ C\{0}. Âûïîëíÿÿ ïîäñòàíîâêó u(x) = W (x
√
λ) â óðàâíåíèè (8.19) ïîëó÷èì,

÷òî
λx2W ′′(x

√
λ) +

√
λxW ′(x

√
λ) + (λx2 − ν2)W (x

√
λ) = 0

è, ñëåäîâàòåëüíî,
z2W ′′(z) + zW ′(z) + (z2 − ν2)W (z) = 0 (8.20)

ãäå z = x
√
λ. Óðàâíåíèå (8.20) ÿâëÿåòñÿ óðàâíåíèåì Áåññåëÿ. Îòñþäà ñëåäóåò, ÷òî îáùèé âèä

ðåøåíèÿ óðàâíåíèÿ (8.19), óäîâëåòâîðÿþùåãî óñëîâèþ u(x)
xν
∈ C2[0, l] èìååò âèä

u(x) = AJν(x
√
λ),

ãäå A � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Èç óñëîâèÿ u(l) = 0 ïîëó÷èì, ÷òî

AJν(l
√
λ) = 0. (8.21)

Ëåãêî âèäåòü, ÷òî ðåøåíèå óðàâíåíèÿ (8.21) èìååò âèä

λn =
(µn
l

)2

, n ∈ N.

Îòñþäà ñëåäóåò óòâåðæäåíèå òåîðåìû. �

Òåîðåìà 8.54 (Îñíîâíîå ñâîéñòâî ñîáñòâåííûõ ôóíêöèè ñèíãóëÿðíîé çàäà÷èØòóðìà-Ëèóâèë-

ëÿ äëÿ óðàâíåíèÿ Áåññåëÿ íà êîíå÷íîì èíòåðâàëå). Ïóñòü
• ν > 0, l > 0;
• {µn}∞n=1 � ïîëîæèòåëüíûå íóëè ôóíêöèè Áåññåëÿ Jν.

Òîãäà ñåìåéñòâî ôóíêöèé {
Jν

(µnx
l

)}∞
n=1

(8.22)

îáðàçóåò îðòîãîíàëüíûé áàçèñ â L2((0, l);x).

Äîêàçàòåëüñòâî. Èç ñèììåòðè÷íîñòè îïåðàòîðà, îòâå÷àþùåãî óðàâíåíèþ Áåññåëÿ íà êîíå÷-
íîì èíòåðâàëå, ñëåäóåò, ÷òî ñåìåéñòâî (8.22) ÿâëÿåòñÿ îðòîãîíàëüíûì â L2((0, l);x).
Ïîëíîòó ñåìåéñòâà (8.22) â L2((0, l);x) îñòàâèì áåç äîêàçàòåëüñòâà. �
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9. Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ

9.1. Îñíîâíûå èäåè ìåòîäà ðàçäåëåíèÿ ïåðåìåííûõ.

Îïðåäåëåíèå 9.1 (Îñíîâíûå èäåè ìåòîäà ðàçäåëåíèÿ ïåðåìåííûõ äëÿ ðåøåíèÿ çàäà÷è íà

ñîáñòâåííûå çíà÷åíèÿ è ôóíêöèè ýëëèïòè÷åñêîãî îïåðàòîðà). Ïóñòü
• U � îòêðûòîå îãðàíè÷åííîå ìíîæåñòâî â Rn, ãäå n ∈ N;
• V � îòêðûòîå îãðàíè÷åííîå ìíîæåñòâî â Rm, ãäå m ∈ N;
• A � ñèììåòðè÷íûé ýëëèïòè÷åñêèé îïåðàòîð â L2(U) ñ îáëàñòüþ îïðåäåëåíèÿ DomA;
• B � ñèììåòðè÷íûé ýëëèïòè÷åñêèé îïåðàòîð â L2(V ) ñ îáëàñòüþ îïðåäåëåíèÿ DomB;
• L � ñèììåòðè÷íûé ýëëèïòè÷åñêèé îïåðàòîð â L2(U × V ) ñ îáëàñòüþ îïðåäåëåíèÿ

DomL;
• îïåðàòîð L, îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè
◦ ∀ X ∈ DomA ∀ Y ∈ DomB X(x)Y (y) ∈ DomL,
◦ ∀ X ∈ DomA ∀ Y ∈ DomB L

(
X(x)Y (y)

)
= Y (y)AX(x) +X(x)BY (y).

Òîãäà ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ äëÿ ðåøåíèÿ çàäà÷è íà ñîáñòâåííûå çíà÷åíèÿ è ôóíê-
öèè âèäà {

Lu = λu,

u ∈ Dom(L)
(9.1)

íàçûâàþò ñëåäóþùóþ ïîñëåäîâàòåëüíîñòü äåéñòâèé.

(1) Ðåøåíèå âñïîìîãàòåëüíûõ çàäà÷ íà ñîáñòâåííûå çíà÷åíèÿ è ôóíêöèè âèäà{
AX = νX,

X ∈ Dom(A),

{
BY = µY,

Y ∈ Dom(B).

(2) Îïèñàíèå âñåõ ñïåöèàëüíûõ ðåøåíèé çàäà÷è (9.1) âèäà u(x, y) = X(x)Y (y). Äðóãèìè
ñëîâàìè, íåîáõîäèìî ïðîâåðèòü ñëåäóþùåå óòâåðæäåíèå.
◦ Åñëè AX = νX è BY = µY , òî Lu = λu, ãäå u(x, y) = X(x)Y (y) è λ = ν + µ.

(3) Åñëè ýòî âîçìîæíî, íåîáõîäèìî äîêàçàòü (èëè îïðîâåðãíóòü), ÷òî ìíîæåñòâî âñåõ
ðåøåíèé çàäà÷è (9.1) âèäà u(x, y) = X(x)Y (y) ïëîòíî â L2(U × V ).

(4) Â òîì ñëó÷àå, åñëè óäàëîñü äîêàçàòü, ÷òî ìíîæåñòâî âñåõ ðåøåíèé çàäà÷è (9.1) âèäà
u(x, y) = X(x)Y (y) ïëîòíî â L2(U×V ), äåëàåì âûâîä î òîì, ÷òî íàéäåíû âñå ñîáñòâåí-
íûå çíà÷åíèÿ è ôóíêöèè îïåðàòîðà L.

Îïðåäåëåíèå 9.2 (Îñíîâíûå èäåè ìåòîäà Ôóðüå äëÿ ðåøåíèÿ êðàåâûõ çàäà÷ äëÿ ýëëèïòè-

÷åñêèõ îïåðàòîðîâ). Ïóñòü
• U � îòêðûòîå îãðàíè÷åííîå ìíîæåñòâî â Rd, ãäå d ∈ N;
• L � ñèììåòðè÷íûé ýëëèïòè÷åñêèé îïåðàòîð â L2(U) ñ îáëàñòüþ îïðåäåëåíèÿ DomL;
• ∀ n ∈ N Lun = λnun;
• {un}∞n=1 � îðòîãîíàëüíûé áàçèñ â L2(U);
• f ∈ L2(U).

Òîãäà ìåòîäîì Ôóðüå äëÿ ðåøåíèÿ êðàåâîé çàäà÷è âèäà{
Lu = f,

u ∈ Dom(L)
(9.2)

íàçûâàþò ñëåäóþùóþ ïîñëåäîâàòåëüíîñòü äåéñòâèé.
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(1) Ðàçëîæåíèå ôóíêöèè f â ðÿä ïî ñîáñòâåííûì ôóíêöèÿì îïåðàòîðà L

f(x) =
∞∑
n=1

fnun(x), fn =
(f, un)

‖un‖2
,

ãäå (·, ·) � ñêàëÿðíîå ïðîèçâåäåíèå â L2(U).
(2) Ïîèñê ðåøåíèÿ çàäà÷è (9.2) âèäà

u(x) =
∞∑
n=1

cnun(x) (9.3)

(â ÷àñòíîñòè, ïðîâåðêà ñîîòíîøåíèÿ cnλn = fn, ãäå n ∈ N).
(3) Åñëè óäàëîñü ïîñòðîèòü ðåøåíèå çàäà÷è (9.2) âèäà (9.3), íåîáõîäèìî ïðîâåðèòü ïðè-

íàäëåæíîñòü ïîëó÷åííîãî ðåøåíèÿ îáëàñòè îïðåäåëåíèÿ îïåðàòîðà L (â ÷àñòíîñòè,
íåîáõîäèìî ïðîâåðèòü, ÷òî ðÿä (9.3) ñõîäèòñÿ).

Îïðåäåëåíèå 9.3 (Îñíîâíûå èäåè ìåòîäà Ôóðüå äëÿ ðåøåíèÿ ñìåøàííûõ çàäà÷ äëÿ ïàðàáî-

ëè÷åñêèõ óðàâíåíèé). Ïóñòü
• U � îòêðûòîå îãðàíè÷åííîå ìíîæåñòâî â Rd, ãäå d ∈ N;
• L � ñèììåòðè÷íûé ýëëèïòè÷åñêèé îïåðàòîð â L2(U) ñ îáëàñòüþ îïðåäåëåíèÿ DomL;
• ∀ n ∈ N Lun = λnun;
• {un}∞n=1 � îðòîãîíàëüíûé áàçèñ â L2(U);
• ϕ ∈ L2(U), f ∈ L2(U × (0,+∞)).

Òîãäà ìåòîäîì Ôóðüå äëÿ ðåøåíèÿ ñìåøàííîé çàäà÷è âèäà
∂u(x,t)
∂t

= Lxu(x, t) + f(x, t),

u(x, t)|t=0 = ϕ(x),

u ∈ H,
(9.4)

ãäå Lx � îïåðàòîð L äåéñòâóþùåé ïî ïåðåìåííîé x è H � íåêîòîðûé êëàññ ôóíêöèé, êîòîðîìó
äîëæíî ïðèíàäëåæàòü ðåøåíèå çàäà÷è, íàçûâàþò ñëåäóþùóþ ïîñëåäîâàòåëüíîñòü äåéñòâèé.

(1) Ðàçëîæåíèå ôóíêöèé f è ϕ â ðÿä ïî ñîáñòâåííûì ôóíêöèÿì îïåðàòîðà L

f(x, t) =
∞∑
n=1

fn(t)un(x), fn(t) =
(f, un)

‖un‖2
, ϕ(x) =

∞∑
n=1

ϕnun(x), ϕn =
(ϕ, un)

‖un‖2
,

ãäå (·, ·) � ñêàëÿðíîå ïðîèçâåäåíèå â L2(U).
(2) Ïîèñê ðåøåíèÿ çàäà÷è (9.4) âèäà

u(x, t) =
∞∑
n=1

cn(t)un(x). (9.5)

Â ÷àñòíîñòè, ïðîâåðêà, ÷òî êîýôôèöèåíòû cn ÿâëÿþòñÿ ðåøåíèåì çàäà÷è Êîøè âèäà{
c′n(t)− λncn(t) = fn(t),

cn(t)|t=0 = ϕn,
(9.6)

ãäå n ∈ N.
(3) Ïîñòðîåíèå ðåøåíèé âñåõ çàäà÷ (9.6).
(4) Åñëè óäàëîñü ïîñòðîèòü ðåøåíèå çàäà÷è (9.4) âèäà (9.5), íåîáõîäèìî ïðîâåðèòü ïðè-

íàäëåæíîñòü ïîëó÷åííîãî ðåøåíèÿ òðåáóåìîìó êëàññó H.
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Îïðåäåëåíèå 9.4 (Îñíîâíûå èäåè ìåòîäà Ôóðüå äëÿ ðåøåíèÿ ñìåøàííûõ çàäà÷ äëÿ ãèïåð-

áîëè÷åñêèõ óðàâíåíèé). Ïóñòü
• U � îòêðûòîå îãðàíè÷åííîå ìíîæåñòâî â Rd, ãäå d ∈ N;
• L � ñèììåòðè÷íûé ýëëèïòè÷åñêèé îïåðàòîð â L2(U) ñ îáëàñòüþ îïðåäåëåíèÿ DomL;
• ∀ n ∈ N Lun = λnun;
• {un}∞n=1 � îðòîãîíàëüíûé áàçèñ â L2(U);

• ∂2

∂t2
−Lx � ãèïåðáîëè÷åñêèé îïåðàòîð â L2(U×(0,+∞)), ãäå Lx � îïåðàòîð L äåéñòâóþùåé

ïî ïåðåìåííîé x;
• ϕ ∈ L2(U), ψ ∈ L2(U), f ∈ L2(U × (0,+∞)).

Òîãäà ìåòîäîì Ôóðüå äëÿ ðåøåíèÿ ñìåøàííîé çàäà÷è âèäà
∂2u(x,t)
∂t2

= Lxu(x, t) + f(x, t),

u(x, t)|t=0 = ϕ(x), ∂u(x,t)
∂t
|t=0 = ψ(x),

u ∈ H,

(9.7)

ãäå H � íåêîòîðûé êëàññ ôóíêöèé, êîòîðîìó äîëæíî ïðèíàäëåæàòü ðåøåíèå çàäà÷è, íàçûâà-
þò ñëåäóþùóþ ïîñëåäîâàòåëüíîñòü äåéñòâèé.

(1) Ðàçëîæåíèå ôóíêöèé f , ϕ è ψ â ðÿä ïî ñîáñòâåííûì ôóíêöèÿì îïåðàòîðà L

f(x, t) =
∞∑
n=1

fn(t)un(x), fn(t) =
(f, un)

‖un‖2
,

ϕ(x) =
∞∑
n=1

ϕnun(x), ϕn =
(ϕ, un)

‖un‖2
, ψ(x) =

∞∑
n=1

ψnun(x), ψn =
(ψ, un)

‖un‖2
,

ãäå (·, ·) � ñêàëÿðíîå ïðîèçâåäåíèå â L2(U).
(2) Ïîèñê ðåøåíèÿ çàäà÷è (9.7) âèäà

u(x, t) =
∞∑
n=1

cn(t)un(x). (9.8)

Â ÷àñòíîñòè, ïðîâåðêà, ÷òî êîýôôèöèåíòû cn ÿâëÿþòñÿ ðåøåíèåì çàäà÷è Êîøè âèäà{
c′′n(t)− λncn(t) = fn(t),

cn(t)|t=0 = ϕn, c
′
n(t)|t=0 = ψn,

(9.9)

ãäå n ∈ N.
(3) Ïîñòðîåíèå ðåøåíèé âñåõ çàäà÷ (9.9).
(4) Åñëè óäàëîñü ïîñòðîèòü ðåøåíèå çàäà÷è (9.7) âèäà (9.8), íåîáõîäèìî ïðîâåðèòü ïðè-

íàäëåæíîñòü ïîëó÷åííîãî ðåøåíèÿ òðåáóåìîìó êëàññó H.

9.2. Íåêîòîðûå ñâåäåíèÿ î ïðîñòðàíñòâàõ Ñîáîëåâà.

Îïðåäåëåíèå 9.5 (Ïðîñòðàíñòâî îñíîâíûõ ôóíêöèé D(Ω)). Ïóñòü
• Ω � îòêðûòîå ìíîæåñòâî â Rd, ãäå d ∈ N;
• ôóíêöèÿ ϕ : Ω→ C óäîâëåòâîðÿåò óñëîâèÿì

� áåñêîíå÷íàÿ äèôôåðåíöèðóåìîñòü: ϕ ∈ C∞(Ω);
� ôèíèòíîñòü íîñèòåëÿ â Ω: ñóùåñòâóåò êîìïàêò K ⊂ Ω òàêîé, ÷òî suppϕ ⊂ K.

Òîãäà
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(1) ôóíêöèþ ϕ íàçûâàþò îñíîâíîé ôóíêöèåé íà ìíîæåñòâå Ω;
(2) ìíîæåñòâî âñåõ îñíîâíûõ ôóíêöèé íà Ω îáîçíà÷àþò D(Ω).

Îïðåäåëåíèå 9.6 (Ñõîäèìîñòü â ñìûñëå D(Ω)). Ïóñòü

• Ω � îòêðûòîå ìíîæåñòâî â Rd, ãäå d ∈ N;
Ãîâîðÿò, ÷òî ïîñëåäîâàòåëüíîñòü îñíîâíûõ ôóíêöèé {ϕn}∞n=1 ñõîäèòñÿ ïðè n→∞ ê ôóíê-

öèè ϕ â ñìûñëå D(Ω), è ïèøóò

ϕn
D(Ω)−→
n→∞

ϕ,

åñëè

(1) ñóùåñòâóåò êîìïàêò K òàêîé, ÷òî K ⊂ Ω è äëÿ ëþáîãî n ∈ N âåðíî, ÷òî suppϕn ⊂ K;
(2) äëÿ ëþáîãî α ∈ Zd+ ïîñëåäîâàòåëüíîñòü ôóíêöèé {Dαϕn}∞n=1 ñõîäèòñÿ ïðè n → ∞ ê

ôóíêöèè Dαϕ ðàâíîìåðíî íà K.

Îïðåäåëåíèå 9.7 (Ïðîñòðàíñòâî îáîáùåííûõ ôóíêöèé D′(Ω)). Ïóñòü

• Ω � îòêðûòîå ìíîæåñòâî â Rd, ãäå d ∈ N;
• îòîáðàæåíèå

f : D(Ω) 3 ϕ 7−→ (f, ϕ) ∈ C
óäîâëåòâîðÿåò óñëîâèÿì
� ëèíåéíîñòü: äëÿ ëþáûõ ϕ1, ϕ2 ∈ D(Ω) è α1, α2 ∈ C âåðíî, ÷òî

(f, α1ϕ1 + α2ϕ2) = α1(f, ϕ1) + α2(f, ϕ2);

� íåïðåðûâíîñòü: äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè îñíîâíûõ ôóíêöèé {ϕn}∞n=1 òà-

êîé, ÷òî ϕn
D(Ω)−→
n→∞

0 âåðíî, ÷òî lim
n→∞

(f, ϕn) = 0.

Òîãäà

(1) îòîáðàæåíèå f íàçûâàþò îáîáùåííîé ôóíêöèåé;
(2) ìíîæåñòâî âñåõ îáîáùåííûõ ôóíêöèé íàçûâàþò ïðîñòðàíñòâîì îáîáùåííûõ ôóíêöèé,

êîòîðîå îáîçíà÷àþò D′(Ω).

Îïðåäåëåíèå 9.8 (L2(Ω) êàê ïîäïðîñòðàíñòâî D′(Ω)). Ïóñòü

• Ω � îòêðûòîå ìíîæåñòâî â Rd, ãäå d ∈ N;
• u ∈ D′(Ω).

Ãîâîðÿò, ÷òî u ∈ L2(Ω), åñëè u � ðåãóëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ ñ ÿäðîì U ∈ L2(Ω).
Äðóãèìè ñëîâàìè, ∫

Ω

|U(x)|2 dx <∞,

ãäå èíòåãðàë ïîíèìàåòñÿ â ñìûñëå Ëåáåãà.

Òåîðåìà 9.9 (Ýêâèâàëåíòíîå îïðåäåëåíèå L2(Ω) (÷åðåç ðÿäû Ôóðüå)). Ïóñòü

• Ω � îòêðûòîå ìíîæåñòâî â Rd, ãäå d ∈ N;
• {un}∞n=1 � îðòîíîðìèðîâàííûé áàçèñ L2(Ω).

Òîãäà ñëåäóþùèå óòâåðæäåíèÿ ýêâèâàëåíòíû

(1) u ∈ L2(Ω);
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(2) u � îáîáùåííàÿ ôóíêöèÿ âèäà

u =
∞∑
n=1

cnun

èëè, â ïîäðîáíîé çàïèñè,

∀ ϕ ∈ D(Ω) (u, ϕ) =
∞∑
n=1

cn(un, ϕ),

ãäå {cn}∞n=1 � ïîñëåäîâàòåëüíîñòü â C, óäîâëåòâîðÿþùàÿ óñëîâèþ
∞∑
n=1

|cn|2 <∞. (9.10)

Äîêàçàòåëüñòâî. (1) =⇒ (2). Èç óñëîâèÿ u ∈ L2(Ω) ñëåäóåò, ÷òî ÿäðî U ìîæåò áûòü ðàçëîæåíà
â ðÿä âèäà

U =
∞∑
n=1

cnun,

êîòîðûé ñõîäèòñÿ â ñìûñëå íîðìû â L2(Ω). Îòñþäà è èç ðàâåíñòâà Ïàðñåâàëÿ ñëåäóåò, ÷òî
∞∑
n=1

|cn|2 = ‖U‖2 <∞.

Íàêîíåö, çàìåòèì, ÷òî äëÿ ëþáîãî ϕ ∈ D(Ω) âåðíî, ÷òî

(u, ϕ) =

∫
Ω

U(x)ϕ(x) dx =

∫
Ω

∞∑
n=1

cnun(x)ϕ(x) dx =
∞∑
n=1

cn

∫
Ω

un(x)ϕ(x) dx =
∞∑
n=1

cn(un, ϕ).

(2) =⇒ (1). Ðàññìîòðèì âñïîìîãàòåëüíóþ ïîñëåäîâàòåëüíîñòü

gN =
N∑
n=1

cnun.

Èç óñëîâèÿ (9.10) ñëåäóåò, ÷òî ñóùåñòâóåò ïðåäåë

lim
N→∞

gN = g

â ñìûñëå ñõîäèìîñòè â L2(Ω), ïðè÷åì g ∈ L2(Ω).
Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà äîñòàòî÷íî ïîêàçàòü, ÷òî g = u. Ëåãêî âèäåòü, ÷òî

∀ ϕ ∈ D(Ω) (g, ϕ) =

∫
Ω

g(x)ϕ(x) dx = lim
N→∞

∫
Ω

gN(x)ϕ(x) dx = lim
N→∞

N∑
n=1

cn

∫
Ω

un(x)ϕ(x) dx =

= lim
N→∞

N∑
n=1

cn(un, ϕ) =
∞∑
n=1

cn(un, ϕ) = (u, ϕ). �

Îïðåäåëåíèå 9.10 (Ïðîñòðàíñòâî Ñîáîëåâà Hp(Ω)). Ïóñòü

• Ω � îòêðûòîå, îãðàíè÷åííîå ìíîæåñòâî â Rd, ãäå d ∈ N;
• p ∈ N.

Òîãäà
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(1) Hp(Ω) =
{
u
∣∣ u ∈ D′(Ω), ∀ |α| 6 p Dαu ∈ L2(Ω)

}
;

(2) ‖u‖Hp(Ω) =
∑
|α|6p
‖Dαu‖L2(Ω).

Òåîðåìà 9.11 (Ñëåä ôóíêöèè èç H1(Ω) íà ãðàíèöå îáëàñòè Ω). Ïóñòü
• Ω � îòêðûòîå, îãðàíè÷åííîå ìíîæåñòâî â Rd, ãäå d ∈ N;
• ∂Ω ∈ C1, ãäå ∂Ω � ãðàíèöà îáëàñòè Ω.

Òîãäà

(1) ëþáàÿ ôóíêöèÿ u ∈ H1(Ω) èìååò ñëåä u|∂Ω íà ãðàíèöå ∂Ω, ïðè÷åì u|∂Ω ∈ L2(∂Ω);
(2) ñóùåñòâóåò C > 0, íå çàâèñÿùàÿ îò u, òàêàÿ, ÷òî ‖u|∂Ω‖L2(∂Ω) 6 C‖u‖H1(Ω).

Äîêàçàòåëüñòâî. Áåç äîêàçàòåëüñòâà. �

Îïðåäåëåíèå 9.12 (Ïðîñòðàíñòâî Ñîáîëåâà H2,1(ΩT )). Ïóñòü
• Ω � îòêðûòîå, îãðàíè÷åííîå ìíîæåñòâî â Rd, ãäå d ∈ N;
• ΩT = Ω× (0, T ), ãäå T > 0.

Òîãäà

H2,1(ΩT ) =

{
u

∣∣∣∣ u ∈ D′(ΩT ), ∂tu ∈ L2(ΩT ), ∀ |α| 6 2 Dα
xu ∈ L2(ΩT )

}
.

Òåîðåìà 9.13 (Âëîæåíèå ïðîñòðàíñòâà Ñîáîëåâà â ïðîñòðàíñòâî ãëàäêèõ ôóíêöèé). Ïóñòü
• Ω � îòêðûòîå, îãðàíè÷åííîå ìíîæåñòâî â Rd, ãäå d ∈ N;
• p ∈ Z+;
• ∂Ω ∈ Cp+1+[d/2].

Òîãäà
Hp+1+[d/2](Ω) ⊂ Cp(Ω).

Äîêàçàòåëüñòâî. Áåç äîêàçàòåëüñòâà. �

9.3. Óðàâíåíèå Ïóàññîíà â ïðÿìîóãîëüíèêå.

Òåîðåìà 9.14 (Ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè îïåðàòîðà Ëàïëàñà â ïðÿìî-

óãîëüíèêå ñ óñëîâèÿìè Äèðèõëå íà ãðàíèöå (ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ)). Ïóñòü
• Ω = (0, a)× (0, b), ãäå a > 0 è b > 0;

• L = −∆, Dom(L) =
{
u | u ∈ C2(Ω) ∩ C(Ω), u|∂Ω = 0

}
, ãäå ∆ = ∂2

∂x2
+ ∂2

∂y2
;

• ∀ n ∈ N ∀ m ∈ N λnm =
(
πn
a

)2
+
(
πm
b

)2
;

• ∀ n ∈ N ∀ m ∈ N unm(x, y) = sin
(
πnx
a

)
sin
(
πmy
b

)
.

Òîãäà

(1) ∀ n ∈ N ∀ m ∈ N Lunm = λnmunm, unm ∈ Dom(L);
(2) ñåìåéñòâî ôóíêöèé {unm}∞n,m=1 îáðàçóåò îðòîãîíàëüíûé áàçèñ â ïðîñòðàíñòâå L2(Ω);
(3) {λnm}∞n,m=1 � ïîëíûé íàáîð ñîáñòâåííûõ ÷èñåë îïåðàòîðà L.
(4) {unm}∞n,m=1 � ïîëíûé íàáîð ñîáñòâåííûõ ôóíêöèé îïåðàòîðà L;

Äîêàçàòåëüñòâî. (1) Äîêàçàòåëüñòâî ïðîâåäåì ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ. Äëÿ ýòîãî
áóäåì èñêàòü ñïåöèàëüíûå ðåøåíèÿ çàäà÷è

−∆u = λu, u ∈ Dom(L) (9.11)

âèäà
u(x, y) = X(x)Y (y). (9.12)
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Ïîäñòàâëÿÿ (9.12) â óðàâíåíèå (9.11), ïîëó÷èì

−X ′′(x)Y (y)−X(x)Y ′′(y) = λX(x)Y (y).

Îòñþäà, ïîäåëèâ íà X(x)Y (y), íàéäåì

−X
′′(x)

X(x)
=
Y ′′(y)

Y (y)
+ λ. (9.13)

Ïîñêîëüêó ëåâàÿ ÷àñòü â ðàâåíñòâå (9.13) çàâèñèò òîëüêî îò ïåðåìåííîé x, à ïðàâàÿ òîëüêî îò y,
òî îáà îòíîøåíèÿ ðàâíû íåêîòîðîé ïîñòîÿííîé, êîòîðóþ ìû îáîçíà÷èì ÷åðåç µ. Â ðåçóëüòàòå,
óðàâíåíèÿ íà ôóíêöèè X è Y ðàçäåëèëèñü

−X ′′(x) = µX(x), (9.14)

−Y ′′(y) = νY (y), (9.15)

ãäå ν = λ− µ èëè, ÷òî òîæå ñàìîå λ = ν + µ.
Èç óñëîâèÿ u ∈ Dom(L), ïîëó÷èì

X(0)Y (y) = 0 ïðè y ∈ [0, b],
X(a)Y (y) = 0 ïðè y ∈ [0, b],
X(x)Y (0) = 0 ïðè x ∈ [0, a],
X(x)Y (b) = 0 ïðè x ∈ [0, a].

(9.16)

Íàïîìíèì, ÷òî ìû èùåì íåòðèâèàëüíûå ðåøåíèÿ çàäà÷è (9.11), ïîýòîìó ìû äîëæíû ïðåäïî-
ëàãàòü, ÷òî ôóíêöèè X(x) è Y (y) íå ÿâëÿþòñÿ òîæäåñòâåííî ðàâíûìè íóëþ. Îòñþäà è èç (9.16)
ñëåäóåò, ÷òî

X(0) = X(a) = 0, (9.17)

Y (0) = Y (b) = 0. (9.18)

Ñîáèðàÿ óðàâíåíèÿ (9.14), (9.15) è êðàåâûå óñëîâèÿ (9.17), (9.18) âìåñòå, ïîëó÷èì äâå çàäà÷è
Øòóðìà-Ëèóâèëëÿ {

−X ′′(x) = µX(x),
X(0) = X(a) = 0,

(9.19){
−Y ′′(y) = νY (y),
Y (0) = Y (b) = 0.

(9.20)

Ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå çíà÷åíèÿ çàäà÷ (9.19) è (9.20) èìåþò âèä

Xn(x) = sin
(πnx

a

)
, µn =

(πn
a

)2

, n ∈ N, (9.21)

Ym(y) = sin
(πmy

b

)
, νm =

(πm
b

)2

, m ∈ N. (9.22)

Ïîäñòàâëÿÿ (9.21) è (9.22) â ïðåäñòàâëåíèå (9.12), íàéäåì ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå
çíà÷åíèÿ çàäà÷è (9.11) âèäà

unm(x, y) = Xn(x)Ym(y) = sin
(πnx

a

)
sin
(πmy

b

)
,

λnm = µn + νm =
(πn
a

)2

+
(πm
b

)2

, n ∈ N, m ∈ N.
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(2) Íàïîìíèì, ÷òî ïðîñòðàíñòâî C∞0 (Ω) ïëîòíî â L2(Ω). Ïîýòîìó äîñòàòî÷íî äîêàçàòü, ÷òî
äëÿ ëþáàÿ ôóíêöèÿ f ∈ C∞0 (Ω) ìîæåò áûòü ðàçëîæåíà â ðÿä

f(x, y) =
∞∑
n=1

∞∑
m=1

fnmunm(x, y),

ñõîäÿùèéñÿ â ñìûñëå L2(Ω).
Ôèêñèðóåì ïåðåìåííóþ y è áóäåì ðàññìàòðèâàòü f(x, y) êàê ôóíêöèþ îò x. Ýòà ôóíêöèÿ

ïðèíàäëåæèò C∞0 (0, a) è ìîæåò áûòü ðàçëîæåíà ïî ñîáñòâåííûì ôóíêöèÿì Xn çàäà÷è Øòóðìà-
Ëèóâèëëÿ (9.19). Ñëåäîâàòåëüíî, ñóùåñòâóþò òàêèå cn(y), ÷òî

f(x, y) =
∞∑
n=1

cn(y)Xn(x). (9.23)

Ïðè ýòîì ëåãêî âèäåòü, ÷òî cn ∈ C∞0 (0, b) ïðè n ∈ N.
Àíàëîãè÷íî, ôóíêöèè cn(y) ìîãóò áûòü ðàçëîæåíû ïî ñîáñòâåííûì ôóíêöèÿì Yp çàäà÷è

Øòóðìà-Ëèóâèëëÿ (9.20)

cn(y) =
∞∑
m=1

fnm Ym(y). (9.24)

Ïîäñòàâëÿÿ (9.24) â (9.23), ïîëó÷èì

f(x, y) =
∞∑
n=1

cn(y)Xn(x) =
∞∑
n=1

∞∑
m=1

fnmXn(x)Ym(y) =
∞∑
n=1

∞∑
m=1

fnm unm(x, y).

(3) Çàìåòèì, ÷òî

∀ u ∈ Dom(L) ∀ v ∈ Dom(L) (Lu, v) = −
∫∫
Ω

∆u(x, y)v(x, y) dx dy =

= −
∫∫
Ω

u(x, y)∆v(x, y) dx dy = (u,Lv)

è, ñëåäîâàòåëüíî, îïåðàòîð L ñèììåòðè÷åí â L2(Ω)
Äàëüíåéøåå äîêàçàòåëüñòâî ïðîâåäåì îò ïðîòèâíîãî. Ïóñòü òåïåðü e � ñîáñòâåííàÿ ôóíê-

öèÿ îïåðàòîðà L îòâå÷àþùàÿ ñîáñòâåííîìó çíà÷åíèþ λ0, êîòîðîå íå ïðèíàäëåæèò ìíîæåñòâó
{λnm}∞n,m=1. Èç ñèììåòðè÷íîñòè îïåðàòîðà L ñëåäóåò, ÷òî

∀ n ∈ N ∀ m ∈ N λ0(e, unm) = (Le, unm) = (e,Lunm) = λnm(e, unm).

Îòñþäà, ó÷èòûâàÿ, ÷òî λ0 6= λnm, ïîëó÷èì

∀ n ∈ N ∀ m ∈ N (e, unm) = 0.

Îòñþäà è èç (2) ñëåäóåò, ÷òî e ≡ 0.
(4) Ñëåäóåò èç (2). �

Òåîðåìà 9.15 (Îáîáùåííîå ðåøåíèå çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ Ïóàññîíà â ïðÿìîóãîëü-

íèêå (ìåòîä Ôóðüå)). Ïóñòü

• Ω = (0, a)× (0, b), ãäå a > 0 è b > 0;

• ∀ n ∈ N ∀ m ∈ N λnm =
(
πn
a

)2
+
(
πm
b

)2
;
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• ∀ n ∈ N ∀ m ∈ N unm(x, y) = ûnm(x,y)
‖ûnm‖ , ãäå ûnm(x, y) = sin

(
πnx
a

)
sin
(
πmy
b

)
è

‖ûnm‖2 =

∫∫
Ω

|ûnm(x, y)|2 dx dy =
ab

4
;

• L = −∆,

Dom(L) =

{
u

∣∣∣∣ u ∈ D′(Ω), u(x, y) =
∞∑

n,m=1

cnmunm(x, y),
∞∑

n,m=1

λ2
nm|cnm|2 <∞

}
;

• f ∈ L2(Ω).

Òîãäà

(1) ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è Äèðèõëå{
Lu = f,

u ∈ Dom(L);
(9.25)

(2) ðåøåíèå çàäà÷è (9.25) ìîæåò áûòü ïðåäñòàâëåíî â âèäå

u(x, y) =
∞∑

n,m=1

cnmunm(x, y),

ãäå

∀ n ∈ N ∀ m ∈ N cnm =
fnm
λnm

, fnm = (f, unm)

è (·, ·) � ñêàëÿðíîå ïðîèçâåäåíèå â L2(Ω);

(3) Dom(L) =
{
u
∣∣ u ∈ H2(Ω), u|∂Ω = 0

}
.

Äîêàçàòåëüñòâî. (1, 2) Èç óñëîâèÿ f ∈ L2(Ω) ñëåäóåò, ÷òî f ìîæåò áûòü ðàçëîæåíà â ðÿä
Ôóðüå âèäà

f(x, y) =
∞∑

n,m=1

fnmunm(x, y), (9.26)

ïðè÷åì
∞∑

n,m=1

|fnm|2 <∞. (9.27)

Ðåøåíèå çàäà÷è (9.25) áóäåì èñêàòü â âèäå

u(x, y) =
∞∑

n,m=1

cnmunm(x, y). (9.28)

Ëåãêî âèäåòü, ÷òî

∀ ϕ ∈ D(Ω) (Lu, ϕ) = (−∆u, ϕ) = (u,−∆ϕ) =
∞∑

n,m=1

cnm(unm,−∆ϕ) =

=
∞∑

n,m=1

cnm(−∆unm, ϕ) =
∞∑

n,m=1

λnmcnm(unm, ϕ).
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Ñëåäîâàòåëüíî,

Lu =
∞∑

n,m=1

λnmcnmunm.

Ïîäñòàâëÿÿ (9.26) è (9.28) â óðàâíåíèå Lu = f , ïîëó÷èì
∞∑

n,m=1

λnmcnmunm =
∞∑

n,m=1

fnmunm.

Ó÷èòûâàÿ, ÷òî {unm}∞n,m=1 � îðòîãîíàëüíûé áàçèñ â L2(Ω), îòñþäà ïîëó÷èì, ÷òî

∀ n ∈ N ∀ m ∈ N cnm =
fnm
λnm

.

Îòñþäà è èç óñëîâèÿ (9.27) âûòåêàåò, ÷òî
∞∑

n,m=1

λ2
nm|cnm|2 =

∞∑
n,m=1

|fnm|2 = ‖f‖2
L2(Ω) <∞.

Åäèíñòâåííîñòü ðåøåíèÿ äîêàçûâàåòñÿ àíàëîãè÷íûì îáðàçîì.
(3) Äîêàæåì, ÷òî Dom(L) ⊂ H2(Ω). Ïóñòü u ∈ Dom(L). Ëåãêî âèäåòü, ÷òî

∀ ϕ ∈ D(Ω) ∀ |α| 6 2 (Dαu, ϕ) = (−1)|α|(u,Dαϕ) = (−1)|α|
∞∑

n,m=1

cnm(unm, D
αϕ) =

=
∞∑

n,m=1

cnm(Dαunm, ϕ) =
∞∑

n,m=1

(πn
a

)α1
(πm
b

)α2

cnm(unm, ϕ).

Ñëåäîâàòåëüíî,

∀ |α| 6 2 ‖Dαu‖2
L2(Ω) =

∞∑
n,m=1

(πn
a

)2α1
(πm
b

)2α2

|cnm|2 6
∞∑

n,m=1

λ2
nm|cnm|2 6 ‖f‖2

L2(Ω) <∞.

Ðàâåíñòâî Dom(L) =
{
u
∣∣ u ∈ H2(Ω), u|∂Ω = 0

}
îñòàâèì áåç äîêàçàòåëüñòâà. �

Òåîðåìà 9.16 (Îáîáùåííîå ðåøåíèå çàäà÷è Íåéìàíà äëÿ óðàâíåíèÿ Ïóàññîíà â ïðÿìîóãîëü-
íèêå (ìåòîä Ôóðüå)). Ïóñòü

• Ω = (0, a)× (0, b), ãäå a > 0 è b > 0;

• ∀ n ∈ Z+ ∀ m ∈ Z+ λnm =
(
πn
a

)2
+
(
πm
b

)2
;

• ∀ n ∈ Z+ ∀ m ∈ Z+ unm(x, y) = ûnm(x,y)
‖ûnm‖ , ãäå ûnm(x, y) = cos

(
πnx
a

)
cos
(
πmy
b

)
è

‖ûnm‖2 =

∫∫
Ω

|ûnm(x, y)|2 dx dy =
ab

4
;

• L = −∆,

Dom(L) =

{
u

∣∣∣∣ u ∈ D′(Ω), u(x, y) =
∞∑

n,m=0

cnmunm(x, y),
∞∑

n,m=0

λ2
nm|cnm|2 <∞, c00 = 0

}
;

• f ∈ L2(Ω).

Òîãäà
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(1) äëÿ ðàçðåøèìîñòè çàäà÷è Íåéìàíà{
Lu = f,

u ∈ Dom(L);
(9.29)

íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèÿ óñëîâèÿ∫∫
Ω

f(x, y) dx dy = 0;

(2) ðåøåíèå çàäà÷è (9.29) åäèíñòâåííî è ìîæåò áûòü ïðåäñòàâëåíî â âèäå

u(x, y) =
∞∑

n,m=0

cnmunm(x, y),

ãäå c00 = 0,

∀ (n,m) ∈ Z2
+ \ (0, 0) cnm =

fnm
λnm

, fnm = (f, unm)

è (·, ·) � ñêàëÿðíîå ïðîèçâåäåíèå â L2(Ω);

(3) Dom(L) =
{
u
∣∣ u ∈ H2(Ω), ∂nu|∂Ω = 0

}
.

Äîêàçàòåëüñòâî. Ñàìîñòîÿòåëüíî. �

9.4. Óðàâíåíèå Ïóàññîíà â êðóãå.

Òåîðåìà 9.17 (Ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè îïåðàòîðà Ëàïëàñà â êðóãå ñ
óñëîâèÿìè Äèðèõëå íà ãðàíèöå (ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ)). Ïóñòü

• Ω = {(x, y) | x2 + y2 < ρ2}, ãäå ρ > 0;

• L = −∆, Dom(L) =
{
u | u ∈ C2(Ω) ∩ C(Ω), u|∂Ω = 0

}
, ãäå ∆ = ∂2

∂x2
+ ∂2

∂y2
;

• (r, ϕ) � ïîëÿðíûå êîîðäèíàòû â Ω (x = r cosϕ, y = r sinϕ);

• ∀ n ∈ Z ∀ m ∈ N λnm =
(
µnm
ρ

)2

, ãäå µnm � ïîëîæèòåëüíûå íóëè ôóíêöèè Áåññåëÿ Jn;

• ∀ n ∈ Z ∀ m ∈ N unm(x, y) = Jn

(
µnmr
ρ

)
einϕ.

Òîãäà

(1) ∀ n ∈ N ∀ m ∈ N Lunm = λnmunm, unm ∈ Dom(L);
(2) ñåìåéñòâî ôóíêöèé {unm}∞n,m=1 îáðàçóåò îðòîãîíàëüíûé áàçèñ â ïðîñòðàíñòâå L2(Ω);
(3) {λnm}∞n,m=1 � ïîëíûé íàáîð ñîáñòâåííûõ ÷èñåë îïåðàòîðà L.
(4) {unm}∞n,m=1 � ïîëíûé íàáîð ñîáñòâåííûõ ôóíêöèé îïåðàòîðà L;

Äîêàçàòåëüñòâî. (1) Äîêàçàòåëüñòâî ïðîâåäåì ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ. Äëÿ ýòîãî
áóäåì èñêàòü ñïåöèàëüíûå ðåøåíèÿ çàäà÷è

−∆u = λu, u ∈ Dom(L) (9.30)

âèäà

u(x, y) = R(r)Φ(ϕ). (9.31)

Íàïîìíèì, ÷òî

∆ =
1

r

∂

∂r
r
∂

∂r
+

1

r2

∂2

∂ϕ2
.
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Ïîäñòàâëÿÿ (9.31) â óðàâíåíèå (9.30), ïîëó÷èì

−1

r
(rR′(r))′Φ(ϕ)− 1

r2
R(r)Φ′′(ϕ) = λR(r)Φ(ϕ).

Îòñþäà, óìíîæàÿ íà r2

R(r)Φ(ϕ)
, íàéäåì

−Φ′′(ϕ)

Φ(ϕ)
=
r(rR′(r))′

R(r)
+ λr2. (9.32)

Ïîñêîëüêó ëåâàÿ ÷àñòü â ðàâåíñòâå (9.32) çàâèñèò òîëüêî îò ïåðåìåííîé ϕ, à ïðàâàÿ òîëüêî îò r,
òî îáà îòíîøåíèÿ ðàâíû íåêîòîðîé ïîñòîÿííîé, êîòîðóþ ìû îáîçíà÷èì ÷åðåç ν. Â ðåçóëüòàòå,
óðàâíåíèÿ íà ôóíêöèè Φ è R ðàçäåëèëèñü

−Φ′′(ϕ) = νΦ(ϕ), (9.33)

r(rR′(r))′ + λr2R(r) = νR(r). (9.34)

Èç óñëîâèÿ u ∈ Dom(L), ïîëó÷èì, ÷òî Φ � 2π-ïåðèîäè÷åñêàÿ ôóíêöèÿ, R � îãðàíè÷åíà â
îêðåñòíîñòè òî÷êè r = 0 è R(ρ) = 0. Îòñþäà ñëåäóåò, ÷òî

Φ(ϕ+ 2π) = Φ(ϕ), (9.35)

|R(0)| <∞, R(ρ) = 0. (9.36)

Ñîáèðàÿ óðàâíåíèÿ (9.33), (9.34) è êðàåâûå óñëîâèÿ (9.35), (9.36) âìåñòå, ïîëó÷èì äâå çàäà÷è
Øòóðìà-Ëèóâèëëÿ {

−Φ′′(ϕ) = νΦ(ϕ),
Φ(ϕ+ 2π) = Φ(ϕ),

(9.37){
r(rR′(r))′ + (λr2 − ν)R(r) = 0,
|R(0)| <∞, R(ρ) = 0.

(9.38)

Ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (9.37) èìåþò âèä

Φn(x) = einϕ, νn = n2, n ∈ Z. (9.39)

Ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (9.38) ïðè ν = n2 èìåþò âèä (ñì. òåîðå-
ìó 8.53 (ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè ñèíãóëÿðíîé çàäà÷èØòóðìà-Ëèóâèëëèÿ
äëÿ óðàâíåíèÿ Áåññåëÿ íà êîíå÷íîì èíòåðâàëå))

Rnm(r) = Jn

(
µnmr

ρ

)
, λnm =

(
µnm
ρ

)2

, m ∈ N. (9.40)

Ïîäñòàâëÿÿ (9.39) è (9.40) â ïðåäñòàâëåíèå (9.31), íàéäåì ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå
çíà÷åíèÿ çàäà÷è (9.30) âèäà

unm(x, y) = Rnm(r)Φn(ϕ) = Jn

(
µnmr

ρ

)
einϕ, λnm =

(
µnm
ρ

)2

, n ∈ Z, m ∈ N.

(2 � 4) Äîêàçûâàåòñÿ òàêæå êàê è àíàëîãè÷íûå ïóíêòû òåîðåìû 9.14. �

Òåîðåìà 9.18 (Îáîáùåííîå ðåøåíèå çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ Ïóàññîíà â êðóãå (ìåòîä
Ôóðüå)). Ïóñòü

• Ω = {(x, y) | x2 + y2 < ρ2}, ãäå ρ > 0;
• (r, ϕ) � ïîëÿðíûå êîîðäèíàòû â Ω (x = r cosϕ, y = r sinϕ);

• ∀ n ∈ Z ∀ m ∈ N λnm =
(
µnm
ρ

)2

, ãäå µnm � ïîëîæèòåëüíûå íóëè ôóíêöèè Áåññåëÿ Jn;
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• ∀ n ∈ Z ∀ m ∈ N unm(x, y) = ûnm(x,y)
‖ûnm‖ , ãäå ûnm(x, y) = Jn

(
µnmr
ρ

)
einϕ è

‖ûnm‖2 =

∫∫
Ω

|ûnm(x, y)|2 dx dy = 2π

ρ∫
0

∣∣∣∣rJn(µnmrρ
)∣∣∣∣2 dr;

• L = −∆,

Dom(L) =

{
u

∣∣∣∣ u ∈ D′(Ω), u(x, y) =
∞∑

n,m=1

cnmunm(x, y),
∞∑

n,m=0

λ2
nm|cnm|2 <∞

}
;

• f ∈ L2(Ω).

Òîãäà

(1) ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è Äèðèõëå{
Lu = f,

u ∈ Dom(L);
(9.41)

(2) ðåøåíèå çàäà÷è (9.41) ìîæåò áûòü ïðåäñòàâëåíî â âèäå

u(x, y) =
∞∑

n,m=1

cnmunm(x, y),

ãäå

∀ n ∈ N ∀ m ∈ N cnm =
fnm
λnm

, fnm = (f, unm)

è (·, ·) � ñêàëÿðíîå ïðîèçâåäåíèå â L2(Ω);

(3) Dom(L) =
{
u
∣∣ u ∈ H2(Ω), u|∂Ω = 0

}
.

Äîêàçàòåëüñòâî. Ïðàêòè÷åñêè äîñëîâíî ïîâòîðÿåò äîêàçàòåëüñòâî òåîðåìû 9.15. �

9.5. Óðàâíåíèå Ïóàññîíà â øàðå â R3.

Òåîðåìà 9.19 (Ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè îïåðàòîðà Ëàïëàñà â øàðå â R3

ñ óñëîâèÿìè Äèðèõëå íà ãðàíèöå (ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ)). Ïóñòü

• Ω = {(x, y, z) | x2 + y2 + z2 < ρ2}, ãäå ρ > 0;

• L = −∆, Dom(L) =
{
u | u ∈ C2(Ω) ∩ C(Ω), u|∂Ω = 0

}
, ãäå ∆ = ∂2

∂x2
+ ∂2

∂y2
+ ∂2

∂z2
;

• (r, ϕ, θ) � ñôåðè÷åñêèå êîîðäèíàòû â Ω (x = r sin θ cosϕ, y = r sin θ sinϕ, z = r cos θ);

• λnk =
(
µnk
ρ

)2

, ãäå n ∈ Z+, k ∈ N è µnk � ïîëîæèòåëüíûå íóëè ôóíêöèè Áåññåëÿ J|n+ 1
2
|;

• unmk(x, y, z) = 1√
r
J|n+ 1

2
|

(
µnkr
ρ

)
eimϕP

|m|
n (cos θ), ãäå n ∈ Z+, m ∈ {m | m ∈ Z, |m| 6 n},

k ∈ N.
Òîãäà

(1) ∀ n ∈ Z+, ∀ m ∈ {m | m ∈ Z, |m| 6 n}, ∀ k ∈ N Lunmk = λnkunmk, unmk ∈ Dom(L);
(2) ñåìåéñòâî ôóíêöèé {unmk} îáðàçóåò îðòîãîíàëüíûé áàçèñ â ïðîñòðàíñòâå L2(Ω);
(3) {λnk} � ïîëíûé íàáîð ñîáñòâåííûõ ÷èñåë îïåðàòîðà L.
(4) {unmk} � ïîëíûé íàáîð ñîáñòâåííûõ ôóíêöèé îïåðàòîðà L;
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Äîêàçàòåëüñòâî. (1) Äîêàçàòåëüñòâî ïðîâåäåì ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ. Äëÿ ýòîãî
áóäåì èñêàòü ñïåöèàëüíûå ðåøåíèÿ çàäà÷è

−∆u = λu, u ∈ Dom(L) (9.42)

âèäà
u(x, y) = R(r)Y (θ, ϕ). (9.43)

Íàïîìíèì, ÷òî

∆ =
1

r2

∂

∂r
r2 ∂

∂r
+

1

r2
∆θ,ϕ .

Ïîäñòàâëÿÿ (9.43) â óðàâíåíèå (9.42), ïîëó÷èì

− 1

r2
(r2R′(r))′Y (θ, ϕ)− 1

r2
R(r)∆θ,ϕY (θ, ϕ) = λR(r)Y (θ, ϕ).

Îòñþäà, óìíîæàÿ íà r2

R(r)R(r)Y (θ,ϕ)
, íàéäåì

−∆θ,ϕY (θ, ϕ)

Y (θ, ϕ)
=

(r2R′(r))′

R(r)
+ λr2. (9.44)

Ïîñêîëüêó ëåâàÿ ÷àñòü â ðàâåíñòâå (9.44) çàâèñèò òîëüêî îò ïåðåìåííûõ θ è ϕ, à ïðàâàÿ òîëü-
êî îò r, òî îáà îòíîøåíèÿ ðàâíû íåêîòîðîé ïîñòîÿííîé, êîòîðóþ ìû îáîçíà÷èì ÷åðåç ν. Â
ðåçóëüòàòå, óðàâíåíèÿ íà ôóíêöèè Y è R ðàçäåëèëèñü

−∆θ,ϕY (θ, ϕ) = νY (θ, ϕ), (9.45)

(r2R′(r))′ + λr2R(r) = νR(r). (9.46)

Èç óñëîâèÿ u ∈ Dom(L), ïîëó÷èì, ÷òî Y � ãëàäêàÿ ôóíêöèÿ íà ñôåðå, R � îãðàíè÷åíà â
îêðåñòíîñòè òî÷êè r = 0 è R(ρ) = 0. Îòñþäà ñëåäóåò, ÷òî

Y (θ, ϕ+ 2π) = Y (θ, ϕ), |Y (0, ϕ)| <∞, |Y (π, ϕ)| <∞, (9.47)

|R(0)| <∞, R(ρ) = 0. (9.48)

Ñîáèðàÿ óðàâíåíèÿ (9.45), (9.46) è êðàåâûå óñëîâèÿ (9.47), (9.48) âìåñòå, ïîëó÷èì äâå çàäà÷è
íà ñïåêòðàëüíûå çíà÷åíèÿ{

−∆θ,ϕY (θ, ϕ) = νY (θ, ϕ),
Y (θ, ϕ+ 2π) = Y (θ, ϕ), |Y (0, ϕ)| <∞, |Y (π, ϕ)| <∞, (9.49){

(r2R′(r))′ + (λr2 − ν)R(r) = 0,
|R(0)| <∞, R(ρ) = 0.

(9.50)

Ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (9.49) èìåþò âèä (ñì. òåîðåìó 8.27) (ñîá-
ñòâåííûå ôóíêöèè è ñîáñòâåííûå ÷èñëà îïåðàòîðà Ëàïëàñà-Áåëüòðàìè))

Y m
n (θ, ϕ) = eimϕP |m|n (cos θ), νn = n(n+ 1), n ∈ Z+, m ∈ {m | m ∈ Z, |m| 6 n}. (9.51)

Äëÿ ðåøåíèÿ çàäà÷è (9.50), ñäåëàåì ïîäñòàíîâêó

R(r) =
Ψ(r)√
r

â óðàâíåíèè (9.50) ïðè ν = n(n+ 1). Â ðåçóëüòàòå ïîëó÷èì, ÷òî Ψ óäîâëåòâîðÿåò óðàâíåíèþ

r2Ψ′′(r) + rΨ′(r) +

[
λr2 −

(
n+

1

2

)2
]
R(r) = 0.
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Òàêèì îáðàçîì, ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (9.50) ïðè ν = n(n + 1)
èìåþò âèä (ñì. òåîðåìó 8.53 (ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè ñèíãóëÿðíîé çàäà÷è
Øòóðìà-Ëèóâèëëèÿ äëÿ óðàâíåíèÿ Áåññåëÿ íà êîíå÷íîì èíòåðâàëå))

Rnk(r) =
1√
r
J|n+ 1

2
|

(
µnkr

ρ

)
, λnk =

(
µnk
ρ

)2

, n ∈ Z+, k ∈ N. (9.52)

Ïîäñòàâëÿÿ (9.51) è (9.52) â ïðåäñòàâëåíèå (9.43), íàéäåì ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå
çíà÷åíèÿ çàäà÷è (9.42) âèäà

unmk(x, y) = Rnk(r)Y
m
n (θ, ϕ) =

1√
r
J|n+ 1

2
|

(
µnkr

ρ

)
eimϕP |m|n (cos θ), λnk =

(
µnk
ρ

)2

,

ãäå n ∈ Z+, m ∈ {m | m ∈ Z, |m| 6 n}, k ∈ N.
(2 � 4) Äîêàçûâàåòñÿ òàêæå êàê è àíàëîãè÷íûå ïóíêòû òåîðåìû 9.14. �

Òåîðåìà 9.20 (Îáîáùåííîå ðåøåíèå çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ Ïóàññîíà â øàðå â R3

(ìåòîä Ôóðüå)). Ïóñòü
• Ω = {(x, y, z) | x2 + y2 + z2 < ρ2}, ãäå ρ > 0;
• (r, ϕ, θ) � ñôåðè÷åñêèå êîîðäèíàòû â Ω (x = r sin θ cosϕ, y = r sin θ sinϕ, z = r cos θ);

• λnk =
(
µnk
ρ

)2

, ãäå n ∈ Z+, k ∈ N è µnk � ïîëîæèòåëüíûå íóëè ôóíêöèè Áåññåëÿ J|n+ 1
2
|;

• unmk(x, y, z) = ûnm(x,y,z)
‖ûnm‖ , ãäå ûnm(x, y, z) = 1√

r
J|n+ 1

2
|

(
µnkr
ρ

)
eimϕP

|m|
n (cos θ), n ∈ Z+, m ∈

{m | m ∈ Z, |m| 6 n}, k ∈ N è

‖ûnmk‖2 =

∫∫∫
Ω

|ûnm(x, y, z)|2 dx dy dz;

• L = −∆,

Dom(L) =

{
u

∣∣∣∣ u ∈ D′(Ω), u =
∞∑
n=0

n∑
m=−n

∞∑
k=1

cnmkunmk,
∞∑
n=0

n∑
m=−n

∞∑
k=1

|λnk|2|cnmk|2 <∞

}
;

• f ∈ L2(Ω).

Òîãäà

(1) ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è Äèðèõëå{
Lu = f,

u ∈ Dom(L);
(9.53)

(2) ðåøåíèå çàäà÷è (9.53) ìîæåò áûòü ïðåäñòàâëåíî â âèäå

u(x, y, z) =
∞∑
n=0

n∑
m=−n

∞∑
k=1

cnmkunmk(x, y, z),

ãäå

∀ n ∈ Z+ ∀ m ∈ {m | m ∈ Z, |m| 6 n} ∀ k ∈ N cnmk =
fnmk
λnk

, fnmk = (f, unmk)

è (·, ·) � ñêàëÿðíîå ïðîèçâåäåíèå â L2(Ω);

(3) Dom(L) =
{
u
∣∣ u ∈ H2(Ω), u|∂Ω = 0

}
.

Äîêàçàòåëüñòâî. Ïðàêòè÷åñêè äîñëîâíî ïîâòîðÿåò äîêàçàòåëüñòâî òåîðåìû 9.15. �
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9.6. Óðàâíåíèå òåïëîïðîâîäíîñòè â îãðàíè÷åííîé îáëàñòè.

Òåîðåìà 9.21 (Òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ îáîáùåííîé ñìåøàííîé çà-
äà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè â îãðàíè÷åííîé îáëàñòè (ìåòîä Ôóðüå)). Ïóñòü

• Ω � îòêðûòîå, îãðàíè÷åííîå ìíîæåñòâî â Rd, ãäå d ∈ N;
• ∂Ω ∈ C2, ãäå ∂Ω � ãðàíèöà îáëàñòè Ω;
• ΩT = Ω× (0, T ), ãäå T > 0;
• L = −∆, Dom(L) =

{
u | u ∈ C2(Ω) ∩ C(Ω), u|∂Ω = 0

}
;

• ∀ n ∈ N Lun = λnun, un ∈ Dom(L), λn > 0;
• {un}∞n=1 � îðòîíîðìèðîâàííûé áàçèñ â ïðîñòðàíñòâå L2(Ω);

• f ∈ L2(ΩT );

• ϕ ∈ Hϕ =

{
ϕ

∣∣∣∣ ϕ ∈ D′(Ω), ϕ =
∞∑
n=1

ϕnun(x),
∞∑
n=1

λn|ϕn|2 <∞
}
;

• HH =

{
u

∣∣∣∣ u ∈ D′(ΩT ), u =
∞∑
n=1

cn(t)un(x),
∞∑
n=1

λ2
n‖cn‖2

L2(0,T ) <∞,
∞∑
n=1

‖c′n‖2
L2(0,T ) <∞

}
.

Òîãäà

(1) ðåøåíèå îáîáùåííîé ñìåøàííîé çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè âèäà
∂u(x,t)
∂t
−∆u(x, t) = f(x, t), (x, t) ∈ ΩT ,

u(x, t)|t=0 = ϕ(x), x ∈ Ω,

u ∈ HH

(9.54)

ñóùåñòâóåò è åäèíñòâåííî.

(2) Hϕ =

{
ϕ

∣∣∣∣ ϕ ∈ H1(Ω), ϕ|∂Ω = 0

}
;

(3) HH =
{
u
∣∣ u ∈ H2,1(ΩT ), u|∂Ω×(0,T ) = 0

}
.

Äîêàçàòåëüñòâî. (1) Ðàçëîæèì ôóíêöèè ϕ è f â ðÿäû Ôóðüå ïî ñèñòåìå îðòîíîðìèðîâàííûõ
ñîáñòâåííûõ ôóíêöèé {un}∞n=1. Â ðåçóëüòàòå ïîëó÷èì, ÷òî

ϕ(x) =
∞∑
n=1

ϕnun(x), f(x, t) =
∞∑
n=1

fn(t)un(x). (9.55)

Âìåñòè ñ ýòèì, ïðè n ∈ N âåðíî, ÷òî

ϕn =

∫
Ω

ϕ(x)un(x) dx,
∞∑
n=1

|ϕn|2 <∞,

fn(t) =

∫
Ω

f(x, t)un(x) dx,
∞∑
n=1

T∫
0

|fn(t)|2 dt <∞.

Èç óñëîâèÿ òåîðåìû ñëåäóåò, ÷òî ðåøåíèå çàäà÷è (9.54) äîëæíî ïðåäñòàâëÿòüñÿ â âèäå

u(x, t) =
∞∑
n=1

cn(t)un(x). (9.56)
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Ïîäñòàâëÿÿ ðàçëîæåíèÿ (9.55) è (9.56) â (9.54), ïîëó÷èì

∞∑
n=1

c′n(t)un(x) +
∞∑
n=1

λncn(t)un(x) =
∞∑
n=1

fn(t)un(x), (9.57)

∞∑
n=1

cn(0)un(x) =
∞∑
n=1

ϕnun(x). (9.58)

Èç (9.57), (9.58) ïîëó÷èì, ÷òî

∀ n ∈ N
{
c′n(t) + λncn(t) = fn(t),
cn(0) = ϕn.

(9.59)

Ðåøåíèå çàäà÷è (9.59) ñóùåñòâóåò, åäèíñòâåííî è ìîæåò áûòü çàïèñàíî â âèäå

∀ n ∈ N cn(t) = ϕne
−λnt +

t∫
0

fn(τ)e−λn(t−τ) dτ.

Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà íåîáõîäèìî ïðîâåðèòü, ÷òî u ∈ HH . Ðàäè óïðîùåíèÿ âûêëà-
äîê áóäåì ñ÷èòàòü, ÷òî ϕ è f � âåùåñòâåííî-çíà÷íûå ôóíêöèè. Ïðè n ∈ N âåðíî, ÷òî

cn(t)c′n(t) + λnc
2
n(t) = fn(t)cn,

T∫
0

cn(t)c′n(t) dt+ λn

T∫
0

c2
n(t) dt =

T∫
0

fn(t)cn dt,

1

2
c2
n(T )− 1

2
c2
n(0) + λn‖c2

n‖2
L2(0,T ) 6 ‖fn‖L2(0,T )‖cn‖L2(0,T ) 6

1

2λn
‖fn‖2

L2(0,T ) +
λn
2
‖cn‖2

L2(0,T ),

λn
2
‖cn‖2

L2(0,T ) 6
1

2λn
‖fn‖2

L2(0,T ) +
1

2
ϕ2
n,

‖cn‖2
L2(0,T ) 6

1

λ2
n

‖fn‖2
L2(0,T ) +

1

λn
ϕ2
n.

Îòñþäà ñëåäóåò, ÷òî

∞∑
n=1

λ2
n‖cn‖2

L2(0,T ) 6
∞∑
n=1

‖fn‖2
L2(0,T ) +

∞∑
n=1

λnϕ
2
n <∞.

Êðîìå òîãî,

‖c′n‖2
L2(0,T ) 6 2λ2

n‖cn‖2
L2(0,T ) + 2‖fn‖2

L2(0,T ) 6 3‖fn‖2
L2(0,T ) + 2λnϕ

2
n

è, ñëåäîâàòåëüíî,
∞∑
n=1

‖c′n‖2
L2(0,T ) 6 3

∞∑
n=1

‖fn‖2
L2(0,T ) + 2

∞∑
n=1

λnϕ
2
n <∞.

(2, 3) Áåç äîêàçàòåëüñòâà. �
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9.7. Âîëíîâîå óðàâíåíèå â îãðàíè÷åííîé îáëàñòè.

Òåîðåìà 9.22 (Òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ îáîáùåííîé ñìåøàííîé çà-
äà÷è äëÿ âîëíîâîãî óðàâíåíèÿ â îãðàíè÷åííîé îáëàñòè (ìåòîä Ôóðüå)). Ïóñòü

• Ω � îòêðûòîå, îãðàíè÷åííîå ìíîæåñòâî â Rd, ãäå d ∈ N;
• ∂Ω ∈ C2, ãäå ∂Ω � ãðàíèöà îáëàñòè Ω;
• ΩT = Ω× (0, T ), ãäå T > 0;
• L = −∆, Dom(L) =

{
u | u ∈ C2(Ω) ∩ C(Ω), u|∂Ω = 0

}
;

• ∀ n ∈ N Lun = λnun, un ∈ Dom(L), λn > 0;
• {un}∞n=1 � îðòîíîðìèðîâàííûé áàçèñ â ïðîñòðàíñòâå L2(Ω);

• ϕ ∈ Hϕ =

{
ϕ

∣∣∣∣ ϕ ∈ D′(Ω), ϕ =
∞∑
n=1

ϕnun(x),
∞∑
n=1

λ2
n|ϕn|2 <∞

}
;

• ψ ∈ Hψ =

{
ϕ

∣∣∣∣ ψ ∈ D′(Ω), ψ =
∞∑
n=1

ψnun(x),
∞∑
n=1

λn|ψn|2 <∞
}
;

• f ∈ Hf =

{
f

∣∣∣∣ f ∈ D′(ΩT ), f =
∞∑
n=1

fn(t)un(x),∀ p = 0, 1
∞∑
n=1

λ1−p
n ‖f

(p)
n ‖2

L2(0,T ) <∞
}
;

• HW =

{
u

∣∣∣∣ u ∈ D′(ΩT ), u =
∞∑
n=1

cn(t)un(x), ∀ p = 0, 1, 2
∞∑
n=1

λ2−p
n ‖c

(p)
n ‖2

L2(0,T ) <∞
}
.

Òîãäà

(1) ðåøåíèå îáîáùåííîé ñìåøàííîé çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè âèäà
∂2u(x,t)
∂t2

−∆xu(x, t) = f(x, t), (x, t) ∈ ΩT ,

u(x, t)|t=0 = ϕ(x), x ∈ Ω,
∂u(x,t)
∂t
|t=0 = ψ(x), x ∈ Ω,

u ∈ HW

(9.60)

ñóùåñòâóåò è åäèíñòâåííî.

(2) Hϕ =

{
ϕ

∣∣∣∣ ϕ ∈ H2(Ω), ϕ|∂Ω = 0

}
;

(3) Hψ =

{
ψ

∣∣∣∣ ψ ∈ H1(Ω), ψ|∂Ω = 0

}
;

(4) Hf =

{
f

∣∣∣∣ f ∈ H1(ΩT ), f |∂Ω×(0,T ) = 0

}
;

(5) HW =
{
u
∣∣ u ∈ H2(ΩT ), u|∂Ω×(0,T ) = 0

}
.

Äîêàçàòåëüñòâî. (1) Ðàçëîæèì ôóíêöèè ϕ è f â ðÿäû Ôóðüå ïî ñèñòåìå îðòîíîðìèðîâàííûõ
ñîáñòâåííûõ ôóíêöèé {un}∞n=1. Â ðåçóëüòàòå ïîëó÷èì, ÷òî

f(x, t) =
∞∑
n=1

fn(t)un(x), ϕ(x) =
∞∑
n=1

ϕnun(x), ψ(x) =
∞∑
n=1

ψnun(x). (9.61)

Èç óñëîâèÿ òåîðåìû ñëåäóåò, ÷òî ðåøåíèå çàäà÷è (9.60) äîëæíî ïðåäñòàâëÿòüñÿ â âèäå

u(x, t) =
∞∑
n=1

cn(t)un(x). (9.62)
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Ïîäñòàâëÿÿ ðàçëîæåíèÿ (9.61) è (9.62) â (9.60), ïîëó÷èì
∞∑
n=1

c′′n(t)un(x) +
∞∑
n=1

λncn(t)un(x) =
∞∑
n=1

fn(t)un(x), (9.63)

∞∑
n=1

cn(0)un(x) =
∞∑
n=1

ϕnun(x),
∞∑
n=1

c′n(0)un(x) =
∞∑
n=1

ψnun(x). (9.64)

Èç (9.63), (9.64) ïîëó÷èì, ÷òî

∀ n ∈ N

 c′′n(t) + λncn(t) = fn(t),
cn(0) = ϕn,
c′n(0) = ψn.

(9.65)

Ðåøåíèå çàäà÷è (9.65) ñóùåñòâóåò, åäèíñòâåííî è ìîæåò áûòü çàïèñàíî â âèäå

∀ n ∈ N cn(t) = ϕn cos(
√
λnt) + ψn

sin(
√
λnt)√
λn

+

t∫
0

fn(τ)
sin
(√

λn(t− τ)
)

√
λn

dτ.

Óäîáíî ïåðåïèñàòü åãî â âèäå

∀ n ∈ N cn(t) = αn(t) + βn(t) + γn(t), (9.66)

ãäå

αn(t) = ϕn cos(
√
λnt), βn(t) = ψn

sin(
√
λnt)√
λn

, γn(t) =

t∫
0

fn(τ)
sin
(√

λn(t− τ)
)

√
λn

dτ.

Ëåãêî âèäåòü, ÷òî

∀ n ∈ N ‖αn‖2
L2(0,T ) = |ϕn|2

T∫
0

cos2(
√
λnt) dt 6 T |ϕn|2.

Îòñþäà è èç óñëîâèÿ ϕ ∈ Hϕ ñëåäóåò, ÷òî
∞∑
n=1

λ2
n‖αn‖2

L2(0,T ) 6 T
∞∑
n=1

λ2
n|ϕn|2 <∞.

Àíàëîãè÷íî,

∀ n ∈ N ‖α′n‖2
L2(0,T ) = λn|ϕn|2

T∫
0

sin2(
√
λnt) dt 6 Tλn|ϕn|2,

∞∑
n=1

λn‖α′n‖2
L2(0,T ) 6 T

∞∑
n=1

λ2
n|ϕn|2 <∞,

∀ n ∈ N ‖α′′n‖2
L2(0,T ) = λ2

n|ϕn|2
T∫

0

cos2(
√
λnt) dt 6 Tλ2

n|ϕn|2,

∞∑
n=1

λ2
n‖α′′n‖2

L2(0,T ) 6 T
∞∑
n=1

λ2
n|ϕn|2 <∞.
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Òàêèì îáðàçîì,
∞∑
n=1

αn(t)un(x) ∈ HW . (9.67)

Äàëåå, çàìåòèì, ÷òî

∀ n ∈ N ‖βn‖2
L2(0,T ) =

|ψn|2

λn

T∫
0

sin2(
√
λnt) dt 6 T

|ψn|2

λn
,

∞∑
n=1

λ2
n‖βn‖2

L2(0,T ) 6 T

∞∑
n=1

λn|ψn|2 <∞.

Àíàëîãè÷íî, ïîëó÷èì, ÷òî
∞∑
n=1

λn‖β′n‖2
L2(0,T ) 6 T

∞∑
n=1

λn|ψn|2 <∞,
∞∑
n=1

‖β′′n‖2
L2(0,T ) 6 T

∞∑
n=1

λn|ψn|2 <∞.

Ñëåäîâàòåëüíî,
∞∑
n=1

βn(t)un(x) ∈ HW . (9.68)

Íàêîíåö, çàìåòèì, ÷òî ïðè n ∈ N âåðíî, ÷òî

‖γn‖2
L2(0,T ) =

T∫
0

∣∣∣∣∣∣
t∫

0

fn(τ)
sin
(√

λn(t− τ)
)

√
λn

dτ

∣∣∣∣∣∣
2

dt 6 T

 T∫
0

|fn(τ)|√
λn

dτ

2

=

=
T

λn

 T∫
0

|fn(τ)| dτ

2

6
T

λn

T∫
0

|fn(τ)|2 dτ
T∫

0

1 dτ = T 2
‖fn‖2

L2(0,T )

λn
,

∞∑
n=1

λ2
n‖γn‖2

L2(0,T ) 6 T 2

∞∑
n=1

λn‖fn‖2
L2(0,T ) <∞.

Àíàëîãè÷íî,

∀ n ∈ N γ′n(t) =

t∫
0

fn(τ) cos
(√

λn(t− τ)
)
dτ,

‖γ′n‖2
L2(0,T ) =

T∫
0

∣∣∣∣∣∣
t∫

0

fn(τ) cos
(√

λn(t− τ)
)
dτ

∣∣∣∣∣∣
2

dt 6 T

 T∫
0

|fn(τ)| dτ

2

6

6 T

T∫
0

|fn(τ)|2 dτ
T∫

0

1 dτ = T 2‖fn‖2
L2(0,T ),

∞∑
n=1

λn‖γ′n‖2
L2(0,T ) 6 T 2

∞∑
n=1

λn‖fn‖2
L2(0,T ) <∞.
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Íàêîíåö,

∀ n ∈ N γ′′n(t) = fn(t)−
√
λn

t∫
0

fn(τ) sin
(√

λn(t− τ)
)
dτ = fn(t)− λnγn(t),

‖γ′′n‖2
L2(0,T ) 6 ‖fn‖2

L2(0,T ) + λ2
n‖γn‖2

L2(0,T ) 6 ‖fn‖2
L2(0,T ) + T 2λn‖fn‖2

L2(0,T ),
∞∑
n=1

‖γ′′n‖2
L2(0,T ) 6 T 2

∞∑
n=1

‖fn‖2
L2(0,T ) + T 2

∞∑
n=1

λn‖fn‖2
L2(0,T ) <∞.

Ñëåäîâàòåëüíî,
∞∑
n=1

γn(t)un(x) ∈ HW . (9.69)

Ñîáèðàÿ îöåíêè (9.67), (9.68), (9.69) è ðàçëîæåíèÿ (9.62), (9.66) âìåñòå, ïîëó÷èì, ÷òî u ∈ HW .
(2 � 5) Áåç äîêàçàòåëüñòâà. �
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