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Ïðåäèñëîâèå

Ïðåäëàãàåìîå ¾ìåòîäè÷åñêîå ïîñîáèå¿ ïðåäíàçíà÷åíî äëÿ ñòóäåíòîâ è ïðåïîäàâàòåëåé ôè-
çè÷åñêîãî ôàêóëüòåòà ÑÏáÃÓ. ¾Ïîñîáèå¿ ñîäåðæèò òåîðåòè÷åñêèé è ïðàêòè÷åñêèé ìàòåðèàë,
êîòîðûé ïðåäïîëàãàåòñÿ èçó÷àòü íà ïðàêòè÷åñêèõ çàíÿòèÿõ ïî ìàòåìàòè÷åñêîé ôèçèêå â øå-
ñòîì ñåìåñòðå.
Äëÿ óäîáñòâà èñïîëüçîâàíèÿ ¾ïîñîáèÿ¿ âåñü ìàòåðèàë ðàçáèò íà 22 ñåêöèè, êàæäàÿ èç êîòî-

ðûõ ïðèìåðíî ñîîòâåòñòâóåò îäíîìó äâóõ-÷àñîâîìó ïðàêòè÷åñêîìó çàíÿòèþ. Ïîðÿäîê èçëîæå-
íèÿ ìàòåðèàëà â êàæäîé ãëàâå ñîîòâåòñòâóåò ïîðÿäêó åãî èçëîæåíèÿ íà ïðàêòè÷åñêèõ çàíÿòèÿõ.
Â êîíöå êàæäîãî ðàçäåëà ïðèâîäÿòñÿ ôîðìóëèðîâêè çàäà÷ äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ.

Îáðàòèòå âíèìàíèå, ÷òî âðåìÿ ïðîâåäåíèÿ ïåðåïèñûâàíèÿ ïåðåä êîëëîêâèóìîì íå ñîîòâåò-
ñòâóåò ñåðåäèíå ñåìåñòðà è äîëæíî áûòü ïðîâåäåíî íå íà ïîñëåäíåì çàíÿòèè ïåðåä êîëëîêâè-
óìîì, à íåñêîëüêî ðàíüøå.

Íàñòîÿùåå ¾ïîñîáèå¿ ìîæåò ñîäåðæàòü îïå÷àòêè è, áûòü ìîæåò, îøèáêè. Àâòîð áóäåò ïðè-
çíàòåëåí çà ëþáûå èñïðàâëåíèÿ, çàìå÷àíèÿ è âñåâîçìîæíûå ïîæåëàíèÿ, êîòîðûå ìîæíî îò-
ïðàâëÿòü ïî àäðåñó: sofyto@mail.ru (Ïîæàðñêèé Àëåêñåé Àíäðååâè÷).



4 À. À. Ïîæàðñêèé

1. Ñâîéñòâà îáîáùåííûõ ôóíêöèé.

Îïðåäåëåíèå 1.1. Íîñèòåëåì íåïðåðûâíîé ôóíêöèè ϕ(x) íàçûâàþò çàìûêàíèå ìíîæåñòâà
òî÷åê âåùåñòâåííîé îñè, íà êîòîðîì ôóíêöèÿ ϕ(x) îòëè÷íà îò íóëÿ. Íîñèòåëü ôóíêöèè ϕ(x)
îáîçíà÷àåòñÿ ñèìâîëîì suppϕ(x).

Îïðåäåëåíèå 1.2. Ïðîñòðàíñòâîì îñíîâíûõ ôóíêöèé D(R) èëè ñîêðàùåííî D íàçûâàþò ñî-
âîêóïíîñòü âñåõ áåñêîíå÷íî äèôôåðåíöèðóåìûõ ôóíêöèé, îïðåäåëåííûõ íà âåùåñòâåííîé îñè
è èìåþùèõ îãðàíè÷åííûé íîñèòåëü.

Îïðåäåëåíèå 1.3. Ïîñëåäîâàòåëüíîñòü ôóíêöèé {ϕn(x)}∞n=1 èç D íàçûâàåòñÿ ñõîäÿùåéñÿ â
ïðîñòðàíñòâå D ê ôóíêöèè ϕ(x) èç D, åñëè âûïîëíåíû ñëåäóþùèå óñëîâèÿ.

(1) Ñóùåñòâóåò òàêîå ÷èñëî R > 0, ÷òî suppϕn(x) ⊂ [−R,R] ïðè n ∈ N.
(2) Äëÿ ëþáîãî p > 0 ñóùåñòâóåò ïðåäåë

lim
n→∞

sup
x∈R

∣∣ϕ(p)
n (x)− ϕ(p)(x)

∣∣ = 0.

Ñõîäèìîñòü â ïðîñòðàíñòâå D îáîçíà÷àåòñÿ ñèìâîëîì ϕn(x)
D−→ ϕ(x) ïðè n→∞.

Îïðåäåëåíèå 1.4. Ôóíêöèîíàëîì f(x) íàä ïðîñòðàíñòâîì îñíîâíûõ ôóíêöèé D íàçûâàþò
ïðàâèëî, êîòîðîå ñîïîñòàâëÿåò êàæäîé îñíîâíîé ôóíêöèè ϕ(x) íåêîòîðîå êîìïëåêñíîå ÷èñëî.
Ýòî ÷èñëî îáîçíà÷àþò ñèìâîëîì (f(x), ϕ(x)).

Îïðåäåëåíèå 1.5. Ôóíêöèîíàë f(x) íàçûâàþò ëèíåéíûì, åñëè äëÿ ëþáûõ α, β ∈ C è ϕ, ψ ∈ D
âûïîëíÿåòñÿ ðàâåíñòâî

(f(x), αϕ(x) + βψ(x)) = α(f(x), ϕ(x)) + β(f(x), ψ(x)).

Îïðåäåëåíèå 1.6. Ëèíåéíûé ôóíêöèîíàë f(x) íàçûâàþò íåïðåðûâíûì â D, åñëè äëÿ ëþ-

áîé ïîñëåäîâàòåëüíîñòè îñíîâíûõ ôóíêöèé {ϕn(x)}∞n=1 òàêîé, ÷òî ϕn(x)
D−→ 0 ïðè n → ∞,

ñóùåñòâóåò ïðåäåë
lim
n→∞

(f(x), ϕn(x)) = 0

Îïðåäåëåíèå 1.7. Ïðîñòðàíñòâîì îáîáùåííûõ ôóíêöèé D′(R) èëè ñîêðàùåííî D′ íàçûâàþò
ñîâîêóïíîñòü âñåõ ëèíåéíûõ íåïðåðûâíûõ ôóíêöèîíàëîâ íàä D.

Îïðåäåëåíèå 1.8. Äåëüòà-ôóíêöèåé Äèðàêà íàçûâàþò ôóíêöèîíàë, îïðåäåëåííûé ðàâåíñòâîì

(δ(x− a), ϕ(x)) = ϕ(a), ϕ ∈ D,
ãäå a ∈ R.

Ïðèìåð 1.9. Äîêàçàòü, ÷òî äåëüòà-ôóíêöèÿ Äèðàêà δ(x) ÿâëÿåòñÿ îáîáùåííîé ôóíêöèåé.

Ðåøåíèå. Äîêàæåì ëèíåéíîñòü ôóíêöèîíàëà δ(x)

(δ(x), αϕ(x) + βψ(x)) = αϕ(0) + βψ(0) = α(δ(x), ϕ(x)) + β(δ(x), ψ(x)).

Äîêàæåì íåïðåðûâíîñòü ôóíêöèîíàëà δ(x). Ïóñòü çàäàíà ïîñëåäîâàòåëüíîñòü îñíîâíûõ ôóíê-

öèé òàêàÿ, ÷òî ϕn(x)
D−→ 0 ïðè n→∞. Èç îïðåäåëåíèÿ 1.3 ïðè p = 0 ñëåäóåò, ÷òî

lim
n→∞

sup
x∈R
|ϕn(x)− 0| = 0 =⇒ lim

n→∞
ϕn(0) = 0.

Îòñþäà
lim
n→∞

(δ(x), ϕn(x)) = lim
n→∞

ϕn(0) = 0. �
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Îïðåäåëåíèå 1.10. Îáîáùåííóþ ôóíêöèþ f(x) íàçûâàþò ðåãóëÿðíîé, åñëè ñóùåñòâóåò ëî-
êàëüíî àáñîëþòíî èíòåãðèðóåìàÿ ôóíêöèÿ F (x) òàêàÿ, ÷òî

(f(x), ϕ(x)) =

∫
R

F (x)ϕ(x) dx, ϕ ∈ D.

Ôóíêöèþ F (x) íàçûâàþò ÿäðîì ðåãóëÿðíîãî ôóíêöèîíàëà f(x).

Çàìå÷àíèå 1.11. Â äàëüíåéøåì ìû ïîçâîëèì ñåáå ïîëüçîâàòüñÿ îäíèì è òåì æå ñèìâî-
ëîì f(x) äëÿ îáîçíà÷åíèÿ ðåãóëÿðíîé îáîáùåííîé ôóíêöèè f(x) è åå ÿäðà F (x).

Îïðåäåëåíèå 1.12. Îáû÷íîé (íå îáîáùåííîé) òýòà-ôóíêöèåé Õåâèñàéäà íàçûâàþò ôóíêöèþ

θ(x) =

{
1, x > 0,

0, x < 0.

Îáîáùåííîé òýòà-ôóíêöèåé Õåâèñàéäà íàçûâàþò ðåãóëÿðíûé ôóíêöèîíàë, îïðåäåëåííûé ðà-
âåíñòâîì

(θ(x), ϕ(x)) =

∫
R

θ(x)ϕ(x) dx =

∞∫
0

ϕ(x) dx, ϕ ∈ D.

Îïðåäåëåíèå 1.13. Ñèíãóëÿðíîé îáîáùåííîé ôóíêöèåé íàçûâàþò âñÿêóþ îáîáùåííóþ ôóíê-
öèþ, íå ÿâëÿþùóþñÿ ðåãóëÿðíîé.

Ïðèìåð 1.14. Äîêàçàòü, ÷òî δ(x) ÿâëÿåòñÿ ñèíãóëÿðíîé îáîáùåííîé ôóíêöèåé.

Ðåøåíèå. Äîêàçàòåëüñòâî ïðîâåäåì îò ïðîòèâíîãî. Ïóñòü íàøëàñü ëîêàëüíî àáñîëþòíî èíòå-
ãðèðóåìàÿ ôóíêöèÿ F (x) òàêàÿ, ÷òî

ϕ(0) = (δ(x), ϕ(x)) =

∫
R

F (x)ϕ(x) dx, ϕ ∈ D. (1.1)

Âûáèðàÿ ϕ(x) òàêèå, ÷òî ϕ(0) = 0 ïîëó÷èì∫
R

F (x)ϕ(x) dx = 0. (1.2)

Èñïîëüçóÿ îñòàâøèéñÿ ïðîèçâîë â âûáîðå ôóíêöèè ϕ(x) ìîæíî ïîêàçàòü, ÷òî F (x) = 0 âñþ-
äó çà èñêëþ÷åíèåì òî÷êè x = 0. Èçâåñòíî, ÷òî èíòåãðàë (Ëåáåãà èëè Ðèìàíà) îò ôóíêöèè,
ðàâíîé íóëþ âñþäó çà èñêëþ÷åíèåì îäíîé òî÷êè, îáðàùàåòñÿ â íîëü. Ïîýòîìó ðàâåíñòâî (1.2)
îáÿçàíî âûïîëíÿòüñÿ è äëÿ ïðîèçâîëüíîé ϕ ∈ D. Ïîñëåäíåå óòâåðæäåíèå ïðîòèâîðå÷èò ñîîò-
íîøåíèþ (1.1). Ïîëó÷åííîå ïðîòèâîðå÷èå äîêàçûâàåò òðåáóåìîå óòâåðæäåíèå. �

Îïðåäåëåíèå 1.15. Ãîâîðÿò, ÷òî îáîáùåííàÿ ôóíêöèÿ f(x) ðàâíà íóëþ â îòêðûòîé îáëà-
ñòè G, åñëè (f(x), ϕ(x)) = 0 äëÿ âñåõ ϕ ∈ D òàêèõ, ÷òî suppϕ ⊂ G.

Îïðåäåëåíèå 1.16. Íîñèòåëåì îáîáùåííîé ôóíêöèè f(x) íàçûâàþò ìíîæåñòâî òî÷åê âå-
ùåñòâåííîé îñè, ïîëó÷åííîå èñêëþ÷åíèåì èç R âñåõ îòêðûòûõ èíòåðâàëîâ, íà êîòîðûõ f(x)
îáðàùàåòñÿ â íîëü.

Ïðèìåð 1.17. Íàéòè íîñèòåëü îáîáùåííîé ôóíêöèè δ(x).

Ðåøåíèå. ßñíî, ÷òî äëÿ ëþáîé ôóíêöèè ϕ ∈ D òàêîé, ÷òî åå íîñèòåëü ñîñðåäîòî÷åí íà îäíîì
èç èíòåðâàëîâ (−∞, 0) èëè (0,+∞), ñïðàâåäëèâî ðàâåíñòâî

(δ(x), ϕ(x)) = ϕ(0) = 0.
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Ïîýòîìó íîñèòåëü δ(x) ìîæåò áûòü ñîñðåäîòî÷åí òîëüêî â òî÷êå x = 0.
Äàëåå äëÿ ëþáîãî èíòåðâàëà (−a, b), ãäå a > 0 è b > 0 íàéäåòñÿ òàêàÿ ôóíêöèÿ ϕ ∈ D, ÷òî

suppϕ(x) ∈ (−a, b) è ϕ(0) 6= 0. Îòñþäà ñëåäóåò, ÷òî íîñèòåëü δ(x) ñîâïàäàåò ñ òî÷êîé x = 0. �

Îòâåò: supp δ(x) = {0}.

Îïðåäåëåíèå 1.18. Ïðîèçâåäåíèåì îáîáùåííîé ôóíêöèè f(x) íà áåñêîíå÷íî äèôôåðåíöèðó-
åìóþ ôóíêöèþ α(x) íàçûâàþò íàçûâàþò îáîáùåííóþ ôóíêöèþ α(x)f(x), äåéñòâóþùóþ ïî
ïðàâèëó

(α(x)f(x), ϕ(x)) = (f(x), α(x)ϕ(x)).

Ïðèìåð 1.19. Óïðîñòèòü âûðàæåíèå (1 + ex)δ(x).

Ðåøåíèå. Ïóñòü ϕ ∈ D, òîãäà
((1 + ex)δ(x), ϕ(x)) = (δ(x), (1 + ex)ϕ(x)) = (1 + e0)ϕ(0) = 2ϕ(0) = (2δ(x), ϕ(x)).

Îòñþäà ñëåäóåò, ÷òî
(1 + ex)δ(x) = 2δ(x). �

Îòâåò: (1 + ex)δ(x) = 2δ(x).

Äîìàøíåå çàäàíèå:

Çàäà÷à 1.20. Óïðîñòèòü âûðàæåíèå xδ(x).

Îòâåò: xδ(x) = 0.

Çàäà÷à 1.21. Óïðîñòèòü âûðàæåíèå xδ(x+ 1).

Îòâåò: xδ(x+ 1) = −δ(x+ 1).
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2. Îáîáùåííàÿ ïðîèçâîäíàÿ, äèôôåðåíöèðîâàíèå ñêà÷êîâ.

Ïðèâåäåì ðàññóæäåíèÿ, ìîòèâèðóþùèå îïðåäåëåíèå îáîáùåííîé ïðîèçâîäíîé. Òî÷íîå îïðå-
äåëåíèå îáîáùåííîé ïðîèçâîäíîé ïðèâåäåíî íèæå, ñì. îïðåäåëåíèå 2.1.
Ïðîèçâîäíóþ îáîáùåííîé ôóíêöèè îïðåäåëÿþò òàê, ÷òîáû îíà, â ñëó÷àå ðåãóëÿðíîé îáîá-

ùåííîé ôóíêöèè ñ ãëàäêèì ÿäðîì, ñîâïàäàëà ñ ïðîèçâîäíîé â îáû÷íîì ñìûñëå. Ïóñòü çàäàíà
ðåãóëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ f(x) ñ ãëàäêèì ÿäðîì. Òîãäà ñïðàâåäëèâû ðàâåíñòâà

(f ′(x), ϕ(x)) =

∫
R

f ′(x)ϕ(x) dx = −
∫
R

f(x)ϕ′(x) dx = −(f(x), ϕ′(x)), ϕ ∈ D. (2.1)

Â ñëó÷àå ñèíãóëÿðíîé îáîáùåííîé ôóíêöèè f(x) ïåðâûå äâà ðàâåíñòâà â (2.1) íå èìåþò íè-
êàêîãî ñìûñëà. Ïîýòîìó ôîðìóëó (2.1) ñëåäóåò ðàññìàòðèâàòü íå êàê äîêàçàòåëüñòâî, à êàê
ìîòèâèðîâêó îïðåäåëåíèÿ 2.1. Äàëåå, ïðàâàÿ ÷àñòü â ôîðìóëå (2.1) êîððåêòíî îïðåäåëåíà äëÿ
ëþáîé îáîáùåííîé ôóíêöèè, â òîì ÷èñëå è ñèíãóëÿðíîé. Îòñþäà ìû ïðèõîäèì ê ñëåäóþùåìó
îïðåäåëåíèþ.

Îïðåäåëåíèå 2.1. Ïðîèçâîäíîé îáîáùåííîé ôóíêöèè f ∈ D′ íàçûâàåòñÿ ôóíêöèîíàë f ′ ∈ D′,
îïðåäåëåííûé ðàâåíñòâîì

(f ′(x), ϕ(x)) = −(f(x), ϕ′(x)), ϕ ∈ D.

Ïðèìåð 2.2. Íàéòè îáîáùåííóþ ïðîèçâîäíóþ ôóíêöèè θ(x).

Ðåøåíèå. Äëÿ ïðîèçâîëüíîé ϕ ∈ D âûïîëíåíû ðàâåíñòâà

(θ′(x), ϕ(x)) = −(θ(x), ϕ′(x)) = −
∞∫

0

ϕ′(x) dx = −ϕ(x)
∣∣∣∞
0

= ϕ(0) = (δ(x), ϕ(x)).

Îòñþäà ñëåäóåò, ÷òî θ′(x) = δ(x). �

Îòâåò: θ′(x) = δ(x).

Ïðèìåð 2.3. Ïóñòü f(x) � îáîáùåííàÿ ôóíêöèÿ è α(x) � áåñêîíå÷íî äèôôåðåíöèðóåìàÿ ôóíê-
öèÿ. Äîêàçàòü ðàâåíñòâî

(α(x)f(x))′ = α′(x)f(x) + α(x)f ′(x).

Ðåøåíèå. Â ýòîò ðàç, ðàäè óïðîùåíèÿ çàïèñè, ìû ïîçâîëèì ñåáå íå ïèñàòü àðãóìåíò x

((αf)′, ϕ) = − (αf, ϕ′) = − (f, αϕ′) = − (f, (αϕ)′ − α′ϕ) = − (f, (αϕ)′) + (f, α′ϕ) =

= (f ′, αϕ) + (α′f, ϕ) = (αf ′, ϕ) + (α′f, ϕ) = (α′f + αf ′, ϕ) . �

Ïðèìåð 2.4. Ïóñòü ôóíêöèÿ f(x) óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì.

(1) f(x) ∈ C1(−∞, a) ∩ C1(a,+∞) äëÿ íåêîòîðîãî a ∈ R.
(2) Ëåâîå f(a− 0) è ïðàâîå f(a+ 0) ïðåäåëüíûå çíà÷åíèÿ êîíå÷íû.
(3) Êëàññè÷åñêàÿ ïðîèçâîäíàÿ f ′

êë
(x) ÿâëÿåòñÿ ðåãóëÿðíîé îáîáùåííîé ôóíêöèåé.

Äîêàçàòü, ÷òî ïðîèçâîäíàÿ ðåãóëÿðíîé îáîáùåííîé ôóíêöèè ñ ÿäðîì f(x) ìîæåò áûòü íàé-
äåíà ïî ôîðìóëå

f ′(x) = f ′
êë

(x) + [f(a+ 0)− f(a− 0)] δ(x− a).

ãäå f ′
êë

(x) � êëàññè÷åñêàÿ ïðîèçâîäíàÿ.
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Ðåøåíèå. Âîñïîëüçóåìñÿ îïðåäåëåíèåì ïðîèçâîäíîé îáîáùåííîé ôóíêöèåé è ôîðìóëîé èíòå-
ãðèðîâàíèÿ ïî ÷àñòÿì

(f ′(x), ϕ(x)) = −(f(x), ϕ′(x)) = −
a∫

−∞

f(x)ϕ′(x) dx−
+∞∫
a

f(x)ϕ′(x) dx =

= −f(x)ϕ(x)
∣∣∣a−0

−∞
+

a∫
−∞

f ′
êë

(x)ϕ(x) dx− f(x)ϕ(x)
∣∣∣+∞
a+0

+

+∞∫
a

f ′
êë

(x)ϕ(x) dx =

=

∫
R

f ′
êë

(x)ϕ(x) dx+ [f(a+ 0)− f(a− 0)]ϕ(a) =

=
(
f ′
êë

(x), ϕ(x)
)

+
(

[f(a+ 0)− f(a− 0)] δ(x− a), ϕ(x)
)
. �

Ïðèìåð 2.5. Íàéòè âòîðóþ îáîáùåííóþ ïðîèçâîäíóþ ôóíêöèè

f(x) =


x, x ∈ (−∞, 0],

x2, x ∈ (0, 1],
0, x ∈ (1,+∞].

Ðåøåíèå. Èñïîëüçóÿ ðåçóëüòàò ïðèìåðà 2.4, ïîëó÷èì

f ′(x) = −δ(x− 1) +

 1, x ∈ (−∞, 0],
2x, x ∈ (0, 1],
0, x ∈ (1,+∞].

Àíàëîãè÷íî,

f ′′(x) = −δ(x)− 2δ(x− 1)− δ′(x− 1) +

 0, x ∈ (−∞, 0],
2, x ∈ (0, 1],
0, x ∈ (1,+∞].

�

Îòâåò: f ′′(x) = −δ(x)− 2δ(x− 1)− δ′(x− 1) +

 0, x ∈ (−∞, 0],
2, x ∈ (0, 1],
0, x ∈ (1,+∞].

Ïðèìåð 2.6. Íàéòè âòîðóþ îáîáùåííóþ ïðîèçâîäíóþ ôóíêöèè

f(x) = (x− 1)θ(x2 − x).

Ðåøåíèå. Èñïîëüçóÿ ðåçóëüòàòû ïðèìåðîâ 2.3 è 2.4, ïîëó÷èì

f ′(x) = θ(x2 − x) + (x− 1) (δ(x− 1)− δ(x)) = θ(x2 − x) + δ(x),

f ′′(x) = δ(x− 1)− δ(x) + δ′(x). �

Îòâåò: f ′′(x) = δ(x− 1)− δ(x) + δ′(x).

Äîìàøíåå çàäàíèå:

Çàäà÷à 2.7. Óïðîñòèòü âûðàæåíèå (ex + x)δ′(x).

Îòâåò: (ex + x)δ′(x) = δ′(x)− 2δ(x).

Çàäà÷à 2.8. Óïðîñòèòü âûðàæåíèå (2x3 − x)δ′(x− 1).

Îòâåò: (2x3 − x)δ′(x− 1) = −5δ(x− 1) + δ′(x− 1).
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Çàäà÷à 2.9. Íàéòè âòîðóþ îáîáùåííóþ ïðîèçâîäíóþ ôóíêöèè

f(x) =

 2− x, x ∈ (−∞, 1],
x3, x ∈ (1, 2],
1 + 2x, x ∈ (2,+∞].

Îòâåò: f ′′(x) = −3δ′(x− 2)− 10δ(x− 2) + 4δ(x− 1) +

{
6x, x ∈ (1, 2],
0, x 6∈ (1, 2].

Çàäà÷à 2.10. Íàéòè âòîðóþ îáîáùåííóþ ïðîèçâîäíóþ ôóíêöèè

f(x) = (x2 − x)θ(x3 − x).

Îòâåò: f ′′(x) = 2θ(x3 − x)− 3δ(x+ 1) + δ(x) + δ(x− 1) + 2δ′(x+ 1).
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3. Ôîðìóëû, óïðîùàþùèå âûðàæåíèÿ âèäà h(x)δ(n)(x).

Ïðèìåð 3.1. Óïðîñòèòü âûðàæåíèå h(x)δ′(x), ãäå h(x) ∈ C∞(R).

Ðåøåíèå. Äëÿ ïðîèçâîëüíîé ϕ ∈ D èìååì

(h(x)δ′(x), ϕ(x)) = (δ′(x), h(x)ϕ(x)) = −(δ(x), (h(x)ϕ(x))′) =

= −(δ(x), h′(x)ϕ(x))− (δ(x), h(x)ϕ′(x)) = −h′(0)ϕ(0)− h(0)ϕ′(0) =

= −h′(0)(δ(x), ϕ(x))− h(0)(δ(x), ϕ′(x)) = −h′(0)(δ(x), ϕ(x)) + h(0)(δ′(x), ϕ(x)).

Îòñþäà
h(x)δ′(x) = −h′(0)δ(x) + h(0)δ′(x). �

Îòâåò: h(x)δ′(x) = −h′(0)δ(x) + h(0)δ′(x).

Ïðèìåð 3.2. Óïðîñòèòü âûðàæåíèå xδ(n)(x).

Ðåøåíèå. Äëÿ ïðîèçâîëüíîé ϕ ∈ D èìååì

(xδ(n)(x), ϕ(x)) = (δ(n)(x), xϕ(x)) = (−1)n(δ(x), (xϕ(x))(n)) =

= (−1)n(δ(x), xϕ(n)(x) + nϕ(n−1)(x)) = (−1)nn(δ(x), ϕ(n−1)(x)) = −n(δ(n−1)(x), ϕ(x)). �

Îòâåò: xδ(n)(x) = −nδ(n−1)(x).

Äîìàøíåå çàäàíèå:

Çàäà÷à 3.3. Óïðîñòèòü âûðàæåíèå ex
2−x δ′(x− 1).

Îòâåò: ex
2−x δ′(x− 1) = −δ(x− 1) + δ′(x− 1).

Çàäà÷à 3.4. Óïðîñòèòü âûðàæåíèå x2δ(3)(x).

Îòâåò: x2δ(3)(x) = 6δ′(x).

Çàäà÷à 3.5. Óïðîñòèòü âûðàæåíèå exδ(2)(x).

Îòâåò: exδ(2)(x) = δ(2)(x)− 2δ′(x) + δ(x).

Çàäà÷à 3.6. Óïðîñòèòü âûðàæåíèå x3δ(2)(x+ 1).

Îòâåò: x3δ(2)(x+ 1) = −6δ(x+ 1)− 6δ′(x+ 1)− δ(2)(x+ 1).
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4. 1-àÿ êîíòðîëüíàÿ ðàáîòà (çàäà÷à: 1; 10 ìèíóò).

Âàðèàíò êîíòðîëüíîé ðàáîòû �1.

Çàäà÷à 1. Íàéòè 2-óþ îáîáùåííóþ ïðîèçâîäíóþ ôóíêöèè

f(x) =


x, x ∈ (−∞, 0],
x2, x ∈ (0, 1],
2x− 1, x ∈ (1, 2],
1, x ∈ (2,+∞).

Îòâåò:

f ′′(x) = −δ(x)− 2δ(x− 2)− 2δ′(x− 2) +


0, x ∈ (−∞, 0],
2, x ∈ (0, 1],
0, x ∈ (1, 2],
0, x ∈ (2,+∞).

Âàðèàíò êîíòðîëüíîé ðàáîòû �1.

Çàäà÷à 1. Íàéòè 2-óþ îáîáùåííóþ ïðîèçâîäíóþ ôóíêöèè

f(x) = (x2 − x)θ(x2 − 2x).

Îòâåò:
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5. Ðåãóëÿðèçàöèÿ ñòåïåííûõ îñîáåííîñòåé. Äåëåíèå íà
ïîëèíîì.

Ïðèìåð 5.1. Íàéòè ïåðâóþ ïðîèçâîäíóþ ðåãóëÿðíîé îáîáùåííîé ôóíêöèè ln |x|.

Ðåøåíèå. Ïåðåä òåì êàê ïðèñòóïèòü ê ðåøåíèþ ýòîé çàäà÷è, çàìåòèì, ÷òî îáîáùåííàÿ ïðî-
èçâîäíàÿ îò ôóíêöèè ln |x|, âíå îêðåñòíîñòè òî÷êè x = 0, äîëæíà ñîâïàäàòü ñ êëàññè÷åñêîé
ïðîèçâîäíîé îò ôóíêöèè ln |x|, ò. å. ñ ôóíêöèåé 1

x
, ñì. ìîòèâàöèþ ïåðåä îïðåäåëåíèåì 2.1. Ïðè

ýòîì ôóíêöèÿ 1
x
íå ìîæåò áûòü ÿäðîì ðåãóëÿðíîé îáîáùåííîé ôóíêöèè, ïîòîìó ÷òî îíà íå

ÿâëÿåòñÿ àáñîëþòíî èíòåãðèðóåìîé â îêðåñòíîñòè òî÷êè x = 0.
Âîñïîëüçóåìñÿ îïðåäåëåíèåì îáîáùåííîé ïðîèçâîäíîé. Äëÿ ïðîèçâîëüíîé ϕ ∈ D ñïðàâåäëè-

âû ðàâåíñòâà

((ln |x|)′, ϕ(x)) = − (ln |x|, ϕ′(x)) = −
∫
R

ln |x|ϕ′(x) dx. (5.1)

Â ïîñëåäíåì èíòåãðàëå õî÷åòñÿ ïðîèçâåñòè èíòåãðèðîâàíèå ïî ÷àñòÿì, îäíàêî ýòîãî íåëüçÿ
äåëàòü èç çà îñîáåííîñòè ó ïîäûíòåãðàëüíîé ôóíêöèè â íóëå. Äëÿ òîãî ÷òîáû îáîéòè ýòó òðóä-
íîñòü ïåðåïèøåì èíòåãðàë â ïðàâîé ÷àñòè (5.1) â âèäå

−
∫
R

ln |x|ϕ′(x) dx = − lim
ε→+0

∫
|x|>ε

ln |x|ϕ′(x) dx. (5.2)

Èíòåãðàë â ïðàâîé ÷àñòè (5.2) èíòåãðèðóåòñÿ âíå îêðåñòíîñòè íóëÿ è, êàê ñëåäñòâèå, íå ñîäåð-
æèò íèêàêèõ îñîáåííîñòåé. Òåïåðü ìîæíî ïðîèçâåñòè èíòåãðèðîâàíèå ïî ÷àñòÿì

−
∫
|x|>ε

ln |x|ϕ′(x) dx = −
−ε∫
−∞

ln |x|ϕ′(x) dx−
∞∫
ε

ln |x|ϕ′(x) dx =

= − ln |x|ϕ(x)
∣∣∣−ε
−∞

+

−ε∫
−∞

ϕ(x)

x
dx− ln |x|ϕ(x)

∣∣∣∞
ε

+

∞∫
ε

ϕ(x)

x
dx =

= (ϕ(ε)− ϕ(−ε)) ln ε+

∫
|x|>ε

ϕ(x)

x
dx.

Ïîäñòàâëÿÿ ïîëó÷åííîå âûðàæåíèå â (5.2), íàéäåì

((ln |x|)′, ϕ(x)) = lim
ε→+0

(ϕ(ε)− ϕ(−ε)) ln ε+ lim
ε→+0

∫
|x|>ε

ϕ(x)

x
dx. (5.3)

Ó÷èòûâàÿ, ÷òî ϕ(ε) = ϕ(0) +O(ε) ïðè ìàëûõ ε, ïîëó÷èì

lim
ε→+0

(ϕ(ε)− ϕ(−ε)) ln ε = lim
ε→+0

O(ε) ln ε = 0.

Îòñþäà è èç (5.3) íàéäåì, ÷òî

((ln |x|)′, ϕ(x)) = lim
ε→+0

∫
|x|>ε

ϕ(x)

x
dx. (5.4)
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Èíòåãðàë â ïðàâîé ÷àñòè ðàâåíñòâà (5.4) íàçûâàþò èíòåãðàëîì â ñìûñëå ãëàâíîãî çíà÷åíèÿ,
à ñîîòâåòñòâóþùèé ôóíêöèîíàë ïðèíÿòî îáîçíà÷àòü ñèìâîëîì P 1

x(
P

1

x
, ϕ(x)

)
= v.p.

∫
R

ϕ(x)

x
dx = lim

ε→+0

∫
|x|>ε

ϕ(x)

x
dx. �

Îòâåò: (ln |x|)′ = P 1
x
.

Çàìå÷àíèå 5.2. Ôóíêöèîíàë P 1
x
íàçûâàþò ðåãóëÿðèçàöèåé ôóíêöèè 1

x
. Ýòî îçíà÷àåò, ÷òî

ôóíêöèîíàë P 1
x
äåéñòâóåò íà îñíîâíûå ôóíêöèè, êîòîðûå îáðàùàþòñÿ â íîëü â îêðåñòíîñòè

òî÷êè x = 0, òàêæå êàê è ôóíêöèÿ 1
x
. Ñóùåñòâóþò è äðóãèå ðåãóëÿðèçàöèè ôóíêöèè 1

x
.

Îïðåäåëåíèå 5.3. Ñëåäóþùèå ðàâåíñòâà êîððåêòíî îïðåäåëÿþò äâå ñèíãóëÿðíûå îáîáùåííûå
ôóíêöèè(

1

x− i0
, ϕ(x)

)
= lim

ε→+0

∫
R

ϕ(x)

x− iε
dx,

(
1

x+ i0
, ϕ(x)

)
= lim

ε→+0

∫
R

ϕ(x)

x+ iε
dx, ϕ ∈ D.

Çàìå÷àíèå 5.4. Ìû ïîçâîëèì ñåáå íå îñòàíàâëèâàòüñÿ íà äîêàçàòåëüñòâå òîãî, ÷òî ôóíêöè-
îíàëû 1

x−i0 è
1

x+i0
ÿâëÿþòñÿ îáîáùåííûìè ôóíêöèÿìè. Â ÷àñòíîñòè, ìû íå áóäåì äîêàçûâàòü,

÷òî ñîîòâåòñòâóþùèå ïðåäåëû âñåãäà ñóùåñòâóþò.

Ïðèìåð 5.5. Íàéòè ïðîèçâîäíóþ îáîáùåííîé ôóíêöèè P 1
x
.

Ðåøåíèå. Ýòîò ïðèìåð ðåøàåòñÿ âïîëíå àíàëîãè÷íî ïðèìåðó 5.1. Äëÿ ïðîèçâîëüíîé ϕ ∈ D
ñïðàâåäëèâû ðàâåíñòâà((

P
1

x

)′
, ϕ(x)

)
= −

(
P

1

x
, ϕ′(x)

)
= −v.p.

∫
R

ϕ′(x)

x
dx =

= − lim
ε→+0

 −ε∫
−∞

ϕ′(x)

x
dx+

∞∫
ε

ϕ′(x)

x
dx

 . (5.5)

Ïðåîáðàçóåì âûðàæåíèå â ïðàâîé ÷àñòè (5.5)

−ε∫
−∞

ϕ′(x)

x
dx+

∞∫
ε

ϕ′(x)

x
dx =

ϕ(x)

x

∣∣∣∣−ε
−∞

+

−ε∫
−∞

ϕ(x)

x2
dx+

ϕ(x)

x

∣∣∣∣∞
ε

+

∞∫
ε

ϕ(x)

x2
dx =

=

∫
|x|>ε

ϕ(x)

x2
dx− ϕ(ε) + ϕ(−ε)

ε
.

Îòñþäà, ðàçëàãàÿ ôóíêöèþ ϕ(ε) â ðÿä Òåéëîðà ϕ(ε) = ϕ(0) + ϕ′(0)ε+O(ε2), ïîëó÷èì

−ε∫
−∞

ϕ′(x)

x
dx+

∞∫
ε

ϕ′(x)

x
dx =

∫
|x|>ε

ϕ(x)

x2
dx− 2ϕ(0)

ε
+O(ε) =

∫
|x|>ε

ϕ(x)− ϕ(0)

x2
dx+O(ε). (5.6)

Â ïîñëåäíåì ðàâåíñòâå ìû ó÷ëè, ÷òî
∫
|x|>ε

dx
x2

= 2
ε
.
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Ïîäñòàâëÿÿ (5.6) â (5.5), íàéäåì((
P

1

x

)′
, ϕ(x)

)
= −

∫
|x|>ε

ϕ(x)− ϕ(0)

x2
dx = −v.p.

∫
R

ϕ(x)− ϕ(0)

x2
dx. (5.7)

Ôóíêöèîíàë â ïðàâîé ÷àñòè (5.7) ïðèíÿòî îáîçíà÷àòü ñèìâîëîì −P 1
x2
�

Îòâåò:
(
P 1
x

)′
= −P 1

x2
.

Îïðåäåëåíèå 5.6. Ñëåäóþùèå ðàâåíñòâà êîððåêòíî îïðåäåëÿþò ñèíãóëÿðíûå îáîáùåííûå
ôóíêöèè (

P
1

xn
, ϕ(x)

)
= v.p.

∫
R

ϕ(x)−
∑n−2

p=0
1
p!
ϕ(p)(0)xp

xn
dx, ϕ ∈ D,

ãäå n ∈ N.

Çàìå÷àíèå 5.7. Ïðè n = 1 èëè n = 2 êîððåêòíîñòü îïðåäåëåíèÿ 5.6 êîñâåííî óñòàíîâëåíà â
ïðèìåðàõ 5.1 è 5.5. Äëÿ îñòàëüíûõ n ìû ïîçâîëèì ñåáå íå îñòàíàâëèâàòüñÿ íà äîêàçàòåëüñòâå
êîððåêòíîñòè îïðåäåëåíèÿ.

Ïðèìåð 5.8. Äîêàçàòü ðàâåíñòâî xP 1
x2

= P 1
x
.

Ðåøåíèå. Äëÿ ëþáîé ϕ ∈ D ñïðàâåäëèâû ðàâåíñòâà(
xP

1

x2
, ϕ(x)

)
=

(
P

1

x2
, xϕ(x)

)
= v.p.

∫
R

xϕ(x)− 0ϕ(0)

x2
dx = v.p.

∫
R

ϕ(x)

x
dx =

(
P

1

x
, ϕ(x)

)
. �

Ïðèìåð 5.9. Íàéòè íåñêîëüêî ðåãóëÿðèçàöèé ôóíêöèè 1
x(x−1)

.

Ðåøåíèå. Ïî àíàëîãèè ñ ôóíêöèîíàëàìè P 1
xn
, óêàçàííóþ ôóíêöèþ ìîæíî ðåãóëÿðèçîâàòü

ñëåäóþùèì îáðàçîì(
P

1

x(x− 1)
, ϕ(x)

)
= v.p.

∫
R

ϕ(x)

x(x− 1)
dx = lim

ε1→+0
lim

ε2→+0

∫
{|x|>ε1}∩{|x−1|>ε2}

ϕ(x)

x(x− 1)
dx, ϕ ∈ D.

Îäíàêî òàêîé ñïîñîá ðåãóëÿðèçàöèè íå âñåãäà óäîáåí. Íàïðèìåð, ðåãóëÿðèçàöèÿ ôóíêöèè 1
x2(x−1)2

ïîäîáíûì ñïîñîáîì ìîæåò îêàçàòüñÿ òðóäîåìêèì ìåðîïðèÿòèåì.
Äðóãîé ñïîñîá ðåãóëÿðèçàöèè ôóíêöèè âèäà 1

x(x−1)
çàêëþ÷àåòñÿ â òîì, ÷òîáû ïðåäâàðèòåëüíî

ðàçëîæèòü åå íà ïðîñòåéøèå äðîáè

1

x(x− 1)
=

1

x− 1
− 1

x
.

Â ðåçóëüòàòå ðåãóëÿðèçàöèÿ ñîâïàäàåò ñ ïðåäûäóùåé è èìååò âèä èìååò âèä

P
1

x(x− 1)
= P

1

x− 1
− P 1

x
.

Åùå îäèí, çà÷àñòóþ áîëåå óäîáíûé, ñïîñîá ðåãóëÿðèçàöèè çàêëþ÷àåòñÿ â òîì, ÷òîáû ñäâèíóòü
îñîáåííîñòè (â íàøåì ñëó÷àå åñòü äâå îñîáûå òî÷êè x = 0 è x = 1) ñ âåùåñòâåííîé îñè, à çàòåì



ÌÅÒÎÄÈ×ÅÑÊÎÅ ÏÎÑÎÁÈÅ � 6 ÑÅÌÅÑÒÐ 15

ïåðåéòè ê ïðåäåëó òàê, ÷òîáû â ïðåäåëå îñîáåííîñòè âåðíóëèñü íà ñâîè ìåñòà. Â íàøåì ñëó÷àå
ïîäîáíàÿ ðåãóëÿðèçàöèÿ èìååò, íàïðèìåð, òàêîé âèä(

1

(x− i0)(x− 1− i0)
, ϕ(x)

)
= lim

ε→+0

∫
R

ϕ(x)

(x− iε)(x− 1− iε)
dx, ϕ ∈ D.

Âîçìîæíû åùå òðè ðàçëè÷íûå ðåãóëÿðèçàöèè ïîäîáíîãî âèäà 1
(x+i0)(x−1−i0)

, 1
(x−i0)(x−1+i0)

èëè
1

(x+i0)(x−1+i0)
. �

Îòâåò: Ðåãóëÿðèçàöèåé ôóíêöèè 1
x(x−1)

ÿâëÿþòñÿ, íàïðèìåð, îáîáùåííûå ôóíêöèè P 1
x(x−1)

è
1

(x±i0)(x−1±i0)
.

Ñëåäóþùàÿ òåîðåìà óñòàíàâëèâàåò ñâÿçü ìåæäó ðàçëè÷íûìè ðåãóëÿðèçàöèÿìè ôóíêöèè 1
x
.

Òåîðåìà 5.10 (Ôîðìóëû Ñîõîöêîãî). Ñïðàâåäëèâû ñëåäóþùèå ðàâåíñòâà

1

x+ i0
= P

1

x
− iπδ(x),

1

x− i0
= P

1

x
+ iπδ(x).

Îïðåäåëåíèå 5.11. Ïóñòü γ ∈ (0,+∞) \ N è n = [γ] � öåëàÿ ÷àñòü ÷èñëà γ. Ñëåäóþùèå
ðàâåíñòâà êîððåêòíî îïðåäåëÿþò ñèíãóëÿðíûå îáîáùåííûå ôóíêöèè

(
x−γ+ , ϕ(x)

)
=

+∞∫
0

ϕ(x)−
∑n−1

p=0
1
p!
ϕ(p)(0)xp

xγ
dx, ϕ ∈ D.

Äîìàøíåå çàäàíèå:

Çàäà÷à 5.12. Äîêàçàòü ðàâåíñòâî x 1
x−i0 = 1.

Çàäà÷à 5.13. Íàéòè íåñêîëüêî ðåãóëÿðèçàöèé ôóíêöèè 1
x2(x−1)

.

Îòâåò: Ðåãóëÿðèçàöèåé ôóíêöèè 1
x2(x−1)

ÿâëÿþòñÿ, íàïðèìåð, îáîáùåííûå ôóíêöèè âèäà

P 1
x−1
− P 1

x2
− P 1

x
è 1

(x±i0)2(x−1±i0)
.

Çàäà÷à 5.14. Äîêàçàòü ðàâåíñòâî
(

1
x−i0

)′
= − 1

(x−i0)2
.

Çàäà÷à 5.15. Äîêàçàòü ðàâåíñòâî 1
(x−i0)2

= P 1
x2
− iπδ′(x).

Çàäà÷à 5.16. Äîêàçàòü ðàâåíñòâî
(
x−γ+

)′
= −γ x−γ−1

+ .
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6. Îáîáùåííûå ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñî
ñòåïåííûìè êîýôôèöèåíòàìè â D′(R).

Â äàëüíåéøåì, äëÿ ðåøåíèÿ óðàâíåíèé â ïðîñòðàíñòâå îáîáùåííûõ ôóíêöèé, íàì ïîíàäî-
áÿòñÿ äâå ñëåäóþùèå òåîðåìû. Ìû ïîçâîëèì ñåáå íå îñòàíàâëèâàòüñÿ íà èõ äîêàçàòåëüñòâå.

Òåîðåìà 6.1. Ïóñòü íîñèòåëü îáîáùåííîé ôóíêöèè f(x) ñîñðåäîòî÷åí â îäíîé òî÷êå x = a.
Òîãäà ñóùåñòâóþò ïîñòîÿííûå C1, ... Cn è N òàêèå, ÷òî

f(x) =
N∑
n=0

Cn δ
(n)(x− a).

Òåîðåìà 6.2. Îáùåå ðåøåíèå óðàâíåíèÿ y′ = 0 â D′ èìååò âèä y(x) = C, ãäå C � ïðîèçâîëüíàÿ
ïîñòîÿííàÿ

Ïðèìåð 6.3. Íàéòè îáùèé âèä ðåøåíèÿ óðàâíåíèÿ xy = 1 â D′.

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â íåñêîëüêî øàãîâ.
Øàã 1. Íàéäåì îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ

xy0 = 0. (6.1)

Î÷åâèäíî, ÷òî y0(x) ≡ 0 ïðè x 6= 0. Ýòî îçíà÷àåò, ÷òî íîñèòåëü ôóíêöèè y0(x) ìîæåò áûòü
ñîñðåäîòî÷åí òîëüêî â òî÷êå x = 0. Òåïåðü èç òåîðåìû 6.1 ñëåäóåò, ÷òî ôóíêöèÿ y0(x) èìååò
âèä

y0(x) =
N∑
n=0

Cn δ
(n)(x), (6.2)

ãäå ïîñòîÿííûå Cn è N ïîäëåæàò äàëüíåéøåìó îïðåäåëåíèþ. Ïîäñòàâëÿÿ (6.2) â îäíîðîäíîå
óðàâíåíèå (6.1), ïîëó÷èì

0 = x
N∑
n=0

Cn δ
(n)(x) = C0xδ(x) + C1xδ

′(x) + . . .+ CNxδ
(N)(x). (6.3)

Èñïîëüçóÿ ðåçóëüòàò ïðèìåðà 3.2, ïðåîáðàçóåì óðàâíåíèå (6.3) ê âèäó

−C1δ(x)− . . .− CNNδ(N−1)(x) = 0. (6.4)

Èç óðàâíåíèÿ (6.4) ñëåäóåò, ÷òî C1 = C2 = . . . = CN = 0 è C0 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
Òàêèì îáðàçîì, îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ (6.1) èìååò âèä

y0(x) = C0 δ(x).

Øàã 2. Íàéäåì ÷àñòíîå (ò. å. õîòÿ áû êàêîå-íèáóäü) ðåøåíèå èñõîäíîãî óðàâíåíèÿ

xy1 = 1. (6.5)

Ïîïðîáóåì äîãàäàòüñÿ äî îòâåòà. Äëÿ ýòîãî áóäåì ðåøàòü óðàâíåíèå íà y1(x) âíå îêðåñòíîñòè
òî÷åêè x = 0. Â ðåçóëüòàòå ïîëó÷èì y1(x) = 1

x
. Äëÿ òîãî ÷òîáû ïîëó÷èòü îáîáùåííîå ðåøåíèå,

íóæíî âûáðàòü êàêóþ-íèáóäü ðåãóëÿðèçàöèþ ôóíêöèè 1
x
, íàïðèìåð,

y1(x) = P
1

x
.

Îñòàëîñü ïðîâåðèòü, ÷òî ýòî äåéñòâèòåëüíîé ÷àñòíîå ðåøåíèå

xy1 = xP
1

x
= 1.
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Øàã 3. Îáùåå ðåøåíèå èñõîäíîãî óðàâíåíèÿ ïðåäñòàâëÿåòñÿ â âèäå ñóììû îáùåãî ðåøåíèÿ
îäíîðîäíîãî óðàâíåíèÿ (6.1) è ÷àñòíîãî ðåøåíèÿ íåîäíîðîäíîãî óðàâíåíèÿ (6.5)

y(x) = P
1

x
+ C0 δ(x),

ãäå C0 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. �

Îòâåò: y(x) = P 1
x

+ C0 δ(x), ãäå C0 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

Ïðèìåð 6.4. Íàéòè îáùèé âèä ðåøåíèÿ óðàâíåíèÿ xy′ = P 1
x
â D′.

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â íåñêîëüêî øàãîâ.
Øàã 1. Íàéäåì îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ

xy′0 = 0, (6.6)

Òàê æå êàê è â ïðèìåðå 6.3 ïîëó÷èì, ÷òî

y′0(x) = C0δ(x). (6.7)

Îáùåå ðåøåíèå óðàâíåíèÿ (6.7) áóäåì èñêàòü â âèäå ñóììû îáùåãî ðåøåíèÿ îäíîðîäíîãî
óðàâíåíèÿ y′0(x) = 0 è ÷àñòíîãî ðåøåíèÿ íåîäíîðîäíîãî óðàâíåíèÿ y′0(x) = C0δ(x). Èç òåî-
ðåìû 6.2 ñëåäóåò, ÷òî îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ y′0 = 0 èìååò âèä y0(x) = C1.
Âñïîìèíàÿ, ÷òî θ′(x) = δ(x), ëåãêî äîãàäàòüñÿ äî ÷àñòíîãî ðåøåíèÿ óðàâíåíèÿ (6.7)

y0(x) = C0θ(x).

Èòàê, îáùåå ðåøåíèå óðàâíåíèÿ (6.6) èìååò âèä

y0(x) = C0θ(x) + C1.

Øàã 2. Íàéäåì ÷àñòíîå ðåøåíèå èñõîäíîãî óðàâíåíèÿ

xy′1 = P
1

x
. (6.8)

Êàê îáû÷íî, âíà÷àëå ïîïðîáóåì äîãàäàòüñÿ äî îòâåòà. Äëÿ ýòîãî ðàññìîòðèì óðàâíåíèå (6.8)
âíå îñîáîé òî÷êè x = 0. Â ðåçóëüòàòå íàéäåì, ÷òî

y′1(x) =
1

x2
⇐= y1(x) = −1

x
.

Îáîáùåííûì ðåøåíèåì óðàâíåíèÿ (6.8) áóäåò ëþáàÿ ðåãóëÿðèçàöèÿ ïîëó÷åííîé ôóíêöèè, íà-
ïðèìåð,

y1(x) = −P 1

x
.

Ïðîâåðèì, ÷òî ýòî äåéñòâèòåëüíîé ÷àñòíîå ðåøåíèå óðàâíåíèÿ (6.8)

xy′1(x) = −x
(
P

1

x

)′
= xP

1

x2
= P

1

x
.

Øàã 3. Îáùåå ðåøåíèå èñõîäíîãî óðàâíåíèÿ ïðåäñòàâëÿåòñÿ â âèäå ñóììû îáùåãî ðåøåíèÿ
îäíîðîäíîãî óðàâíåíèÿ (6.6) è ÷àñòíîãî ðåøåíèÿ íåîäíîðîäíîãî óðàâíåíèÿ (6.8)

y(x) = −P 1

x
+ C0θ(x) + C1,

ãäå C0 è C1 � ïðîèçâîëüíûå ïîñòîÿííûå. �

Îòâåò: y(x) = −P 1
x

+ C0θ(x) + C1, ãäå C0 è C1 � ïðîèçâîëüíûå ïîñòîÿííûå.
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Ïðèìåð 6.5. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

x(x− 1)y′′ = P
1

x
+ δ(x) â D′.

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â íåñêîëüêî øàãîâ.
Øàã 1. Íàéäåì îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ x(x − 1)y′′0 = 0. Ïîëàãàÿ v = y′′0 ,

ïîëó÷èì
x(x− 1)v = 0 ⇐⇒ v(x) = C1δ(x) + C2δ(x− 1).

Îòñþäà

y′′0(x) = C1δ(x) + C2δ(x− 1),

y′0(x) = C1θ(x) + C2θ(x− 1) + C3,

y0(x) = C1xθ(x) + C2(x− 1)θ(x− 1) + C3x+ C4,

ãäå C1, C2, C3 è C4 � ïðîèçâîëüíûå ïîñòîÿííûå.
Øàã 2. Íàéäåì ÷àñòíîå (ò. å. õîòÿ áû êàêîå-íèáóäü) ðåøåíèå óðàâíåíèÿ x(x − 1)y′′1 = P 1

x
.

Ïîëîæèì v(x) = y′′1(x) è, âíà÷àëå, ïîïðîáóåì äîãàäàòüñÿ äî îòâåòà. Äëÿ ýòîãî áóäåì ðåøàòü
óðàâíåíèå íà v âíå îêðåñòíîñòè òî÷åê x = 0 è x = 1

x(x− 1)v = P
1

x
=

1

x
,

v(x) =
1

x2(x− 1)
=

1

x− 1
− 1

x
− 1

x2
.

Òåïåðü ëîãè÷íî ïðåäïîëîæèòü, ÷òî ôóíêöèÿ

v(x) = P
1

x− 1
− P 1

x
− P 1

x2

ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ x(x − 1)v = P 1
x
â D′(R). Äîêàæåì, ÷òî íàøå ïðåäïîëîæåíèå

âåðíî

x(x− 1)v = x(x− 1)P
1

x− 1
− (x− 1)xP

1

x
− (x− 1)xP

1

x2
= x− (x− 1)− (x− 1)P

1

x
=

= 1− xP 1

x
+ P

1

x
= P

1

x
.

Äàëåå,

y′′1(x) = P
1

x− 1
− P 1

x
− P 1

x2
,

y′1(x) = ln |x− 1| − ln |x|+ P
1

x
,

y1(x) = (x− 1)(ln |x− 1| − 1)− x(ln |x| − 1) + ln |x|,
y1(x) = (x− 1) ln |x− 1| − x ln |x|+ ln |x|+ 1.

Øàã 3. Íàéäåì ÷àñòíîå ðåøåíèå óðàâíåíèÿ x(x− 1)y′′2 = δ(x). Óäîáíî ââåñòè íîâóþ íåèçâåñò-
íóþ ôóíêöèþ v(x) = xy′′2(x), îòêóäà

(x− 1)v = δ(x). (6.9)

Ïîïðîáóåì âíà÷àëå äîãàäàòüñÿ äî ðåøåíèÿ óðàâíåíèÿ (6.9). Äëÿ ýòîãî ôîðìàëüíî ïîäåëèì íà
(x− 1), ïðåäïîëàãàÿ, ÷òî x 6= 1

v(x) =
1

x− 1
δ(x) = −δ(x).
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Çäåñü ìû âîñïîëüçîâàëèñü ïðàâèëîì óìíîæåíèÿ ãëàäêîé ôóíêöèè íà δ(x)-ôóíêöèþ: f(x)δ(x) =
f(0)δ(x). Ïðîâåðèì òåïåðü, ÷òî v(x) = −δ(x) ðåøåíèå óðàâíåíèÿ (6.9)

(x− 1)v = −(x− 1)δ(x) = δ(x).

Ïîëó÷àåì íîâîå óðàâíåíèå íà y2(x)

xy′′2 = −δ(x).

Óäîáíî ââåñòè íîâóþ íåèçâåñòíóþ ôóíêöèþ u(x) = y′′2(x), îòêóäà

xu = −δ(x). (6.10)

ßñíî, ÷òî âíå òî÷êè x = 0 ñóùåñòâóåò òîëüêî òðèâèàëüíîå u(x) ≡ 0 ðåøåíèå óðàâíåíèÿ (6.10).
Ýòî îçíà÷àåò, ÷òî íîñèòåëü îáîáùåííîé ôóíêöèè u(x) ñîñðåäîòî÷åí â íóëå. Îòñþäà ñëåäóåò,
÷òî u(x) ìîæíî èñêàòü â âèäå

u(x) =
N∑
n=0

Anδ
(n)(x), (6.11)

ãäå An � íåêîòîðûå ïîñòîÿííûå. Ïåðåä òåì êàê ïîäñòàâëÿòü (6.11) â (6.10), çàìåòèì, ÷òî N íå
ìîæåò áûòü áîëüøå 1 (èíà÷å â ëåâîé ÷àñòè ðàâåíñòâà (6.10) ïîÿâèòñÿ δ(N−1)(x), êîòîðîé íå ñ
÷åì áóäåò ñîêðàòèòüñÿ).
Ïîäñòàâëÿÿ (6.11) â (6.10) ïðè N = 1, ïîëó÷èì

xu = x(A0δ(x) + A1δ
′(x)) = A1xδ

′(x) = −A1δ(x).

Ñâåðÿÿ ñ óðàâíåíèåì (6.10) íàéäåì, ÷òî A1 = 1 è A0 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Ïîñêîëüêó ìû
èùåì ÷àñòíîå ðåøåíèå, òî ïîñòîÿííóþ A0 óäîáíî ïîëîæèòü ðàâíîé íóëþ. Äàëåå,

y′′2(x) = δ′(x) ⇐= y′2(x) = δ(x) ⇐= y2(x) = θ(x).

Øàã 4. Îêîí÷àòåëüíûé îòâåò çàïèñûâàåòñÿ â âèäå y(x) = y0(x) + y1(x) + y2(x). �

Îòâåò: y(x) = C1xθ(x)+C2(x−1)θ(x−1)+C3x+C4 +(x−1) ln |x−1|−x ln |x|+ln |x|+1+θ(x),
ãäå C1, C2, C3 è C4 � ïðîèçâîëüíûå ïîñòîÿííûå.

Ïðèìåð 6.6. Íàéòè îáùèé âèä ðåøåíèÿ óðàâíåíèÿ

xy = θ(x) â D′. (6.12)

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â íåñêîëüêî øàãîâ.
Øàã 1. Îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ xy0 = 0 èìååò âèä

y0(x) = Cδ(x), (6.13)

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
Øàã 2. Íàéäåì òåïåðü ÷àñòíîå ðåøåíèå óðàâíåíèÿ (6.12). Âíå òî÷êè x = 0 ýòî óðàâíåíèå

èìååò êëàññè÷åñêîå ðåøåíèå x−1θ(x), êîòîðîå îáÿçàíî ñîâïàäàòü ñ ëþáûì ðåøåíèåì (6.12) âíå
òî÷êè x = 0.
Èç-çà íåèíòåãðèðóåìîé îñîáåííîñòè â íóëå ôóíêöèÿ x−1θ(x) íå ïðèíàäëåæèò ïðîñòðàíñòâóD′.

Ïîýòîìó çàäà÷à î ïîèñêå ÷àñòíîãî ðåøåíèÿ ñâîäèòñÿ ê ðåãóëÿðèçàöèè ôóíêöèè x−1θ(x). Äðó-
ãèìè ñëîâàìè, ìû äîëæíû íàéòè òàêóþ îáîáùåííóþ ôóíêöèþ y1, êîòîðàÿ ñîâïàäàåò ñ x

−1θ(x)
âíå òî÷êè x = 0. Áîëåå ñòðîãî, äëÿ ëþáîé îñíîâíîé ôóíêöèè ϕ(x), îáðàùàþùåéñÿ â íîëü â
íåêîòîðîé îêðåñòíîñòè òî÷êè x = 0, äîëæíî áûòü âûïîëíåíî ðàâåíñòâî

(y1(x), ϕ(x)) =

∫
R

x−1θ(x)ϕ(x) dx.
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Çàìåòèì, ÷òî êëàññè÷åñêàÿ ïåðâîîáðàçíàÿ ln |x| θ(x) ôóíêöèè x−1θ(x) ÿâëÿåòñÿ ðåãóëÿðíîé
îáîáùåííîé ôóíêöèåé

(ln |x|θ(x), ϕ(x)) =

∞∫
0

ln |x|ϕ(x) dx.

Ýòî ñëåäóåò èç òîãî, ÷òî ó ôóíêöèè ln |x| èíòåãðèðóåìàÿ îñîáåííîñòü â íóëå. Ïîýòîìó ðåãó-
ëÿðèçàöèþ ôóíêöèè x−1θ(x) ìîæíî èñêàòü â âèäå (ln |x|θ(x))′, ãäå ïðîèçâîäíàÿ ïîíèìàåòñÿ â
îáîáùåííîì ñìûñëå. Âû÷èñëèì ýòó ïðîèçâîäíóþ(

(ln |x| θ(x))′, ϕ(x)
)

= −
(

ln |x| θ(x), ϕ′(x)
)

= −
∞∫

0

ln |x|ϕ′(x) dx =

= − lim
ε→+0

∞∫
ε

ln |x|ϕ′(x) dx = lim
ε→+0

ϕ(ε) ln ε+

∞∫
ε

x−1ϕ(x) dx

 =

= lim
ε→+0

ϕ(0) ln ε+

∞∫
ε

x−1ϕ(x) dx

 = lim
ε→+0

−ϕ(0)

1∫
ε

x−1 dx+

∞∫
ε

x−1ϕ(x) dx

 =

= lim
ε→+0

 1∫
ε

ϕ(x)− ϕ(0)

x
dx+

∞∫
1

ϕ(x)

x
dx

 =

1∫
0

ϕ(x)− ϕ(0)

x
dx+

∞∫
1

ϕ(x)

x
dx.

Îñòàëîñü ïðîâåðèòü, ÷òî íàéäåííàÿ îáîáùåííàÿ ôóíêöèÿ

(y1(x), ϕ(x)) =

1∫
0

ϕ(x)− ϕ(0)

x
dx+

∞∫
1

ϕ(x)

x
dx (6.14)

ÿâëÿåòñÿ ÷àñòíûì ðåøåíèåì óðàâíåíèÿ (6.12). Äåéñòâèòåëüíî,

(xy1(x), ψ(x)) = (y1(x), xψ(x)) = [ϕ(x) = xψ(x)] = (y1(x), ϕ(x)) =

=

1∫
0

ϕ(x)− ϕ(0)

x
dx+

∞∫
1

ϕ(x)

x
dx =

1∫
0

ψ(x) dx+

∞∫
1

ψ(x) dx =

∞∫
0

ψ(x) dx = (θ(x), ψ(x)).

Øàã 3. Îáùåå ðåøåíèå óðàâíåíèÿ (6.12) èìååò âèä y(x) = y0(x) + y1(x), ãäå y0 è y1 çàäàþòñÿ
ôîðìóëàìè (6.13) è (6.14) ñîîòâåòñòâåííî.

Îòâåò: y(x) = Cδ(x) + y1(x), ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ è y1 çàäàåòñÿ ôîðìóëîé (6.14).

Äîìàøíåå çàäàíèå:

Çàäà÷à 6.7. Íàéòè îáùèé âèä ðåøåíèÿ óðàâíåíèÿ (x− 1)y = x â D′.

Îòâåò: y(x) = 1 + P 1
x−1

+ Cδ(x− 1), ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

Çàäà÷à 6.8. Íàéòè îáùèé âèä ðåøåíèÿ óðàâíåíèÿ (x+ 1)y′ = P 1
x

+ δ(x− 2) â D′.

Îòâåò: y(x) = ln
∣∣ x
x+1

∣∣+ 1
3
θ(x− 2) + C0θ(x+ 1) + C1, ãäå C0 è C1 � ïðîèçâîëüíûå ïîñòîÿííûå.

Çàäà÷à 6.9. Íàéòè îáùèé âèä ðåøåíèÿ óðàâíåíèÿ x(x+ 1)y′′ = δ′(x) â D′.

Îòâåò: y(x) = −1
2
δ(x) − θ(x) + C0xθ(x) + C1(x + 1)θ(x + 1) + C2x + C3, ãäå C0, C1, C2 è C3 �

ïðîèçâîëüíûå ïîñòîÿííûå.
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Çàäà÷à 6.10. Íàéòè îáùèé âèä ðåøåíèÿ óðàâíåíèÿ (x+ 1)y = 1
x−i0 â D′.

Îòâåò: y(x) = 1
(x−i0)(x+1−i0)

+ Cδ(x+ 1), ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

Çàäà÷à 6.11. Íàéòè îáùèé âèä ðåøåíèÿ óðàâíåíèÿ xy = 1
x+i0

â D′.

Îòâåò: y(x) = 1
(x+i0)2

+ Cδ(x), ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
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7. 2-àÿ êîíòðîëüíàÿ ðàáîòà (çàäà÷à: 2; 15 ìèíóò).

Âàðèàíò êîíòðîëüíîé ðàáîòû �2.

Çàäà÷à 2. Íàéòè îáùèé âèä ðåøåíèÿ óðàâíåíèÿ â D′

(x+ 1)y′ = P
1

x
+ δ(x).

Îòâåò: y(x) = ln |x|− ln |x+ 1|+ θ(x) +C1 +C2θ(x+ 1), ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå.

Âàðèàíò êîíòðîëüíîé ðàáîòû �2.

Çàäà÷à 2. Íàéòè îáùèé âèä ðåøåíèÿ óðàâíåíèÿ â D′

xy′ = P
1

x− 1
.

Îòâåò:
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8. Ïðåîáðàçîâàíèå Ôóðüå îáîáùåííûõ ôóíêöèé.

Ïåðåä òåì êàê ââåñòè ïîíÿòèå ïðåîáðàçîâàíèÿ Ôóðüå, ñôîðìóëèðóåì íåñêîëüêî âñïîìîãà-
òåëüíûõ îïðåäåëåíèé.

Îïðåäåëåíèå 8.1. Ïðîñòðàíñòâîì îñíîâíûõ ôóíêöèé S(R) èëè ñîêðàùåííî S íàçûâàþò ñî-
âîêóïíîñòü âñåõ áåñêîíå÷íî äèôôåðåíöèðóåìûõ ôóíêöèé, îïðåäåëåííûõ íà âåùåñòâåííîé îñè
è óáûâàþùèõ ïðè |x| → ∞ âìåñòå ñî âñåìè ñâîèìè ïðîèçâîäíûìè áûñòðåå ëþáîé ñòåïåíè 1

|x| .

Îïðåäåëåíèå 8.2. Ïîñëåäîâàòåëüíîñòü ôóíêöèé {ϕn(x)}∞n=1 èç S íàçûâàåòñÿ ñõîäÿùåéñÿ â
ïðîñòðàíñòâå S ê ôóíêöèè ϕ(x) èç S, åñëè äëÿ ëþáûõ p > 0 è k > 0 ñóùåñòâóåò ïðåäåë

lim
n→∞

sup
x∈R
|x|k

∣∣ϕ(p)
n (x)− ϕ(p)(x)

∣∣ = 0.

Ñõîäèìîñòü â ïðîñòðàíñòâå S îáîçíà÷àåòñÿ ñèìâîëîì ϕn(x)
S−→ ϕ(x) ïðè n→∞.

Îïðåäåëåíèå 8.3. Ôóíêöèîíàë f(x) íàçûâàþò íåïðåðûâíûì â S, åñëè äëÿ ëþáîé ïîñëåäîâà-

òåëüíîñòè îñíîâíûõ ôóíêöèé {ϕn(x)}∞n=1 òàêîé, ÷òî ϕn(x)
S−→ 0 ïðè n → ∞, ñóùåñòâóåò

ïðåäåë
lim
n→∞

(f(x), ϕn(x)) = 0.

Îïðåäåëåíèå 8.4. Ïðîñòðàíñòâîì îáîáùåííûõ ôóíêöèé S ′(R) èëè ñîêðàùåííî S ′ íàçûâàþò
ñîâîêóïíîñòü âñåõ ëèíåéíûõ íåïðåðûâíûõ ôóíêöèîíàëîâ íàä S.

Ïðèìåð 8.5. Äîêàçàòü, ÷òî S ′ ⊂ D′.

Ðåøåíèå. Ñðàâíèâàÿ îïðåäåëåíèÿ 1.2 è 8.1, íàõîäèì, ÷òî D ⊂ S. Îòñþäà ñëåäóåò, ÷òî ïðîèç-
âîëüíûé ôóíêöèîíàë èç S ′ îïðåäåëåí íà ëþáîé ôóíêöèè èç D è, ñëåäîâàòåëüíî, ïðèíàäëåæèò
ïðîñòðàíñòâó D′. �

Çàìå÷àíèå 8.6. Èç âêëþ÷åíèÿ S ′ ⊂ D′ ñëåäóåò, ÷òî âñå ââåäåííûå ðàíåå îïåðàöèè íàä îáîá-
ùåííûìè ôóíêöèÿìè èç D′ ìîãóò ïðèìåíÿòüñÿ è ê îáîáùåííûì ôóíêöèÿì èç S ′.

Íàïîìíèì êëàññè÷åñêîå îïðåäåëåíèå ïðåîáðàçîâàíèÿ Ôóðüå.

Îïðåäåëåíèå 8.7. Ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè ϕ ∈ S çàäàåòñÿ ôîðìóëîé

F [ϕ](k) =

∫
R

ϕ(x)eikx dx.

Îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå çàäàåòñÿ ôîðìóëîé

F−1[ϕ](x) =
1

2π

∫
R

ϕ(k)e−ikx dk.

Òåîðåìà 8.8. Ïóñòü ϕ ∈ S, òîãäà ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.

(1) F [ϕ] ∈ S.
(2) F−1[ϕ] ∈ S.
(3) F [F−1[ϕ]](k) = ϕ(k).

(4) F−1[F [ϕ]](x) = ϕ(x).
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Ïðåîáðàçîâàíèå Ôóðüå îáîáùåííîé ôóíêöèè îïðåäåëÿþò òàê, ÷òîáû îíî, â ñëó÷àå ðåãóëÿðíîé
îáîáùåííîé ôóíêöèè ñ ãëàäêèì, áûñòðî óáûâàþùèì ÿäðîì, ñîâïàëî ñ êëàññè÷åñêèì ïðåîáðà-
çîâàíèåì Ôóðüå (ñðàâíè ñ ìîòèâèðîâêîé ê îïðåäåëåíèþ 2.1 îáîáùåííîé ïðîèçâîäíîé íà ñòð. 7).
Ïóñòü çàäàíà ðåãóëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ f(x) ñ ãëàäêèì, áûñòðî óáûâàþùèì ÿäðîì.

Ñïðàâåäëèâû ðàâåíñòâà

(F [f ](k), ϕ(k)) =

∫
R

F [f ](k)ϕ(k) dk =

∫
R

∫
R

f(x)eikx dx

ϕ(k) dk =

=

∫
R

f(x)

∫
R

ϕ(k)eikx dk

 dx =

∫
R

f(x)F [ϕ](x) dk = (f(x), F [ϕ](x)).

Îòñþäà ìû ïðèõîäèì ê ñëåäóþùåìó îïðåäåëåíèþ.

Îïðåäåëåíèå 8.9. Ïðåîáðàçîâàíèåì Ôóðüå îáîáùåííîé ôóíêöèè f(x) ∈ S ′(R) íàçûâàåòñÿ
ôóíêöèîíàë F [f ](k) ∈ S ′(R), îïðåäåëåííûé ôîðìóëîé

(F [f ](k), ϕ(k)) = (f(x), F [ϕ](x)) , ϕ ∈ S.

Îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå çàäàåòñÿ ôîðìóëîé(
F−1[f ](x), ϕ(x)

)
=
(
f(k), F−1[ϕ](k)

)
, ϕ ∈ S.

Êîððåêòíîñòü îïðåäåëåíèÿ 8.9 âûòåêàåò èç òåîðåìû 8.8.

Îáñóäèì òåïåðü ïðè÷èíó, ïî êîòîðîé ìû îïðåäåëèëè ïðåîáðàçîâàíèå Ôóðüå íà ïðîñòðàí-
ñòâå S ′ áîëåå óçêîì ÷åì D′, à íå íà ñàìîì D′. Äîïóñòèì, ÷òî íàì óäàëîñü êîððåêòíî îïðåäåëèòü
ïðåîáðàçîâàíèå Ôóðüå F [f ] äëÿ ïðîèçâîëüíîé ôóíêöèè f èç D′ òàêæå êàê â îïðåäåëåíèè 8.9
è F [f ] ∈ D′. Òîãäà äëÿ ëþáîé ôóíêöèè ϕ ∈ D äîëæíî áûòü êîððåêòíî îïðåäåëåíî âûðàæå-
íèå (f(x), F [ϕ](x)). Äëÿ ýòîãî íåîáõîäèìî, ÷òîáû ôóíêöèÿ F [ϕ](x) ïðèíàäëåæàëà D. Îäíàêî
ïðåîáðàçîâàíèå Ôóðüå F [ϕ](x) ïðîèçâîëüíîé ôóíêöèè ϕ ∈ D, âîîáùå ãîâîðÿ, íå ïðèíàäëå-
æèò ïðîñòðàíñòâó D, ïîòîìó ÷òî íîñèòåëü ôóíêöèè F [ϕ](x) íå îáÿçàí áûòü îãðàíè÷åí. Îòñþäà
ñëåäóåò, ÷òî âûðàæåíèå (f(x), F [ϕ](x)) ìîæåò îêàçàòüñÿ íå îïðåäåëåíî. Ýòà ïðè÷èíà íå ïîçâî-
ëÿåò îïðåäåëèòü ïðåîáðàçîâàíèå Ôóðüå F [f ] ïðîèçâîëüíîé îáîáùåííîé ôóíêöèè f èç D′ òàê,
÷òîáû F [f ] ∈ D′.

Ïðèìåð 8.10. Íàéòè ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè δ(x).

Ðåøåíèå. Íåñëîæíî óáåäèòüñÿ â òîì, ÷òî θ(x) ∈ S ′(R). Äàëåå, äëÿ ëþáîé ôóíêöèè ϕ ∈ S ′

ñïðàâåäëèâû ðàâåíñòâà

(F [δ(x)](k), ϕ(k)) = (δ(x), F [ϕ](x)) = F [ϕ](0) =

∫
R

ϕ(k) dk =

∫
R

1 · ϕ(k) dk. �

Îòâåò: F [δ(x)](k) = 1.
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Ïðèìåð 8.11. Íàéòè ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè θ(x).

Ðåøåíèå. Äëÿ ëþáîé ôóíêöèè ϕ ∈ S ′ ñïðàâåäëèâû ðàâåíñòâà

(F [θ(x)](k), ϕ(k)) = (θ(x), F [ϕ](x)) =

+∞∫
0

dx

+∞∫
−∞

ϕ(k)eikx dk = lim
ε→+0

+∞∫
0

dx

+∞∫
−∞

ϕ(k)e(ik−ε)x dk =

= lim
ε→+0

+∞∫
−∞

dk ϕ(k)

+∞∫
0

e(ik−ε)x dx = − lim
ε→+0

+∞∫
−∞

ϕ(k)

ik − ε
dk = lim

ε→+0

+∞∫
−∞

iϕ(k)

k + iε
dk =

(
i

k + i0
, ϕ(k)

)
. �

Îòâåò: F [θ(x)](k) = i
k+i0

.

Ïðèìåð 8.12. Íàéòè ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè

1

(x− i0)(x+ 1 + i0)
.

Ðåøåíèå. Äëÿ ëþáîé ôóíêöèè ϕ ∈ S ′ ñïðàâåäëèâû ðàâåíñòâà(
F

[
1

(x− i0)(x+ 1 + i0)

]
(k), ϕ(k)

)
=

(
1

(x− i0)(x+ 1 + i0)
, F [ϕ](x)

)
=

= lim
ε1→+0

lim
ε2→+0

∫
R

dx

∫
R

ϕ(k) eikx

(x− iε1)(x+ 1 + iε2)
dk =

=

∫
R

ϕ(k)

 lim
ε1→+0

lim
ε2→+0

∫
R

eikx

(x− iε1)(x+ 1 + iε2)
dx

 dk. (8.1)

Ïåðåñòàíîâêà ïðåäåëîâ èíòåãðèðîâàíèÿ è ïåðåõîä ê ïðåäåëó ïîä çíàêîì èíòåãðàëà â ïîñëåäíåì
ðàâåíñòâå âîçìîæíû áëàãîäàðÿ àáñîëþòíîé ñõîäèìîñòè èíòåãðàëà

∫
R

eikx

(x−iε1)(x+1+iε2)
dx. Èç (8.1)

ñëåäóåò, ÷òî

F

[
1

(x− i0)(x+ 1 + i0)

]
= lim

ε1→+0
lim

ε2→+0

∫
R

eikx

(x− iε1)(x+ 1 + iε2)
dx. (8.2)

Èíòåãðàë â ïðàâîé ÷àñòè (8.2) ëåãêî áåðåòñÿ ïî âû÷åòàì. Ïðè k > 0 êîíòóð èíòåãðèðîâàíèÿ
çàìûêàåì â âåðõíåé ïîëóïëîñêîñòè∫

R

eikx

(x− iε1)(x+ 1 + iε2)
dx = 2πi res

x=iε1

eikx

(x− iε1)(x+ 1 + iε2)
= 2πi

e−ε1k

1 + iε1 + iε2

.

Îòñþäà

lim
ε1→+0

lim
ε2→+0

∫
R

eikx

(x− iε1)(x+ 1 + iε2)
dx = 2πi, k > 0. (8.3)

Ïðè k 6 0 êîíòóð èíòåãðèðîâàíèÿ çàìûêàåì â íèæíåé ïîëóïëîñêîñòè∫
R

eikx

(x− iε1)(x+ 1 + iε2)
dx = −2πi res

x=−1−iε2

eikx

(x− iε1)(x+ 1 + iε2)
= −2πi

eik(−1−iε2)

−1− iε2 − iε1

.
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Îòñþäà

lim
ε1→+0

lim
ε2→+0

∫
R

eikx

(x− iε1)(x+ 1 + iε2)
dx = 2πi e−ik, k 6 0. (8.4)

Ïîäñòàâëÿÿ (8.3) è (8.4) â ïðåäñòàâëåíèå (8.2), íàéäåì

F

[
1

(x− i0)(x+ 1 + i0)

]
= 2πi

[
θ(k) + e−ik(1− θ(k))

]
. (8.5)

Ó÷èòûâàÿ, ÷òî

1− θ(k) = θ(−k), (8.6)

â ñìûñëå ðàâåíñòâà îáîáùåííûõ ôóíêöèé (â ñìûñëå îáû÷íûõ ôóíêöèé ðàâåíñòâî (8.6) íå âû-
ïîëíåíî ïðè k = 0), ðàâåíñòâî (8.5) óäîáíî ïåðåïèñàòü â âèäå

F

[
1

(x− i0)(x+ 1 + i0)

]
= 2πi

[
θ(k) + e−ikθ(−k)

]
. �

Îòâåò: F
[

1
(x−i0)(x+1+i0)

]
= 2πi

[
θ(k) + e−ikθ(−k)

]
.

Çàìå÷àíèå 8.13. Âû÷èñëåíèå ïðåîáðàçîâàíèÿ Ôóðüå ïî ôîðìóëå (8.2), ñ ïîñëåäóþùèì âû÷èñ-
ëåíèåì äâóõ ïðåäåëîâ ïðè ε1 → 0 è ε2 → 0 îêàçàëîñü äîâîëüíî ãðîìîçäêèì ìåðîïðèÿòèåì.
Ñëåäóþùèé ïðèìåð ïîêàçûâàåò, êàê ìîæíî èçáåæàòü òðóäíîñòåé, ñâÿçàííûõ ñ ââåäåíèåì
äîïîëíèòåëüíûõ ïàðàìåòðîâ ε1 è ε2.

Ïðèìåð 8.14. Íàéòè ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè

1

(x+ i0)(x− i)
.

Ðåøåíèå. Êàê è â ïðèìåðå 8.12 ïîëó÷èì, ÷òî

F

[
1

(x+ i0)(x− i)

]
= lim

ε→+0

∫
R

eikx

(x+ iε)(x− i)
dx. (8.7)

Ðèñ. 1. Êîíòóð γ.

Çàìåòèì òåïåðü, ÷òî ïðè ε > 0 ôóíêöèÿ

eikz

(z + iε)(z − i)
ðåãóëÿðíà â ìàëîé îêðåñòíîñòè òî÷êè z = 0. Ïðè ýòîì áëè-
æàéøàÿ îñîáåííîñòü ê íà÷àëó êîîðäèíàò ðàñïîëàãàåòñÿ â òî÷-
êå z = −iε, êîòîðàÿ ðàñïîëàãàåòñÿ â íèæíåé ïîëóïëîñêîñòè.
Îòñþäà ñëåäóåò, ÷òî â îêðåñòíîñòè íóëÿ ìîæíî ïðîäåôîðìè-
ðîâàòü êîíòóð èíòåãðèðîâàíèÿ â âåðõíþþ ïîëóïëîñêîñòü, íå
èçìåíÿÿ çíà÷åíèå èíòåãðàëà (8.7). Äåôîðìèðóÿ êîíòóð êàê
ïîêàçàíî íà ðèñóíêå 1, ïîëó÷èì

lim
ε→+0

∫
R

eikx

(x+ iε)(x− i)
dx = lim

ε→+0

∫
γ

eikz

(z + iε)(z − i)
dz =

∫
γ

eikz

z(z − i)
dz. (8.8)

Ìû ñðàçó ñìîãëè ïåðåéòè ê ïðåäåëó ε→ 0 + 0 â ðàâåíñòâå (8.8), ïîòîìó ÷òî ïîäûíòåãðàëüíàÿ
ôóíêöèÿ íå ñîäåðæèò îñîáåííîñòåé, ëåæàùèõ íà êîíòóðå γ ïðè ε > 0.
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Äàëåå, ïðè k > 0 êîíòóð èíòåãðèðîâàíèÿ çàìûêàåì â âåðõíåé ïîëóïëîñêîñòè

F

[
1

(x+ i0)(x− i)

]
=

∫
γ

eikz

z(z − i)
dz = 2πi res

z=i

eikz

z(z − i)
= 2πe−k.

Ïðè k 6 0 êîíòóð èíòåãðèðîâàíèÿ çàìûêàåì â íèæíåé ïîëóïëîñêîñòè

F

[
1

(x+ i0)(x− i)

]
=

∫
γ

eikz

z(z − i)
dz = −2πi res

z=0

eikz

z(z − i)
= 2π.

Îòñþäà

F

[
1

(x+ i0)(x− i)

]
= 2πe−kθ(k) + 2πθ(−k). �

Îòâåò: F
[

1
(x+i0)(x−i)

]
= 2πe−kθ(k) + 2πθ(−k).

Äëÿ âû÷èñëåíèÿ ïðåîáðàçîâàíèÿ Ôóðüå îáîáùåííûõ ôóíêöèé ïîëåçíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 8.15. Ïóñòü f(x) ∈ S ′(R), òîãäà ñïðàâåäëèâû ñëåäóþùèå ôîðìóëû.

(1) F [f (n)(x)](k) = (−ik)nF [f(x)](k), n ∈ N.
(2) F (n)[f(x)](k) = F [(ix)nf(x)](k), n ∈ N.
(3) F [f(x+ x0)](k) = e−ikx0F [f(x)](k), x0 ∈ R.
(4) F [f(x)](k + k0) = F

[
f(x)eik0x

]
(k), k0 ∈ R.

(5) F−1[f(x)](k) = 1
2π
F [f(x)](−k).

Ïðèìåð 8.16. Íàéòè ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè

x2

(x+ 2− i0)(x− 1− i0)
.

Ðåøåíèå. Âîñïîëüçóåìñÿ óòâåðæäåíèåì 2 òåîðåìû 8.15

F

[
x2

(x+ 2− i0)(x− 1− i0)

]
(k) = −F ′′

[
1

(x+ 2− i0)(x− 1− i0)

]
(k). (8.9)

Íàéäåì òåïåðü ïðåîáðàçîâàíèå Ôóðüå F
[

1
(x+2−i0)(x−1−i0)

]
. Êàê è â ïðèìåðå 8.14 ïîëó÷èì, ÷òî

F

[
1

(x+ 2− i0)(x− 1− i0)

]
= lim

ε1→+0
lim

ε2→+0

∫
R

eikx

(x+ 2− iε1)(x− 1− iε2)
dx =

Ðèñ. 2. Êîíòóð γ âûäåëåí êðàñíûì öâåòîì.

=

∫
γ

eikz

(z + 2)(z − 1)
dz, (8.10)

ãäå êîíòóð èíòåãðèðîâàíèÿ γ èçîáðàæåí íà ðè-
ñóíêå 2
Èíòåãðàë (8.10) áåðåòñÿ ïî âû÷åòàì. Ïðè k > 0

êîíòóð èíòåãðèðîâàíèÿ çàìûêàåì â âåðõíåé ïî-
ëóïëîñêîñòè∫

γ

eikz

(z + 2)(z − 1)
dz = 2πi

(
res
z=−2

eikz

(z + 2)(z − 1)
+ res

z=1

eikz

(z + 2)(z − 1)

)
=

2πi

3

(
eik − e−2ik

)
. (8.11)
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Ïðè k 6 0 êîíòóð èíòåãðèðîâàíèÿ çàìûêàåì â íèæíåé ïîëóïëîñêîñòè∫
γ

eikz

(z + 2)(z − 1)
dz = 0. (8.12)

Ïîäñòàâëÿÿ (8.11) è (8.12) â (8.10), íàéäåì

F

[
1

(x+ 2− i0)(x− 1− i0)

]
=

2πi

3

(
eik − e−2ik

)
θ(k).

Îòñþäà è èç (8.9) ïîëó÷èì, ÷òî

F

[
x2

(x+ 2− i0)(x− 1− i0)

]
= −2πi

3

[(
eik − e−2ik

)
δ(k) +

(
ieik + 2ie−2ik

)
θ(k)

]′
=

= −2πi

3

[(
ieik + 2ie−2ik

)
θ(k)

]′
= −2πi

3

[(
−eik + 4e−2ik

)
θ(k) +

(
ieik + 2ie−2ik

)
δ(k)

]
=

=
2πi

3

[(
eik − 4e−2ik

)
θ(k)− 3iδ(k)

]
=

2πi

3

(
eik − 4e−2ik

)
θ(k) + 2πδ(k). �

Îòâåò: F
[

x2

(x+2−i0)(x−1−i0)

]
= 2πi

3

(
eik − 4e−2ik

)
θ(k) + 2πδ(k).

Ïðèìåð 8.17. Íàéòè ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè x.

Ðåøåíèå. Âîñïîëüçóåìñÿ ðåçóëüòàòàìè òåîðåìû 8.15 è ïðèìåðà 8.10

F [x](k) = −iF ′[1](k) = −2πi
(
F−1[1](−k)

)′
= −2πi (δ(−k))′ = −2πi (δ(k))′ = −2πi δ′(k). �

Îòâåò: F [x](k) = −2πi δ′(k).

Ïðèìåð 8.18. Íàéòè ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè P 1
x
.

Ðåøåíèå. Âîñïîëüçóåìñÿ ôîðìóëîé Ñîõîöêîãî, ñì. ñòð. 15, è ðåçóëüòàòàìè òåîðåìû 8.15 è
ïðèìåðà 8.11

F

[
P

1

x

]
(k) = F

[
1

x+ i0

]
(k) + iπF [δ(x)] (k) = 2πF−1

[
1

x+ i0

]
(−k) + iπ =

= −2πiθ(−k) + iπ = iπ sign k. �

Îòâåò: F
[
P 1
x

]
(k) = iπ sign k.

Ïðèìåð 8.19. Íàéòè ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè

1− cosx

x2
P

1

x
. (8.13)

Ðåøåíèå. Ôóíêöèÿ
1− cosx

x2

áåñêîíå÷íî äèôôåðåíöèðóåìà íà âåùåñòâåííîé îñè, ïîýòîìó îáîáùåííàÿ ôóíêöèÿ (8.13) îïðå-
äåëåíà êîððåêòíî. Èñïîëüçóÿ ôîðìóëó Ñîõîöêîãî 5.10, ïîëó÷èì

F

[
1− cosx

x2
P

1

x

]
= −iπF

[
1− cosx

x2
δ(x)

]
+ F

[
1− cosx

x2

1

x− i0

]
. (8.14)
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Ëåãêî âèäåòü, ÷òî
1− cosx

x2
δ(x) =

1− cosx

x2

∣∣∣
x=0

δ(x) =
1

2
δ(x).

Îòñþäà íàéäåì ïåðâîå ïðåîáðàçîâàíèå Ôóðüå

F

[
1− cosx

x2
δ(x)

]
= F

[
1

2
δ(x)

]
=

1

2
.

Âòîðîå ïðåîáðàçîâàíèå Ôóðüå ìîæåò áûòü âû÷èñëåíî ïî êëàññè÷åñêîé ôîðìóëå

F

[
1− cosx

x2

1

x− i0

]
= lim

ε→+0

∫
R

1− cosx

x2

1

x− iε
eikx dx. (8.15)

Ôóíêöèÿ
1− cos z

z2

1

z − iε
eikz

Ðèñ. 3. Êîíòóð γ âûäåëåí êðàñ-
íûì öâåòîì.

ðåãóëÿðíà âî âñåé êîìïëåêñíîé ïëîñêîñòè çà èñêëþ÷åíèåì
òî÷êè z = iε. Ïðîäåôîðìèðóåì êîíòóð èíòåãðèðîâàíèÿ â èí-
òåãðàëå (8.15) òàê, ÷òîáû â îêðåñòíîñòè òî÷êè z = 0 îí ñòàë
ðàñïîëàãàòüñÿ â íèæíåé êîìïëåêñíîé ïëîñêîñòè. Îáîçíà÷èì
ïîëó÷åííûé êîíòóð ÷åðåç γ, ñì. ðèñóíîê 3. Ïîñêîëüêó ïðè
äàííîé äåôîðìàöèè êîíòóðà ìû íå ïåðåñåêëè ïîëþñ z = iε,
çíà÷åíèå èíòåãðàëà (8.15) íå èçìåíèëîñü. Â ðåçóëüòàòå ïîëó-
÷èì

lim
ε→+0

∫
R

1− cosx

x2

1

x− iε
eikx dx = lim

ε→+0

∫
γ

1− cos z

z2(z − iε)
eikz dz.

Ïîñêîëüêó ïðè ε → +0 ïîëþñ z = iε íå ïåðåñåêàåò êîíòóð γ,
ìîæíî ïåðåéòè ê ïðåäåëó ïîä çíàêîì èíòåãðàëà. Îòñþäà

F

[
1− cosx

x2

1

x− i0

]
=

∫
γ

1− cos z

z3
eikz dz =

=

∫
γ

eikz

z3
dz −

∫
γ

ei(k+1)z

2z3
dz −

∫
γ

ei(k−1)z

2z3
dz. (8.16)

Âû÷èñëèì ïåðâûé èíòåãðàë â (8.16). Ïî ëåììå Æîðäàíà ïðè k ≥ 0 êîíòóð èíòåãðèðîâàíèÿ
íåîáõîäèìî çàìêíóòü ñâåðõó, à ïðè k < 0 ñíèçó. Îòñþäà∫

γ

eikz

z3
dz = 2πi res

z=0

eikz

z3
= −πik2, ïðè k ≥ 0,

∫
γ

eikz

z3
dz = 0, ïðè k < 0.

Ïåðåïèøåì ïîëó÷åííîå âûðàæåíèå â êîìïàêòíîé ôîðìå∫
γ

eikz

z3
dz = −πik2θ(k).
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Àíàëîãè÷íî ìîæíî âû÷èñëèòü äâà îñòàâøèõñÿ èíòåãðàëà∫
γ

ei(k+1)z

2z3
dz = −πi

2
k2θ(k + 1),

∫
γ

ei(k−1)z

2z3
dz = −πi

2
k2θ(k − 1).

Îòñþäà

F

[
1− cosx

x2

1

x− i0

]
=
πi

2

[
(k − 1)2θ(k − 1) + (k + 1)2θ(k + 1)− 2k2θ(k)

]
.

Îñòàëîñü ïîäñòàâèòü ïîëó÷åííûå âûðàæåíèÿ â (8.14).

Îòâåò:

F

[
1− cosx

x2
P

1

x

]
=
πi

2

[
(k − 1)2θ(k − 1) + (k + 1)2θ(k + 1)− 2k2θ(k)− 1

]
.

Äîìàøíåå çàäàíèå:

Çàäà÷à 8.20. Äîêàæèòå òåîðåìó 8.15.

Çàäà÷à 8.21. Íàéòè ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè θ(x2 − 1).

Îòâåò: F [θ(x2 − 1)](k) = i
k+i0

eik − i
k−i0e

−ik = 2πδ(k)− 2 sin k P 1
k

= 2πδ(k)− 2 sin(k)
k

.

Çàäà÷à 8.22. Íàéòè ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè 1
(x−i0)(x+4+i0)

.

Îòâåò: F
[

1
(x−i0)(x+4+i0)

]
= πi

2

(
θ(k) + e−4ikθ(−k)

)
.

Çàäà÷à 8.23. Íàéòè ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè 1
(x−i0)2

.

Îòâåò: F
[

1
(x−i0)2

]
= −2πk θ(k).

Çàäà÷à 8.24. Íàéòè ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè P 1
x2
.

Îòâåò: F
[
P 1
x2

]
= −πk sign k = −π|k|.
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9. Ñâåðòêà îáîáùåííûõ ôóíêöèé.

Íàïîìíèì êëàññè÷åñêîå îïðåäåëåíèå ñâåðòêè äâóõ ôóíêöèé.

Îïðåäåëåíèå 9.1. Ïóñòü çàäàíû äâå ëîêàëüíî èíòåãðèðóåìûå ôóíêöèè f(x) è g(x) òàêèå,
÷òî ïðè ëþáîì x ∈ R ñõîäèòñÿ èíòåãðàë∫

R

|f(y)||g(x− y)| dy.

Òîãäà ñâåðòêîé ôóíêöèé f(x) è g(x) íàçûâàþò ôóíêöèþ

(f ∗ g)(x) =

∫
R

f(y)g(x− y) dy.

Ñâåðòêó îáîáùåííûõ ôóíêöèé îïðåäåëÿþò òàê, ÷òîáû îíà, â ñëó÷àå ðåãóëÿðíîé îáîáùåí-
íîé ôóíêöèè ñ ãëàäêèì áûñòðî óáûâàþùèì ÿäðîì ñîâïàëà ñ êëàññè÷åñêîé ñâåðòêîé (ñðàâíè
ñ ìîòèâèðîâêàìè ê îïðåäåëåíèþ 2.1 îáîáùåííîé ïðîèçâîäíîé íà ñòð. 7 è ê îïðåäåëåíèþ 8.9
ïðåîáðàçîâàíèÿ Ôóðüå íà ñòð. 24).
Ïóñòü çàäàíû ðåãóëÿðíûå îáîáùåííûå ôóíêöèè f(x) è g(x) ñ ãëàäêèìè áûñòðî óáûâàþùèìè

ÿäðàìè. Ñïðàâåäëèâû ðàâåíñòâà

((f ∗ g)(x), ϕ(x)) =

∫
R

(f ∗ g)(x)ϕ(x) dx =

∫
R

∫
R

f(y)g(x− y) dy

ϕ(x) dx =

=

∫
R

f(y)

∫
R

g(x− y)ϕ(x) dx dy =
[
x = z + y

]
=

∫
R

f(y)

∫
R

g(z)ϕ(y + z) dz dy =

=
(
f(y),

(
g(z), ϕ(y + z)

))
.

Îòñþäà ìû ïðèõîäèì ê ñëåäóþùåìó îïðåäåëåíèþ.

Îïðåäåëåíèå 9.2. Ñâåðòêîé îáîáùåííûõ ôóíêöèé f ∈ D′ è g ∈ D′ íàçûâàþò ôóíêöèîíàë
f ∗ g, äåéñòâóþùèé ïî ïðàâèëó(

(f ∗ g)(x), ϕ(x)
)

=
(
f(y),

(
g(z), ϕ(y + z)

))
.

Çäåñü ñëåäóåò ïîíèìàòü, ÷òî
(
g(z), ϕ(y + z)

)
íå âñåãäà ôóíêöèÿ ñ îãðàíè÷åííûì íîñèòåëåì è

ïîýòîìó îïðåäåëåíèå 9.2 íå âñåãäà êîððåêòíî. Íàïðèìåð, ïðè f(x) = 1 è g(x) = 1 èìååì(
(1 ∗ 1)(x), ϕ(x)

)
=

∫
R

∫
R

ϕ(y + z) dz dy =
[
z = y − x

]
=

∫
R

∫
R

ϕ(x) dx dy. (9.1)

Èíòåãðàë â ïðàâîé ÷àñòè (9.1), âîîáùå ãîâîðÿ, ðàñõîäèòñÿ è, ñëåäîâàòåëüíî, ñâåðòêà îáîáùåí-
íûõ ôóíêöèé f(x) = 1 è g(x) = 1 íå ñóùåñòâóåò.
Ñëåäóþùàÿ òåîðåìà ïðèâîäèò äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ñâåðòêè.

Òåîðåìà 9.3. Ïóñòü f(x) è g(x) � îáîáùåííûå ôóíêöèè èç D′(R), óäîâëåòâîðÿþùèå îäíîìó
èç ñëåäóþùèõ óñëîâèé.

• Íîñèòåëü supp f ÿâëÿåòñÿ îãðàíè÷åííûì ìíîæåñòâîì.
• Íîñèòåëü supp g ÿâëÿåòñÿ îãðàíè÷åííûì ìíîæåñòâîì.
• Íîñèòåëè supp f è supp g ïðèíàäëåæàò ìíîæåñòâó [x0,+∞) ïðè íåêîòîðîì x0 ∈ R.



32 À. À. Ïîæàðñêèé

• Íîñèòåëè supp f è supp g ïðèíàäëåæàò ìíîæåñòâó (−∞, x0] ïðè íåêîòîðîì x0 ∈ R.
Òîãäà ñâåðòêà îáîáùåííûõ ôóíêöèé f(x) è g(x) êîððåêòíî îïðåäåëåíà è f ∗ g ∈ D′.

Ñôîðìóëèðóåì îñíîâíûå ñâîéñòâà ñâåðòêè îáîáùåííûõ ôóíêöèé.

Òåîðåìà 9.4. Ñïðàâåäëèâû ñëåäóþùèå ðàâåíñòâà, ïðè óñëîâèè, ÷òî âûðàæåíèÿ, ñòîÿùèå â
ëåâîé è ïðàâîé ÷àñòÿõ, êîððåêòíî îïðåäåëåíû.

(1) f ∗ g = g ∗ f .
(2) (f ∗ g) ∗ h = f ∗ (g ∗ h).

(3) (f ∗ g)′ = f ′ ∗ g = f ∗ g′.
(4) F [f ∗ g] = F [f ]F [g].

Ïðèìåð 9.5. Íàéòè ñâåðòêó f(x) ∗ δ(x− a), ãäå f(x) ∈ D′(R).

Ðåøåíèå. Âîñïîëüçóåìñÿ îïðåäåëåíèåì 9.2(
f(x) ∗ δ(x− a), ϕ(x)

)
=
(
f(y),

(
δ(z − a), ϕ(y + z)

))
=
(
f(y), ϕ(y + a)

)
=
(
f(x− a), ϕ(x)

)
. �

Îòâåò: f(x) ∗ δ(x− a) = f(x− a).

Ïðèìåð 9.6. Íàéòè ñâåðòêó x ∗ θ(1− x2), èñïîëüçóÿ ïðåîáðàçîâàíèå Ôóðüå.

Ðåøåíèå. Âû÷èñëèì ïðåîáðàçîâàíèÿ Ôóðüå ôóíêöèé x è θ(1− x2)

F [x](k) = −iF ′[1](k) = −2πiδ′(k), (9.2)

F
[
θ(1− x2)

]
(k) =

1∫
−1

eikx dx =
1

ik
eikx
∣∣∣1
−1

=
2 sin k

k
.

Âîñïîëüçóåìñÿ òåïåðü óòâåðæäåíèåì 4 òåîðåìû 9.4

F
[
x ∗ θ(1− x2)

]
(k) = F [x](k)F

[
θ(1− x2)

]
(k) = −4πiδ′(k)

sin k

k
= −4πiδ′(k). (9.3)

Çäåñü ìû âîñïîëüçîâàëèñü ðåçóëüòàòîì ïðèìåðà 3.1 íà ñòð. 10.
Èç (9.2) ñëåäóåò, ÷òî F−1[−4πiδ′(k)] = 2x. Îòñþäà è èç (9.3) ïîëó÷èì, ÷òî

x ∗ θ(1− x2) = 2x. �

Îòâåò: x ∗ θ(1− x2) = 2x.

Äîìàøíåå çàäàíèå:

Çàäà÷à 9.7. Íàéòè ñâåðòêó δ′(x) ∗ cosx äâóìÿ ñïîñîáàìè.

Îòâåò: δ′(x) ∗ cosx = − sinx.

Çàäà÷à 9.8. Íàéòè ñâåðòêó x2 ∗ θ(x− x2), èñïîëüçóÿ ïðåîáðàçîâàíèå Ôóðüå.

Îòâåò: x2 ∗ θ(x− x2) = x2 − x+ 1
3
.

Çàäà÷à 9.9. Íàéòè ñâåðòêó θ(x) ∗ θ(x), èñïîëüçóÿ ïðåîáðàçîâàíèå Ôóðüå.

Îòâåò: θ(x) ∗ θ(x) = xθ(x).

Çàäà÷à 9.10. Íàéòè ñâåðòêó 1
x+1+i0

∗ 1
x−1+i0

, èñïîëüçóÿ ïðåîáðàçîâàíèå Ôóðüå.
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Îòâåò: 1
x+1+i0

∗ 1
x−1+i0

= −2πi
x+i0

.

Çàäà÷à 9.11. Íàéòè ñâåðòêó cosx
x+i0
∗ 1
x−1−i0 , èñïîëüçóÿ ïðåîáðàçîâàíèå Ôóðüå.

Îòâåò: cosx
x+i0
∗ 1
x−1−i0 =?.
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10. 3-àÿ êîíòðîëüíàÿ ðàáîòà (çàäà÷à: 3; 15 ìèíóò).

Âàðèàíò êîíòðîëüíîé ðàáîòû �3.

Çàäà÷à 3. Íàéòè ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè
x

(x+ i0)(x+ 1− i0)
.

Âàðèàíò êîíòðîëüíîé ðàáîòû �3.

Çàäà÷à 3. Íàéòè ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè
x

x2 + x− i0
.
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11. Ìåòîä Ôóðüå äëÿ ðåøåíèÿ ëèíåéíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïîñòîÿííûìè

êîýôôèöèåíòàìè â S ′(R).
Ðàññìîòðèì ëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå

any
(n) + an−1y

(n−1) + . . .+ a1y
′ + a0y = f(x), f(x) ∈ S ′(R) (11.1)

ñ ïîñòîÿííûìè êîýôôèöèåíòàìè a0, . . ., an. Ìåòîä Ôóðüå äëÿ ðåøåíèÿ óðàâíåíèé âèäà (11.1)
â S ′(R) çàêëþ÷àåòñÿ â ñëåäóþùåì. Ðåøåíèå ñòðîèòñÿ â äâà øàãà.

(1) Âû÷èñëÿåì ïðåîáðàçîâàíèå Ôóðüå îò îáåèõ ÷àñòåé ðàâåíñòâà (11.1). Èñïîëüçóÿ òåîðå-
ìó 8.15 íà ñòð. 27, ïðåîáðàçóåì ïîëó÷åííîå âûðàæåíèå ê âèäó

F [y]
(
an(−ik)n + an−1(−ik)n−1 + . . .+ a1(−ik) + a0

)
= F [f(x)]. (11.2)

Ðåøàåì óðàâíåíèå (11.2) ìåòîäàìè, èçëîæåííûìè íà ñòð. 16, è íàõîäèì F [y].
(2) Âû÷èñëÿåì îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå îò ïîëó÷åííîãî âûðàæåíèÿ äëÿ F [y] è íà-

õîäèì ðåøåíèå y(x).
◦ Èç ñâîéñòâ ïðåîáðàçîâàíèÿ Ôóðüå âûòåêàåò, ÷òî íàéäåííîå òàêèì ñïîñîáîì ðåøåíèå y(x)
ïðèíàäëåæèò ïðîñòðàíñòâó S ′(R).

Ïðèìåð 11.1. Íàéòè îáùèé âèä ðåøåíèÿ óðàâíåíèÿ y′ + y = δ(x) â S ′.

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â íåñêîëüêî øàãîâ.
Øàã 1. Âû÷èñëÿÿ ïðåîáðàçîâàíèå Ôóðüå îò îáåèõ ÷àñòåé ðàâåíñòâà y′ + y = δ(x), íàéäåì

F [y′] + F [y] = F [δ(x)] ⇐⇒ −ikF [y] + F [y] = 1 ⇐⇒ F [y] =
1

1− ik
=

i

k + i
.

Øàã 2. Äëÿ òîãî ÷òîáû íàéòè ðåøåíèå èñõîäíîãî óðàâíåíèÿ, îñòàëîñü âû÷èñëèòü îáðàòíîå
ïðåîáðàçîâàíèå Ôóðüå

y(x) = F−1

[
i

k + i

]
(x).

Ïóñòü ϕ(x) ∈ S ′(R), òîãäà(
F−1

[
i

k + i

]
(x), ϕ(x)

)
=

(
i

k + i
, F−1[ϕ(x)](k)

)
=

1

2π

∫
R

i

k + i

∫
R

ϕ(x)e−ikx dx

 dk =

=
i

2π

∫
R

1

k + i

 0∫
−∞

ϕ(x)e−ikx dx

 dk +
i

2π

∫
R

1

k + i

 +∞∫
0

ϕ(x)e−ikx dx

 dk =

= −i2 res
k=−i

 1

k + i

+∞∫
0

ϕ(x)e−ikx dx

 =

+∞∫
0

ϕ(x)e−x dx.

Îòñþäà

y(x) = F−1

[
i

k + i

]
(x) = e−xθ(x). (11.3)

Çàìåòèì, ÷òî ôóíêöèÿ i
k+i

íå ÿâëÿåòñÿ àáñîëþòíî èíòåãðèðóåìîé, ïîýòîìó ìû íå ìîãëè âû-
÷èñëÿòü îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå ïî êëàññè÷åñ÷åñêîé ôîðìóëå.
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Îòìåòèì òàêæå, ÷òî ðåøåíèå (11.3) íå ñîäåðæèò îáùåãî ðåøåíèÿ y0(x) = Ce−x îäíîðîäíîãî
óðàâíåíèÿ y′0 + y0 = 0. Ýòî ñëåäñòâèå òîãî, ÷òî ïðåîáðàçîâàíèå Ôóðüå äåéñòâóåò êàê âçàèìíî
îäíîçíà÷íîå îòîáðàæåíèå íà ïðîñòðàíñòâå S ′(R) è e−x íå ïðèíàäëåæèò S ′(R). �

Îòâåò: y(x) = e−xθ(x).

Ïðèìåð 11.2. Íàéòè îáùèé âèä ðåøåíèÿ óðàâíåíèÿ â S ′

y′′ + y = 1 + δ(x). (11.4)

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â íåñêîëüêî øàãîâ.
Øàã 1. Âû÷èñëÿÿ ïðåîáðàçîâàíèå Ôóðüå îò îáåèõ ÷àñòåé ðàâåíñòâà (11.4), íàéäåì

F [y′′] + F [y] = F [1] + F [δ(x)] ⇐⇒ −k2F [y] + F [y] = 2πδ(k) + 1 ⇐⇒

⇐⇒ F [y] = 2πδ(k)− 1

(k + 1 + i0)(k − 1 + i0)
+ C1δ(k − 1) + C2δ(k + 1),

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå.
Øàã 2. Âû÷èñëÿåì îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå

F−1 [2πδ(k)] = 1, F−1 [δ(k − 1)] =
1

2π
e−ix, F−1 [δ(k + 1)] =

1

2π
eix,

F−1

[
1

(k + 1 + i0)(k − 1 + i0)

]
=

1

2π
lim

ε1→+0
lim

ε2→+0

∫
R

1

(k + 1 + iε1)(k − 1 + iε2)
e−ikx dk =

= −i
(

res
k=−1

1

(k + 1)(k − 1)
e−ikx + res

k=1

1

(k + 1)(k − 1)
e−ikx

)
θ(x) =

= −i
(

1

−2
eix +

1

2
e−ix

)
θ(−x) = − sin(x) θ(x).

Îòñþäà

y(x) = 1 + sin(x) θ(x) +
C1

2π
e−ix +

C2

2π
eix = 1 + sin(x) θ(x) + Ae−ix +Beix,

ãäå A è B � ïðîèçâîëüíûå ïîñòîÿííûå. �

Îòâåò: y(x) = 1 + sin(x) θ(x) + Ae−ix +Beix, ãäå A è B � ïðîèçâîëüíûå ïîñòîÿííûå.

Ïðèìåð 11.3. Íàéòè îáùèé âèä ðåøåíèÿ óðàâíåíèÿ â D′

y′′ − y = δ′(x). (11.5)

Ðåøåíèå ïðîâîäèì â íåñêîëüêî øàãîâ.
Øàã 1. Íàéäåì âíà÷àëå ðåøåíèå óðàâíåíèÿ (11.5) â S ′. Âû÷èñëÿÿ ïðåîáðàçîâàíèå Ôóðüå îò

îáåèõ ÷àñòåé ðàâåíñòâà (11.5), íàéäåì

F [y′′]− F [y] = F [δ′(x)] ⇐⇒ −k2F [y]− F [y] = −ik ⇐⇒ F [y] = − ik

k2 + 1
.

Øàã 2. Âû÷èñëÿåì îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå

y(x) = −F−1

[
ik

k2 + 1

]
(x) =

(
F−1

[
1

k2 + 1

]
(x)

)′
=

1

2π

∫
R

1

k2 + 1
e−ikx dk

′ =
= i

(
θ(−x) res

k=i

1

k2 + 1
e−ikx − θ(x) res

k=−i

1

k2 + 1
e−ikx

)′
= i

(
θ(−x)

1

2i
ex − θ(x)

1

−2i
e−x
)′

=
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=
1

2

(
exθ(−x) + e−xθ(x)

)′
=

1

2

(
exθ(−x)− exδ(x)− e−xθ(x) + e−xδ(x)

)
=

1

2

(
exθ(−x)− e−xθ(x)

)
.

Òàêèì îáðàçîì, îáùåå ðåøåíèå óðàâíåíèÿ (11.5) â S ′ èìååò âèä

ys(x) =
1

2

(
exθ(−x)− e−xθ(x)

)
.

Øàã 3. Îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ y′′0 − y0 = 0 â D′ ìîæíî çàïèñàòü â âèäå

y0(x) = Aex +Be−x,

ãäå A è B � ïðîèçâîëüíûå ïîñòîÿííûå. Çàìåòèì, ÷òî y0(x) 6∈ S ′(R), åñëè A 6= 0 èëè B 6= 0.
Øàã 4. Îáùåå ðåøåíèå óðàâíåíèÿ (11.5) â D′ èìååò âèä

y(x) = ys(x) + y0(x) =
1

2

(
exθ(−x)− e−xθ(x)

)
+ Aex +Be−x. �

Îòâåò: y(x) = 1
2

(exθ(−x)− e−xθ(x)) + Aex +Be−x, ãäå A è B � ïðîèçâîëüíûå ïîñòîÿííûå.

Äîìàøíåå çàäàíèå:

Çàäà÷à 11.4. Íàéòè îáùèé âèä ðåøåíèÿ óðàâíåíèÿ y′ − iy = 1 + δ′(x) â S ′.

Îòâåò: y(x) = i+ δ(x) + ieixθ(x) + Aeix, ãäå A � ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

Çàäà÷à 11.5. Íàéòè îáùèé âèä ðåøåíèÿ óðàâíåíèÿ y′′ − 2y′ + y = δ(x) â S ′.

Îòâåò: y(x) = −xexθ(−x).

Çàäà÷à 11.6. Íàéòè îáùèé âèä ðåøåíèÿ óðàâíåíèÿ y′′′ + y′′ + y′ + y = 2δ(x) â S ′.

Îòâåò: y(x) = (e−x + sinx− cosx) θ(x)+A sinx+B cosx, ãäå A è B � ïðîèçâîëüíûå ïîñòîÿííûå.

Çàäà÷à 11.7. Íàéòè îáùèé âèä ðåøåíèÿ óðàâíåíèÿ y′′ + 2y′ + 2y = δ(x) + 5exθ(−x) â S ′.

Îòâåò: y(x) = e−x sinx θ(x) + exθ(−x) + e−x(2 sinx+ cosx)θ(x).

Çàäà÷à 11.8. Íàéòè îáùèé âèä ðåøåíèÿ óðàâíåíèÿ y′′ + 2y′ + y = x+ 3δ(x) â D′.

Îòâåò: y(x) = 3xe−xθ(x) + x− 2 + Aex +Bxex, ãäå A è B � ïðîèçâîëüíûå ïîñòîÿííûå.
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12. 4-àÿ êîíòðîëüíàÿ ðàáîòà (çàäà÷à: 4; 10 ìèíóò).

Âàðèàíò êîíòðîëüíîé ðàáîòû �4.

Çàäà÷à 4. Íàéòè îáùèé âèä ðåøåíèÿ óðàâíåíèÿ â S ′

y′ − 2iy = δ(x).

Îòâåò: y(x) = e2ixθ(x) + Ce2ix, ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

Âàðèàíò êîíòðîëüíîé ðàáîòû �4.

Çàäà÷à 4. Íàéòè îáùèé âèä ðåøåíèÿ óðàâíåíèÿ â S ′

y′′ + iy′ = δ(x).

Îòâåò:
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13. Ôóíäàìåíòàëüíîå ðåøåíèå ëèíåéíîãî
äèôôåðåíöèàëüíîãî îïåðàòîðà ñ ïîñòîÿííûìè

êîýôôèöèåíòàìè. Âûðàæåíèå ôóíäàìåíòàëüíîãî
ðåøåíèÿ ÷åðåç ðåøåíèå çàäà÷è Êîøè.

Îïðåäåëåíèå 13.1. Ôóíäàìåíòàëüíûì ðåøåíèåì ëèíåéíîãî äèôôåðåíöèàëüíîãî îïåðàòîðà

Ly = any
(n) + an−1y

(n−1) + . . .+ a1y
′ + a0y

ñ ïîñòîÿííûìè êîýôôèöèåíòàìè a0, . . ., an íàçûâàåòñÿ ïðîèçâîëüíàÿ îáîáùåííàÿ ôóíêöèÿ g(x)
èç D′(R), óäîâëåòâîðÿþùàÿ óðàâíåíèþ

Lg(x) = δ(x).

Çàìå÷àíèå 13.2. Ôóíäàìåíòàëüíîå ðåøåíèå îïðåäåëåíî ñ òî÷íîñòüþ äî ïðèáàâëåíèÿ ïðîèç-
âîëüíîãî ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ Ly = 0.

Îäèí èç ñïîñîáîâ âû÷èñëåíèÿ ôóíäàìåíòàëüíîãî ðåøåíèÿ, îñíîâàííûé íà ìåòîäå Ôóðüå, áûë
ðàçîáðàí ðàíåå, ñì. ñòð. 35. Íàïîìíèì, ÷òî ýòîò ìåòîä âñåãäà íàñ ïðèâîäèë ê ôóíäàìåíòàëü-
íîìó ðåøåíèþ èç ïðîñòðàíñòâà S ′(R). Ñëåäóþùàÿ òåîðåìà äàåò äðóãîé, èíîãäà áîëåå ïðîñòîé,
àëãîðèòì âû÷èñëåíèÿ ôóíäàìåíòàëüíîãî ðåøåíèÿ.

Òåîðåìà 13.3. Ïóñòü z(x) � ðåøåíèå êëàññè÷åñêîé çàäà÷è Êîøè
Lz = anz

(n) + an−1z
(n−1) + . . .+ a1z

′ + a0z = 0, an 6= 0,

z(0) = z′(0) = . . . = z(n−2)(0) = 0,

z(n−1)(0) = 1.

Òîãäà

g(x) =
1

an
z(x)θ(x)

ÿâëÿåòñÿ ôóíäàìåíòàëüíûì ðåøåíèåì îïåðàòîðà L.

Ïðèìåð 13.4. Íàéòè ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà Ly = y′ − 2y.

Ðåøåíèå. Îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ z′ − 2z = 0 èìååò âèä

z(x) = Ce2x,

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Îòñþäà íàõîäèì, ÷òî ðåøåíèå çàäà÷è Êîøè{
z′ − 2z = 0,
z(0) = 1

èìååò âèä

z(x) = e2x.

Òåïåðü èç òåîðåìû 13.3 ñëåäóåò, ÷òî ôóíêöèÿ g(x) = e2xθ(x) ÿâëÿåòñÿ ôóíäàìåíòàëüíûì ðåøå-
íèåì îïåðàòîðà Ly = y′ − 2y. �

Îòâåò: g(x) = e2xθ(x).
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Ïðèìåð 13.5. Íàéòè ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà Ly = 2y′′′ − 8y′.

Ðåøåíèå. Îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ 2z′′′ − 8z′ = 0 èìååò âèä

z(x) = A+Be2x + Ce−2x,

ãäå A, B è C � ïðîèçâîëüíûå ïîñòîÿííûå. Îòñþäà íàõîäèì, ÷òî ðåøåíèå çàäà÷è Êîøè{
2z′′′ − 8z′ = 0,
z(0) = z′(0) = 0, z′′(0) = 1

èìååò âèä

z(x) =
1

8
(e2x + e−2x − 2).

Èç òåîðåìû 13.3 ñëåäóåò, ÷òî ôóíäàìåíòàëüíûì ðåøåíèåì îïåðàòîðà L ÿâëÿåòñÿ ôóíêöèÿ

g(x) =
1

16
(e2x + e−2x − 2)θ(x). �

Îòâåò: g(x) = 1
16

(e2x + e−2x − 2)θ(x).

Äîìàøíåå çàäàíèå:

Çàäà÷à 13.6. Íàéòè ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà Ly = y′ + 4y.

Îòâåò: g(x) = e−4xθ(x).

Çàäà÷à 13.7. Íàéòè ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà Ly = y′′ + 4y′ + 4y.

Îòâåò: g(x) = xe−2xθ(x).

Çàäà÷à 13.8. Íàéòè ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà Ly = y′′ − 2y′ + 2y.

Îòâåò: g(x) = ex sinx θ(x).
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14. Ðåøåíèå íåîäíîðîäíûõ óðàâíåíèé ñ èñïîëüçîâàíèåì
ôóíäàìåíòàëüíîãî ðåøåíèÿ.

Òåîðåìà 14.1. Ïóñòü g(x) � ôóíäàìåíòàëüíîå ðåøåíèå ëèíåéíîãî äèôôåðåíöèàëüíîãî îïå-
ðàòîðà L. Ïóñòü çàäàíà f(x) ∈ D′(R) òàêàÿ, ÷òî ñâåðòêà (g ∗ f)(x) ñóùåñòâóåò â D′(R).
Òîãäà

y(x) = (g ∗ f)(x)

ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ
Ly(x) = f(x). (14.1)

Òåîðåìà 14.1 ïîçâîëÿåò íàéòè ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ (14.1). Äëÿ òîãî
÷òîáû íàéòè îáùåå ðåøåíèå óðàâíåíèÿ (14.1), íåîáõîäèìî äîáàâèòü ê íàéäåííîìó ÷àñòíîìó
ðåøåíèþ îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ Ly(x) = 0.

Ïðèìåð 14.2. Íàéòè ÷àñòíîå ðåøåíèå óðàâíåíèÿ

y′ + 2y = x, (14.2)

âû÷èñëèâ ïðåäâàðèòåëüíî ôóíäàìåíòàëüíîå ðåøåíèå.

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â íåñêîëüêî øàãîâ.
Øàã 1. Èñïîëüçóÿ òåîðåìó 13.3, íàéäåì Ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà Ly = y′ + 2y

g(x) = e−2xθ(x).

Øàã 2. Ëåãêî âèäåòü, ÷òî ñóùåñòâóåò êëàññè÷åñêàÿ ñâåðòêà ôóíêöèé g(x) è f(x) = x. Îòñþäà
è èç òåîðåìû 14.1 íàéäåì ðåøåíèå óðàâíåíèÿ (14.2)

y(x) = (g ∗ f)(x) =

∫
R

g(z)f(x− z) dz =

∫
R

e−2zθ(z)(x− z) dz =

∞∫
0

e−2z(x− z) dz =

= x

∞∫
0

e−2z dz −
∞∫

0

ze−2z dz =
x

2
− 1

4
. �

Îòâåò: g(x) = e−2xθ(x), y(x) = 2x−1
4
.

Ïðèìåð 14.3. Íàéòè ÷àñòíîå ðåøåíèå óðàâíåíèÿ

y′′ − 9y = ex, (14.3)

âû÷èñëèâ ïðåäâàðèòåëüíî ôóíäàìåíòàëüíîå ðåøåíèå.

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â íåñêîëüêî øàãîâ.
Øàã 1. Èñïîëüçóÿ òåîðåìó 13.3, íàéäåì Ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà Ly = y′′ − 9y

g1(x) =
1

6

(
e3x − e−3x

)
θ(x).

Øàã 2. Ñâåðòêà ôóíêöèé g1(x) è f(x) = ex íå ñóùåñòâóåò äàæå â ñìûñëå îáîáùåííûõ ôóíê-
öèé. Òåì íå ìåíåå ìîæíî âûáðàòü äðóãîå ôóíäàìåíòàëüíîå ðåøåíèå g(x) òàê, ÷òîáû ñâåðò-
êà g(x) è f(x) ñóùåñòâîâàëà.
Îáùèé âèä ôóíäàìåíòàëüíîãî ðåøåíèÿ îïåðàòîðà Ly = y′′ − 9y ñêëàäûâàåòñÿ èç ôóíäàìåí-

òàëüíîãî ðåøåíèÿ g1(x) è îáùåãî ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ y′′ − 9y = 0

g(x) =
1

6

(
e3x − e−3x

)
θ(x) + Ae3x +Be−3x,
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ãäå A è B � ïðîèçâîëüíûå ïîñòîÿííûå. Ïîëàãàÿ A = −1
6
è B = 0, ïîëó÷èì òðåáóåìîå ôóíäà-

ìåíòàëüíîå ðåøåíèå

g(x) = −1

6
e3xθ(−x)− 1

6
e−3xθ(x).

Øàã 3. Ëåãêî âèäåòü, ÷òî ñóùåñòâóåò êëàññè÷åñêàÿ ñâåðòêà ôóíêöèé g(x) è f(x) = ex. Îòñþäà
íàéäåì ðåøåíèå óðàâíåíèÿ (14.3)

y(x) = (g ∗ f)(x) =

∫
R

g(z)f(x− z) dz = −1

6

∫
R

(
e3zθ(−z) + e−3zθ(z)

)
ex−z dz =

= −1

6

0∫
−∞

e3zex−z dz − 1

6

+∞∫
0

e−3zex−z dz = − 1

12
ex − 1

24
ex = −1

8
ex. �

Îòâåò: g(x) = −1
6
e3xθ(−x)− 1

6
e−3xθ(x), y(x) = −1

8
ex.

Ïðèìåð 14.4. Íàéòè ÷àñòíîå ðåøåíèå óðàâíåíèÿ

y′ + y = e−2x, (14.4)

âû÷èñëèâ ïðåäâàðèòåëüíî ôóíäàìåíòàëüíîå ðåøåíèå.

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â íåñêîëüêî øàãîâ.
Øàã 1. Èñïîëüçóÿ òåîðåìó 13.3, íàéäåì Ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà Ly = y′ + y

g1(x) = e−xθ(x).

Øàã 2. Ñâåðòêà ôóíêöèé g1(x) è f(x) = e−2x íå ñóùåñòâóåò. Òåì íå ìåíåå ìîæíî âûáðàòü
äðóãîå ôóíäàìåíòàëüíîå ðåøåíèå g(x) òàê, ÷òîáû ñâåðòêà g(x) è f(x) ñóùåñòâîâàëà.
Îáùèé âèä ôóíäàìåíòàëüíîãî ðåøåíèÿ îïåðàòîðà Ly = y′ + y ñêëàäûâàåòñÿ èç ôóíäàìåí-

òàëüíîãî ðåøåíèÿ g1(x) è îáùåãî ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ y′ + y = 0

g(x) = e−xθ(x) + Ae−x,

ãäå A � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Ïîëàãàÿ A = −1, ïîëó÷èì òðåáóåìîå ôóíäàìåíòàëüíîå ðå-
øåíèå

g(x) = −e−xθ(−x).

Øàã 3. Ëåãêî âèäåòü, ÷òî ñóùåñòâóåò êëàññè÷åñêàÿ ñâåðòêà ôóíêöèé g(x) è f(x) = e2x. Îò-
ñþäà íàéäåì ðåøåíèå óðàâíåíèÿ (14.4)

y(x) = (g ∗ f)(x) =

∫
R

g(z)f(x− z) dz = −
∫
R

e−zθ(−z)e−2x+2z dz = −e−2x

0∫
−∞

ez dz = −e−2x. �

Îòâåò: g(x) = −e−xθ(−x), y(x) = −e−2x.

Äîìàøíåå çàäàíèå:

Çàäà÷à 14.5. Íàéòè ÷àñòíîå ðåøåíèå óðàâíåíèÿ −y′′ + y = x, âû÷èñëèâ ïðåäâàðèòåëüíî
ôóíäàìåíòàëüíîå ðåøåíèå.

Îòâåò: g(x) = 1
2
exθ(−x) + 1

2
e−xθ(x), y(x) = x.

Çàäà÷à 14.6. Íàéòè ÷àñòíîå ðåøåíèå óðàâíåíèÿ y′′ + y = 2ex, âû÷èñëèâ ïðåäâàðèòåëüíî
ôóíäàìåíòàëüíîå ðåøåíèå.
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Îòâåò: g(x) = sin(x)θ(x), y(x) = ex.

Çàäà÷à 14.7. Íàéòè ÷àñòíîå ðåøåíèå óðàâíåíèÿ y′ − y = θ(x), âû÷èñëèâ ïðåäâàðèòåëüíî
ôóíäàìåíòàëüíîå ðåøåíèå.

Îòâåò: g(x) = exθ(x), y(x) = (ex − 1)θ(x).

Çàäà÷à 14.8. Íàéòè ÷àñòíîå ðåøåíèå óðàâíåíèÿ y′′ + y = θ(x), âû÷èñëèâ ïðåäâàðèòåëüíî
ôóíäàìåíòàëüíîå ðåøåíèå.

Îòâåò: g(x) = sin xθ(x), y(x) = (1− cosx)θ(x).

Çàäà÷à 14.9. Íàéòè ÷àñòíîå ðåøåíèå óðàâíåíèÿ y′′+y′−2y = e−x, âû÷èñëèâ ïðåäâàðèòåëüíî
ôóíäàìåíòàëüíîå ðåøåíèå.

Îòâåò: g(x) = −1
3
exθ(−x)− 1

3
e−2xθ(x), y(x) = −1

2
e−x.
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15. 5-àÿ êîíòðîëüíàÿ ðàáîòà (çàäà÷à: 5; 10 ìèíóò).

Âàðèàíò êîíòðîëüíîé ðàáîòû �5.

Çàäà÷à 5. Íàéòè ÷àñòíîå ðåøåíèå óðàâíåíèÿ

y′ + y = f(x),

ãäå f � íåïðåðûâíàÿ ôóíêöèÿ ñ êîìïàêòíûì íîñèòåëåì.

Îòâåò:

y(x) =

+∞∫
0

e−zf(x− z) dz.

Âàðèàíò êîíòðîëüíîé ðàáîòû �5.

Çàäà÷à 5. Íàéòè ÷àñòíîå ðåøåíèå óðàâíåíèÿ

y′′ − y′ = f(x),

ãäå f � íåïðåðûâíàÿ ôóíêöèÿ ñ êîìïàêòíûì íîñèòåëåì.

Îòâåò:

y(x) =

+∞∫
0

(ez − 1)f(x− z) dz.
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16. Ìåòîä Ôóðüå äëÿ ðåøåíèÿ ïðîñòåéøèõ ëèíåéíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïîñòîÿííûìè

êîýôôèöèåíòàìè â S ′(R2).

Îïðåäåëåíèå 16.1. Ôóíäàìåíòàëüíûì ðåøåíèåì ëèíåéíîãî äèôôåðåíöèàëüíîãî îïåðàòîðà L
ñ ïîñòîÿííûìè êîýôôèöèåíòàìè, äåéñòâóþùåãî â S ′(R2), íàçûâàåòñÿ ïðîèçâîëüíàÿ îáîáùåí-
íàÿ ôóíêöèÿ g(x, y) èç S ′(R2), óäîâëåòâîðÿþùàÿ óðàâíåíèþ

Lg(x, y) = δ(x)δ(y).

Ïðèìåð 16.2. Íàéòè ôóíäàìåíòàëüíîå ðåøåíèå èç ïðîñòðàíñòâà S ′(R2) îïåðàòîðà

L =
∂

∂x
+ i

∂

∂y
.

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â äâà øàãà.
Øàã 1. Ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà L óäîâëåòâîðÿåò óðàâíåíèþ

∂g(x, y)

∂x
+ i

∂g(x, y)

∂y
= δ(x)δ(y). (16.1)

Âû÷èñëÿÿ ïðåîáðàçîâàíèå Ôóðüå ïî ïåðåìåííîé y îò îáåèõ ÷àñòåé ðàâåíñòâà (16.1), ïîëó÷èì

∂h(x, k)

∂x
+ kh(x, k) = δ(x), (16.2)

ãäå
h(x, k) = Fy→k[g(x, y)]. (16.3)

Òåîðåìà 13.3 ïîçâîëÿåò íàéòè ðåøåíèå óðàâíåíèÿ (16.2) â ïðîñòðàíñòâå D′(R)

h1(x, k) = e−kxθ(x).

Äëÿ òîãî ÷òîáû íàéòè g(x, y), íàì ïîòðåáóåòñÿ âçÿòü îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå îò h1(x, k).
Ïîýòîìó íàì íåîáõîäèìî íàéòè ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ (16.2) èç ïðîñòðàíñòâà S ′(R)
ïî ïåðåìåííîé k. Îáùåå ðåøåíèå óðàâíåíèÿ (16.2) èìååò âèä

h(x, k) = θ(x)e−kx + C(k)e−kx,

ãäå C(k) � ïðîèçâîëüíàÿ ôóíêöèÿ. Ôóíêöèþ C(k) âûáèðàåì òàê, ÷òîáû ôóíêöèÿ h(x, k) óáû-
âàëà ïî k ïðè âñåõ x. Îòñþäà{

θ(x) + C(k) = 0 ïðè x > 0, k < 0,
θ(x) + C(k) = 0 ïðè x < 0, k > 0

⇐⇒
{
C(k) = −θ(x) = −1 ïðè x > 0, k < 0,
C(k) = −θ(x) = 0 ïðè x < 0, k > 0.

Â ðåçóëüòàòå íàõîäèì, ÷òî C(k) = −θ(−k) è

h(x, k) =
(
θ(x)− θ(−k)

)
e−kx.

Øàã 2. Èç ïðåäñòàâëåíèÿ (16.3) íàõîäèì ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà L

g(x, y) = F−1
k→y [h(x, k)] = F−1

k→y

[(
θ(x)− θ(−k)

)
e−kx

]
=

1

2π

∫
R

(
θ(x)− θ(−k)

)
e−kxe−iky dk =

=


x < 0, 1

2π

∫
R
−θ(−k)e−kxe−iky dk = − 1

2π

0∫
−∞

e−k(x+iy) dk = 1
2π

1
x+iy

x > 0, 1
2π

∫
R

(
1− θ(−k)

)
e−kxe−iky dk = 1

2π

∞∫
0

e−k(x+iy) dk = 1
2π

1
x+iy

 =
1

2π

1

x+ iy
.
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Îòâåò: g(x, y) = 1
2π

1
x+iy

.

Ïðèìåð 16.3. Íàéòè ôóíäàìåíòàëüíîå ðåøåíèå èç ïðîñòðàíñòâà S ′(R2) îïåðàòîðà

L =
∂2

∂x2
− ∂2

∂y2
.

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â äâà øàãà.
Øàã 1. Ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà L óäîâëåòâîðÿåò óðàâíåíèþ

∂2g(x, y)

∂x2
− ∂2g(x, y)

∂y2
= δ(x)δ(y). (16.4)

Âû÷èñëÿÿ ïðåîáðàçîâàíèå Ôóðüå ïî ïåðåìåííîé y îò îáåèõ ÷àñòåé ðàâåíñòâà (16.4), ïîëó÷èì

∂2h(x, k)

∂x2
+ k2h(x, k) = δ(x), (16.5)

ãäå

h(x, k) = Fy→k[g(x, y)]. (16.6)

Òåîðåìà 13.3 ïîçâîëÿåò íàéòè ðåøåíèå óðàâíåíèÿ (16.5)

h(x, k) =
sin(kx)

k
θ(x).

Ëåãêî âèäåòü, ÷òî ýòî ðåøåíèå ïðèíàäëåæèò ïðîñòðàíñòâó S ′(R2).
Øàã 2. Èç ïðåäñòàâëåíèÿ (16.6) íàõîäèì ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà L

g(x, y) = F−1
k→y [h(x, k)] = F−1

k→y

[
sin(kx)

k
θ(x)

]
=

1

2π
θ(x)

∫
R

sin(kx)

k
e−iky dk. (16.7)

Èíòåãðàë â ïðàâîé ÷àñòè ðàâåíñòâà (16.7) ëåãêî âû÷èñëÿåòñÿ ïî âû÷åòàì,

Ðèñ. 4. Êîíòóð γ âûäåëåí
êðàñíûì öâåòîì.

∫
R

sin(kx)

k
e−iky dk =

∫
γ

sin(kx)

k
e−iky dk =

=
1

2i

∫
γ

1

k
(eikx − e−ikx)e−iky dk =

=
1

2i

∫
γ

1

k
eik(x−y) dk − 1

2i

∫
γ

1

k
e−ik(x+y) dk =

= πθ(x− y) res
k=0

(
1

k
eik(x−y)

)
− πθ(−x− y) res

k=0

(
1

k
e−ik(x+y)

)
= πθ(x− y)− πθ(−x− y),

ãäå êîíòóð èíòåãðèðîâàíèÿ γ èçîáðàæåí íà ðèñóíêå 4. Îòñþäà è èç (16.7) íàéäåì

g(x, y) =
1

2
θ(x)

(
θ(x− y)− θ(−x− y)

)
=

1

2
θ(x− |y|).

Çàìåòèì, ÷òî ìû ìîãëè âíà÷àëå âû÷èñëèòü ïðåîáðàçîâàíèå Ôóðüå ïî ïåðåìåííîé x. Òîãäà â
êà÷åñòâå ôóíäàìåíòàëüíîãî ðåøåíèÿ ìû íàøëè áû g2(x, y) = −1

2
θ(y − |x|). �

Îòâåò: g(x, y) = 1
2
θ(x− |y|).
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Ïðèìåð 16.4. Íàéòè ÷àñòíîå ðåøåíèå óðàâíåíèÿ

∂2u

∂x2
− ∂2u

∂y2
= f(x, y),

ãäå f(x, y) � íåïðåðûâíàÿ ôóíêöèÿ ïî îáîèì àðãóìåíòàì.

Ðåøåíèå. Ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà ∂2

∂x2
− ∂2

∂y2
íàéäåíî â ïðèìåðå 16.3. Îòñþäà

u(x, y) = (f ∗ g)(x, y) =

∫
R

∫
R

f(α, β)g(x− α, y − β) dα dβ =

=
1

2

∫
R

dα

∫
R

dβ f(α, β)θ(x− α− |y − β|) =
1

2

x∫
−∞

dα

y+(x−α)∫
y−(x−α)

dβ f(α, β). �

Îòâåò: u(x, y) = 1
2

x∫
−∞

dα
y+(x−α)∫
y−(x−α)

dβ f(α, β).

Äîìàøíåå çàäàíèå:

Çàäà÷à 16.5. Íàéòè ôóíäàìåíòàëüíîå ðåøåíèå èç S ′(R2) îïåðàòîðà L = ∂2

∂x∂y
.

Îòâåò: h(x, k) = i
k+i0

θ(x), g(x, y) = θ(x)θ(y).

Çàäà÷à 16.6. Íàéòè ôóíäàìåíòàëüíîå ðåøåíèå èç S ′(R2) îïåðàòîðà L = ∂2

∂x∂y
− ∂

∂y
.

Îòâåò: h(x, k) = i
k+i0

exθ(x), g(x, y) = exθ(x)θ(y).
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17. 6-àÿ êîíòðîëüíàÿ ðàáîòà (çàäà÷à: 6; 20 ìèíóò).

Âàðèàíò êîíòðîëüíîé ðàáîòû �6.

Çàäà÷à 6. Íàéòè ôóíäàìåíòàëüíîå ðåøåíèå èç ïðîñòðàíñòâà S ′(R2) îïåðàòîðà

L =
∂

∂t
− ∂2

∂x2

è íàéòè ÷àñòíîå ðåøåíèå óðàâíåíèÿ Lu = f , ãäå f � ãëàäêàÿ ôóíêöèÿ â R2 ñ êîìïàêòíûì
íîñèòåëåì.

Îòâåò:

g(t, x) =
1

2
√
πt
e−

x2

4t θ(t),

u(t, x) = (g ∗ f)(t, x) =

+∞∫
0

ds

∫
R

dy
1

2
√
πs

e−
y2

4s f(t− s, x− y).

Âàðèàíò êîíòðîëüíîé ðàáîòû �6.

Çàäà÷à 6. Íàéòè ôóíäàìåíòàëüíîå ðåøåíèå èç ïðîñòðàíñòâà S ′(R2) îïåðàòîðà

L =
∂

∂x
+

∂

∂y

è íàéòè ÷àñòíîå ðåøåíèå óðàâíåíèÿ Lu = f , ãäå f � ãëàäêàÿ ôóíêöèÿ â R2 ñ êîìïàêòíûì
íîñèòåëåì.

Îòâåò:

g(x, y) = δ(x− y)θ(x),

ãäå

∀ ϕ ∈ S(R2) (g(x, y), ϕ(x, y)) =

+∞∫
0

ϕ(x, x) dx

è

u(x, y) = (g ∗ f)(x, y) =

+∞∫
0

f(x− z, y − z) dz.
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18. Ôóíêöèÿ Ãðèíà îïåðàòîðà Øòóðìà-Ëèóâèëëÿ.

Îïðåäåëåíèå 18.1. Îïåðàòîðîì Øòóðìà-Ëèóâèëëÿ íà ïðîìåæóòêå [a, b] íàçûâàåòñÿ îïåðà-
òîð âèäà

Lu(x) = − (p(x)u′(x))
′
+ q(x)u(x),

îïðåäåëåííûé íà ôóíêöèÿõ u(x), óäîâëåòâîðÿþùèõ êðàåâûì óñëîâèÿì{
α1u(a) + β1u

′(a) = 0,
α2u(b) + β2u

′(b) = 0.

Çäåñü αk è βk � çàäàííûå âåùåñòâåííûå ïàðàìåòðû, óäîâëåòâîðÿþùèå óñëîâèþ |αk|+ |βk| 6= 0
ïðè k = 1, 2, p(x) � íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ, íèãäå íå îáðàùàþùàÿñÿ â íîëü, è
q(x) � íåïðåðûâíàÿ ôóíêöèÿ.

Îïðåäåëåíèå 18.2. Ôóíêöèåé Ãðèíà îïåðàòîðà Øòóðìà-Ëèóâèëëÿ L íàçûâàþò îáîáùåííóþ
ôóíêöèþ G(x, y), óäîâëåòâîðÿþùóþ óðàâíåíèþ

LxG(x, y) = δ(x− y)

è ãðàíè÷íûì óñëîâèÿì {
α1G(a, y) + β1G

′
x(a, y) = 0,

α2G(b, y) + β2G
′
x(b, y) = 0,

ïðè y ∈ (a, b).

Òåîðåìà 18.3. Ôóíêöèÿ Ãðèíà îïåðàòîðà Øòóðìà-Ëèóâèëëÿ L ñóùåñòâóåò òîãäà è òîëüêî
òîãäà êîãäà îäíîðîäíàÿ çàäà÷à

Lu = 0,

{
α1u(a) + β1u

′(a) = 0,
α2u(b) + β2u

′(b) = 0,

èìååò òîëüêî òðèâèàëüíîå ðåøåíèå.

Ïðèìåð 18.4. Íàéòè ôóíêöèþ Ãðèíà îïåðàòîðà Øòóðìà-Ëèóâèëëÿ

Lu = −u′′, u(0) = u(1) = 0. (18.1)

Ðåøåíèå. Èç îïðåäåëåíèÿ ôóíêöèè Ãðèíà ñëåäóåò, ÷òî ïðè x 6= y îíà äîëæíà óäîâëåòâîðÿòü
îäíîðîäíîìó óðàâíåíèþ

G′′xx(x, y) = 0.

Îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ èìååò âèä

G(x, y) = C1(y) + C2(y)x,

ãäå C1(y) è C2(y) � ïðîèçâîëüíûå ôóíêöèè. Ó÷èòûâàÿ ãðàíè÷íûå óñëîâèÿ ïîëó÷èì, ÷òî

G(x, y) =

{
A(y)x, x < y,
B(y)(x− 1), x > y,

ãäå A(y) è B(y) � íåèçâåñòíûå ôóíêöèè, êîòîðûå ïîäëåæàò îïðåäåëåíèþ.
Âû÷èñëèì òåïåðü êàê äåéñòâóåò îïåðàòîð L íà ôóíêöèþ G(x, y)

LxG(x, y) = −
({

A(y)x, x < y
B(y)(x− 1), x > y

})′′
xx

=

= −
({

A(y), x < y
B(y), x > y

}
+ [B(y)(y − 1)− A(y)y]δ(x− y)

)′
x

=

= [A(y)−B(y)]δ(x− y)− [B(y)(y − 1)− A(y)y]δ′x(x− y).
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Ó÷èòûâàÿ, ÷òî äîëæíî áûòü âûïîëíåíî ðàâåíñòâî LxG(x, y) = δ(x− y), íàéäåì{
A(y)−B(y) = 1,

B(y)(y − 1)− A(y)y = 0
⇐⇒

{
A(y) = 1− y,
B(y) = −y.

Òàêèì îáðàçîì, ôóíêöèÿ Ãðèíà îïåðàòîðà (18.1) èìååò âèä

G(x, y) =

{
x(1− y), x 6 y,
(1− x)y, x > y.

�

Îòâåò: G(x, y) =

{
x(1− y), x 6 y,
(1− x)y, x > y.

Ïðèìåð 18.5. Íàéòè ôóíêöèþ Ãðèíà îïåðàòîðà Øòóðìà-Ëèóâèëëÿ

Lu = −(e−xu′)′, u′(0) = u(1) = 0. (18.2)

Ðåøåíèå. Èç îïðåäåëåíèÿ ôóíêöèè Ãðèíà ñëåäóåò, ÷òî ïðè x 6= y îíà äîëæíà óäîâëåòâîðÿòü
îäíîðîäíîìó óðàâíåíèþ

(e−xG′x)
′
x(x, y) = 0.

Îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ èìååò âèä

G(x, y) = C1(y) + C2(y)ex,

ãäå C1(y) è C2(y) � ïðîèçâîëüíûå ôóíêöèè. Ó÷èòûâàÿ ãðàíè÷íûå óñëîâèÿ ïîëó÷èì, ÷òî

G(x, y) =

{
A(y), x < y,
B(y)(ex−1 − 1), x > y,

ãäå A(y) è B(y) � íåèçâåñòíûå ôóíêöèè, êîòîðûå ïîäëåæàò îïðåäåëåíèþ.
Âû÷èñëèì òåïåðü êàê äåéñòâóåò îïåðàòîð L íà ôóíêöèþ G(x, y)

LxG(x, y) = −
(
e−x

({
A(y), x < y,
B(y)(ex−1 − 1), x > y,

})′
x

)′
x

=

= −
({

0, x < y,
B(y)e−1, x > y,

}
+ e−y[B(y)(ey−1 − 1)− A(y)]δ(x− y)

)′
x

=

= −B(y)e−1δ(x− y)− e−y[B(y)(ey−1 − 1)− A(y)]δ′x(x− y).

Ó÷èòûâàÿ, ÷òî äîëæíî áûòü âûïîëíåíî ðàâåíñòâî LxG(x, y) = δ(x− y), íàéäåì{
−B(y)e−1 = 1,

e−y[B(y)(ey−1 − 1)− A(y)] = 0
⇐⇒

{
A(y) = e− ey,
B(y) = −e.

Òàêèì îáðàçîì, ôóíêöèÿ Ãðèíà îïåðàòîðà (18.2) èìååò âèä

G(x, y) =

{
e− ey, x 6 y,
e− ex, x > y.

�

Îòâåò: G(x, y) =

{
e− ey, x 6 y,
e− ex, x > y.

Ïðèìåð 18.6. Âûÿñíèòü ñóùåñòâóåò ëè ôóíêöèÿ Ãðèíà îïåðàòîðà Øòóðìà-Ëèóâèëëÿ

Lu = −u′′, u′(0) + u(0) = u(1) = 0. (18.3)
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Ðåøåíèå. Îäíîðîäíàÿ çàäà÷à

−u′′ = 0, u′(0) + u(0) = u(1) = 0

èìååò íåòðèâèàëüíîå ðåøåíèå u(x) = x − 1. Ïîýòîìó èç òåîðåìû 18.3 ñëåäóåò, ÷òî ó îïåðàòî-
ðà (18.3) ôóíêöèè Ãðèíà íå ñóùåñòâóåò. �

Îòâåò: Ó îïåðàòîðà (18.3) ôóíêöèè Ãðèíà íå ñóùåñòâóåò.

Äîìàøíåå çàäàíèå:

Çàäà÷à 18.7. Íàéòè ôóíêöèþ Ãðèíà îïåðàòîðà Øòóðìà-Ëèóâèëëÿ

Lu = −u′′, u(0) = u′(2) = 0.

Îòâåò: G(x, y) =

{
x, x 6 y,
y, x > y.

Çàäà÷à 18.8. Íàéòè ôóíêöèþ Ãðèíà îïåðàòîðà Øòóðìà-Ëèóâèëëÿ

Lu = −u′′ − u, u(0) = u
(π

2

)
= 0.

Îòâåò: G(x, y) =

{
sin(x) cos(y), x 6 y,
cos(x) sin(y), x > y.

Çàäà÷à 18.9. Íàéòè ôóíêöèþ Ãðèíà îïåðàòîðà Øòóðìà-Ëèóâèëëÿ

Lu = −u′′ + u, u(0) = u(1) = 0.

Îòâåò: G(x, y) = − 1
sh 1

{
sh(x) sh(y − 1), x 6 y,
sh(x− 1) sh(y), x > y.
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19. Ôóíêöèÿ Ãðèíà îïåðàòîðà Øòóðìà-Ëèóâèëëÿ
(ñàìîñòîÿòåëüíî).

Ïðèìåð 19.1. Íàéòè ôóíêöèþ Ãðèíà îïåðàòîðà Øòóðìà-Ëèóâèëëÿ

Lu = −u′′ + 4u, u(0) = u(+∞) = 0. (19.1)

Ðåøåíèå. Èç îïðåäåëåíèÿ ôóíêöèè Ãðèíà ñëåäóåò, ÷òî ïðè x 6= y îíà äîëæíà óäîâëåòâîðÿòü
îäíîðîäíîìó óðàâíåíèþ

G′′xx(x, y)− 4G(x, y) = 0.

Îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ èìååò âèä

G(x, y) = C1(y)e2x + C2(y)e−2x,

ãäå C1(y) è C2(y) � ïðîèçâîëüíûå ôóíêöèè. Ó÷èòûâàÿ ãðàíè÷íûå óñëîâèÿ ïîëó÷èì, ÷òî

G(x, y) =

{
A(y)(e2x − e−2x), x < y,
B(y)e−2x, x > y,

ãäå A(y) è B(y) � íåèçâåñòíûå ôóíêöèè, êîòîðûå ïîäëåæàò îïðåäåëåíèþ.
Âû÷èñëèì òåïåðü êàê äåéñòâóåò îïåðàòîð L íà ôóíêöèþ G(x, y)

LxG(x, y) = −
({

A(y)(e2x − e−2x), x < y
B(y)e−2x, x > y

})′′
xx

=

= −
({

2A(y)(e2x + e−2x), x < y
−2B(y)e−2x, x > y

}
+ [B(y)e−2y − A(y)(e2y − e−2y)]δ(x− y)

)′
x

=

=
[
2B(y)e−2y + 2A(y)(e2y + e−2y)

]
δ(x− y)−

[
B(y)e−2y − A(y)(e2y − e−2y)

]
δ′x(x− y).

Ó÷èòûâàÿ, ÷òî äîëæíî áûòü âûïîëíåíî ðàâåíñòâî LxG(x, y) = δ(x− y), íàéäåì{
2B(y)e−2y + 2A(y)(e2y + e−2y) = 1

B(y)e−2y − A(y)(e2y − e−2y) = 0
⇐⇒

{
A(y) = 1

4
e−2y,

B(y) = 1
4

(e2y − e−2y).

Òàêèì îáðàçîì, ôóíêöèÿ Ãðèíà îïåðàòîðà (19.1) èìååò âèä

G(x, y) =
1

4

{
(e2x − e−2x)e−2y, x 6 y,
e−2x(e2y − e−2y), x > y.

�

Îòâåò: G(x, y) = 1
4

{
(e2x − e−2x)e−2y, x 6 y,
e−2x(e2y − e−2y), x > y.

Ïðèìåð 19.2. Íàéòè ôóíêöèþ Ãðèíà îïåðàòîðà Øòóðìà-Ëèóâèëëÿ

Lu = −(xu′)′, |u(0)| <∞, u(1) = 0. (19.2)

Ðåøåíèå. Èç îïðåäåëåíèÿ ôóíêöèè Ãðèíà ñëåäóåò, ÷òî ïðè x 6= y îíà äîëæíà óäîâëåòâîðÿòü
îäíîðîäíîìó óðàâíåíèþ

(xG′x)
′
x(x, y) = 0.

Îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ èìååò âèä

G(x, y) = C1(y) + C2(y) lnx,

ãäå C1(y) è C2(y) � ïðîèçâîëüíûå ôóíêöèè. Ó÷èòûâàÿ ãðàíè÷íûå óñëîâèÿ ïîëó÷èì, ÷òî

G(x, y) =

{
A(y), x < y,
B(y) lnx, x > y,
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ãäå A(y) è B(y) � íåèçâåñòíûå ôóíêöèè, êîòîðûå ïîäëåæàò îïðåäåëåíèþ.
Âû÷èñëèì òåïåðü êàê äåéñòâóåò îïåðàòîð L íà ôóíêöèþ G(x, y)

LxG(x, y) = −
(
x

({
A(y), x < y
B(y) lnx, x > y

})′
x

)′
x

=

= −
({

0, x < y
B(y), x > y

}
+ [B(y)y ln y − A(y)y]δ(x− y)

)′
x

=

= −B(y)δ(x− y)− [B(y)y ln y − A(y)y]δ′x(x− y).

Ó÷èòûâàÿ, ÷òî äîëæíî áûòü âûïîëíåíî ðàâåíñòâî LxG(x, y) = δ(x− y), íàéäåì{
−B(y) = 1,

B(y)y ln y − A(y)y = 0
⇐⇒

{
A(y) = − ln y,

B(y) = −1.

Òàêèì îáðàçîì, ôóíêöèÿ Ãðèíà îïåðàòîðà (19.2) èìååò âèä

G(x, y) = −
{

ln y, x 6 y,
lnx, x > y.

�

Îòâåò: G(x, y) =

{
ln y, x 6 y,
lnx, x > y.

Äîìàøíåå çàäàíèå:

Çàäà÷à 19.3. Íàéòè ôóíêöèþ Ãðèíà îïåðàòîðà Øòóðìà-Ëèóâèëëÿ

Lu = −u′′, u(0) = 0, |u(+∞)| <∞.

Îòâåò: G(x, y) =

{
x, x 6 y,
y, x > y.

Çàäà÷à 19.4. Íàéòè ôóíêöèþ Ãðèíà îïåðàòîðà Øòóðìà-Ëèóâèëëÿ

Lu = −(x2u′)′ + 2u, u(0) = 0, |u(+∞)| <∞.

Îòâåò: G(x, y) = 1
3

{
x, x 6 y,
x−2y3, x > y.

Çàäà÷à 19.5. Íàéòè ôóíêöèþ Ãðèíà îïåðàòîðà Øòóðìà-Ëèóâèëëÿ

Lu = −u′′ + u′, u(−∞) = 0, |u(+∞)| <∞.

Îòâåò: G(x, y) =

{
ex−y, x 6 y,
1, x > y.
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20. Ðåøåíèå íåîäíîðîäíîé çàäà÷è Øòóðìà-Ëèóâèëëÿ ñ
èñïîëüçîâàíèåì ôóíêöèè Ãðèíà.

Òåîðåìà 20.1. Ïóñòü G(x, y) � ôóíêöèÿ Ãðèíà îïåðàòîðà Øòóðìà-Ëèóâèëëÿ L è f(x) � àá-
ñîëþòíî èíòåãðèðóåìàÿ ôóíêöèÿ íà èíòåðâàëå (a, b). Òîãäà ðåøåíèå çàäà÷è

Lu(x) ≡ − (p(x)u′(x))
′
+ q(x)u(x) = f(x),

{
α1u(a) + β1u

′(a) = 0,
α2u(b) + β2u

′(b) = 0,

ñóùåñòâóåò, åäèíñòâåííî è ìîæåò áûòü íàéäåíî ïî ôîðìóëå

u(x) =

b∫
a

G(x, y)f(y) dy. (20.1)

Ïðèìåð 20.2. Ðåøèòü íåîäíîðîäíóþ çàäà÷ó Øòóðìà-Ëèóâèëëÿ, âû÷èñëèâ ïðåäâàðèòåëüíî
ôóíêöèþ Ãðèíà,

Lu = u′′ = 2, u(0) = u(1) = 0. (20.2)

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â äâà øàãà.
Øàã 1. Ôóíêöèÿ Ãðèíà îïåðàòîðà L óäîâëåòâîðÿåò ñëåäóþùåé çàäà÷å

G′′xx(x, y) = δ(x− y), G(0, y) = G(1, y) = 0.

Èñïîëüçóÿ ðåçóëüòàò ïðèìåðà 18.1, íàéäåì ôóíêöèþ Ãðèíà

G(x, y) =

{
x(y − 1), x 6 y,
(x− 1)y, x > y.

Øàã 2. Èñïîëüçóÿ ôîðìóëó (20.1), íàéäåì ðåøåíèå çàäà÷è (20.2)

u(x) = 2

1∫
0

G(x, y) dy = 2

x∫
0

(x− 1)y dy + 2

1∫
x

x(y − 1) dy = (x− 1)x2 − x(x− 1)2 = x2 − x. �

Îòâåò: u(x) = x2 − x.

Ïðèìåð 20.3. Ðåøèòü íåîäíîðîäíóþ çàäà÷ó Øòóðìà-Ëèóâèëëÿ, âû÷èñëèâ ïðåäâàðèòåëüíî
ôóíêöèþ Ãðèíà,

Lu = u′′ − u′ = ex, u(0) = u′(1) = 0. (20.3)

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â äâà øàãà.
Øàã 1. Ôóíêöèÿ Ãðèíà îïåðàòîðà L óäîâëåòâîðÿåò ñëåäóþùåé çàäà÷å

G′′xx(x, y)−G′x(x, y) = δ(x− y), G(0, y) = G′x(1, y) = 0.

Ôóíêöèÿ Ãðèíà G(x, y) ïðè x 6= y óäîâëåòâîðÿåò îäíîðîäíîìó óðàâíåíèþ

G′′xx(x, y)−G′x(x, y) = 0.

Îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ èìååò âèä

G(x, y) = C1(y) + C2(y)ex,

ãäå C1(y) è C2(y) � ïðîèçâîëüíûå ôóíêöèè. Ó÷èòûâàÿ ãðàíè÷íûå óñëîâèÿ ïîëó÷èì, ÷òî

G(x, y) =

{
A(y)(ex − 1), x < y,
B(y), x > y,

ãäå A(y) è B(y) � íåèçâåñòíûå ôóíêöèè, êîòîðûå ïîäëåæàò îïðåäåëåíèþ.
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Âû÷èñëèì òåïåðü êàê äåéñòâóåò îïåðàòîð L íà ôóíêöèþ G(x, y)

LxG(x, y) =

({
A(y)(ex − 1), x < y
B(y), x > y

})′′
xx

−
({

A(y)(ex − 1), x < y
B(y), x > y

})′
x

=

=

({
A(y)ex, x < y
0, x > y

}
+ [B(y)− A(y)(ey − 1)]δ(x− y)

)′
x

−

−
{
A(y)ex, x < y
0, x > y

}
− [B(y)− A(y)(ey − 1)]δ(x− y) =

= −A(y)eyδ(x− y) + [B(y)− A(y)(ey − 1)]δ′(x− y)− [B(y)− A(y)(ey − 1)]δ(x− y) =

= [−A(y)−B(y)]δ(x− y)− [B(y)− A(y)(ey − 1)]δ′x(x− y).

Ó÷èòûâàÿ, ÷òî äîëæíî áûòü âûïîëíåíî ðàâåíñòâî LxG(x, y) = δ(x− y), íàéäåì{
−A(y)−B(y) = 1,

B(y)− A(y)(ey − 1) = 0
⇐⇒

{
A(y) = −e−y,
B(y) = e−y − 1.

Òàêèì îáðàçîì, ôóíêöèÿ Ãðèíà îïåðàòîðà L èìååò âèä

G(x, y) =

{
(1− ex)e−y, x 6 y,

e−y − 1, x > y.

Øàã 2. Èñïîëüçóÿ ôîðìóëó (20.1), íàéäåì ðåøåíèå çàäà÷è (20.3)

u(x) =

1∫
0

G(x, y)ey dy =

x∫
0

(e−y − 1)ey dy +

1∫
x

(1− ex)e−yey dy =

= 1 + x− ex + (1− ex)(1− x) = xex − 2ex + 2. �

Îòâåò: u(x) = xex − 2ex + 2.

Ïðèìåð 20.4. Ðåøèòü íåîäíîðîäíóþ çàäà÷ó Øòóðìà-Ëèóâèëëÿ, âû÷èñëèâ ïðåäâàðèòåëüíî
ôóíêöèþ Ãðèíà,

Lu = −u′′ + 4u = e−x, u(0) = u(+∞) = 0. (20.4)

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â äâà øàãà.
Øàã 1. Ôóíêöèÿ Ãðèíà îïåðàòîðà L óäîâëåòâîðÿåò ñëåäóþùåé çàäà÷å

−G′′xx(x, y) + 4G(x, y) = δ(x− y), G(0, y) = G(∞, y) = 0.

Ôóíêöèÿ Ãðèíà G(x, y) íàéäåíà â ïðèìåðå 19.1

G(x, y) =
1

4

{
(e2x − e−2x)e−2y, x 6 y,

e−2x(e2y − e−2y), x > y.

Øàã 2. Èñïîëüçóÿ ôîðìóëó (20.1), íàéäåì ðåøåíèå çàäà÷è (20.4)

u(x) =

∞∫
0

G(x, y)e−y dy =
1

4

x∫
0

e−2x(e2y − e−2y)e−y dy +
1

4

∞∫
x

(e2x − e−2x)e−2ye−y dy =

=
1

4
e−2x

x∫
0

(ey − e−3y) dy +
1

4
(e2x − e−2x)

∞∫
x

e−3y dy =
1

3

(
e−x − e−2x

)
. �
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Îòâåò: u(x) = 1
3

(e−x − e−2x).

Äîìàøíåå çàäàíèå:

Çàäà÷à 20.5. Ðåøèòü íåîäíîðîäíóþ çàäà÷ó Øòóðìà-Ëèóâèëëÿ, âû÷èñëèâ ïðåäâàðèòåëüíî
ôóíêöèþ Ãðèíà,

u′′ = 6x, u′(0) = u(1) = 0.

Îòâåò: u(x) = x3 − 1.

Çàäà÷à 20.6. Ðåøèòü íåîäíîðîäíóþ çàäà÷ó Øòóðìà-Ëèóâèëëÿ, âû÷èñëèâ ïðåäâàðèòåëüíî
ôóíêöèþ Ãðèíà,

(exu′)′ = 1, u(0) = u′(1) = 0.

Îòâåò: u(x) = −xe−x.

Çàäà÷à 20.7. Ðåøèòü íåîäíîðîäíóþ çàäà÷ó Øòóðìà-Ëèóâèëëÿ, âû÷èñëèâ ïðåäâàðèòåëüíî
ôóíêöèþ Ãðèíà,

−(x3u′)′ = 4− 3x2, u(1) = u′(2) = 0.

Îòâåò: u(x) = 4
x

+ x− 5.

Çàäà÷à 20.8. Ðåøèòü íåîäíîðîäíóþ çàäà÷ó Øòóðìà-Ëèóâèëëÿ, âû÷èñëèâ ïðåäâàðèòåëüíî
ôóíêöèþ Ãðèíà,

(x2u′)′ = 2x, u(1) = u(2) = 0.

Îòâåò: u(x) = 2
x

+ x− 3.

Çàäà÷à 20.9. Ðåøèòü íåîäíîðîäíóþ çàäà÷ó Øòóðìà-Ëèóâèëëÿ, âû÷èñëèâ ïðåäâàðèòåëüíî
ôóíêöèþ Ãðèíà,

x2u′′ − 2u = 48x− 24, 2u(1)− u′(1) = u(2) + 2u′(2) = 0.

Îòâåò: u(x) = 7x2 − 24x+ 12.
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21. 7-àÿ êîíòðîëüíàÿ ðàáîòà (çàäà÷à: 7; 20 ìèíóò).

Âàðèàíò êîíòðîëüíîé ðàáîòû �7.

Çàäà÷à 7. Ðåøèòü íåîäíîðîäíóþ çàäà÷ó Øòóðìà-Ëèóâèëëÿ, âû÷èñëèâ ïðåäâàðèòåëüíî ôóíê-
öèþ Ãðèíà, (

1

1 + 2x
u′
)′

= 6, u(0) = u′(1) = 0.

Îòâåò: u(x) = 4x3 + 3x2 − 6x.
Âàðèàíò êîíòðîëüíîé ðàáîòû �7.

Çàäà÷à 7. Ðåøèòü íåîäíîðîäíóþ çàäà÷ó Øòóðìà-Ëèóâèëëÿ, âû÷èñëèâ ïðåäâàðèòåëüíî ôóíê-
öèþ Ãðèíà,

(xu′)
′
= f(x), u(1) = u′(2) = 0,

ãäå f � ãëàäêàÿ ôóíêöèÿ íà îòðåçêå [1, 2].

Îòâåò:
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22. Ïîñòðîåíèå ðåøåíèé ÎÄÓ â âèäå ðÿäîâ â îêðåñòíîñòè
ðåãóëÿðíûõ òî÷åê.

Ðàññìîòðèì íåëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå âèäà

−→
W ′(z) = F (z,

−→
W (z)),

−→
W =

W1
...
Wn

 .

Òåîðåìà 22.1. Ïóñòü F (z,W1, . . . ,Wn) � ðåãóëÿðíàÿ âåêòîðíî-çíà÷íàÿ ôóíêöèÿ â êðóãå
|z − z0| < ε0 ïî ïåðåìåííîé z è â êðóãàõ |Wp −W 0

p | < εp ïî ïåðåìåííûì Wp ïðè p = 1, . . . , n
äëÿ íåêîòîðûõ εk > 0 ïðè k = 0, . . . , n. Òîãäà ñóùåñòâóåò ε > 0 (ε 6 ε0) òàêîå, ÷òî ðåøåíèå
çàäà÷è Êîøè

−→
W ′(z) = F (z,

−→
W (z)),

−→
W (z)

∣∣∣
z=z0

=

W 0
1
...
W 0
n

 (22.1)

ñóùåñòâóåò, åäèíñòâåííî è ÿâëÿåòñÿ ðåãóëÿðíîé ôóíêöèåé â êðóãå |z − z0| < ε.

Ïðèìåð 22.2. Ðåøèòü çàäà÷ó Êîøè {
W ′ = W 2,
W (0) = w0 6= 0.

(22.2)

Ðåøåíèå. Óðàâíåíèå (22.2) èíòåãðèðóåòñÿ ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ. Ðåøåíèå ìîæíî
çàïèñàòü â âèäå

W (z) =
−1

z − w−1
0

. (22.3)

Îáðàòèì âíèìàíèå íà òî, ÷òî íàéäåííîå ðåøåíèå èìååò ïîëþñ â òî÷êå z = w−1
0 , â òî âðåìÿ

êàê ïðàâàÿ ÷àñòü â óðàâíåíèè (22.2) ðåãóëÿðíàÿ ôóíêöèÿ âî âñåé êîìïëåêñíîé ïëîñêîñòè. Â
ôîðìóëèðîâêå òåîðåìû (22.1) ýòî ñîîòâåòñòâóåò ε0 = +∞ è ε < w−1

0 .
Ýòîò ïðèìåð ïîêàçûâàåò, ÷òî ó ðåøåíèé íåëèíåéíûõ óðàâíåíèé âèäà (22.1) ìîãóò ïîÿâëÿòü-

ñÿ îñîáåííîñòè äàæå òàì, ãäå ôóíêöèÿ F ðåãóëÿðíà. Ïîýòîìó ïîñòîÿííàÿ ε â ôîðìóëèðîâêå
òåîðåìû 22.1, âîîáùå ãîâîðÿ, íå ìîæåò áûòü çàìåíåíà íà ε0. �

Îòâåò: W (z) = −(z − w−1
0 )−1.

Òåîðåìà 22.1 óòâåðæäàåò, ÷òî ðåøåíèå çàäà÷è (22.1) ðåãóëÿðíàÿ ôóíêöèÿ â íåêîòîðîì êðóãå
ñ öåíòðîì â òî÷êå z0. Îòñþäà ñëåäóåò, ÷òî åå ðåøåíèå ìîæåò áûòü ðàçëîæåíî â ðÿä Òåéëîðà â
îêðåñòíîñòè òî÷êè z0. Òàêèì îáðàçîì, òåîðåìà 22.1 ïîçâîëÿåò èñêàòü ðåøåíèå çàäà÷è (22.1) â
âèäå ðÿäà Òåéëîðà ñ öåíòðîì â òî÷êå z0. Ïðè ýòîì, îäíàêî, ìû çàðàíåå íè÷åãî íå ìîæåì ñêàçàòü
îá îáëàñòè ñõîäèìîñòè ïîëó÷åííîãî ðÿäà.

Ïðèìåð 22.3. Íàéòè ðåøåíèå çàäà÷è Êîøè{
W ′ = W 2,
W (0) = 1

(22.4)

â âèäå ðÿäà ñ òî÷íîñòüþ äî O(z3).

Ðåøåíèå. Èùåì ðåøåíèå â âèäå ðÿäà Òåéëîðà â îêðåñòíîñòè òî÷êè z0 = 0

W (z) =
∞∑
n=0

wnz
n = w0 + w1z + w2z

2 +O(z3). (22.5)
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Ïîäñòàâëÿÿ ðÿä (22.5) â óðàâíåíèå (22.4), ïîëó÷èì

w1 + 2w2z +O(z2) =
(
w0 + w1z + w2z

2 +O(z3)
)2

= w2
0 + 2w0w1z +O(z2). (22.6)

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè z0, z1, è ò. ä. â óðàâíåíèè (22.6), íàéäåì ðåêóððåíòíûå ñîîò-
íîøåíèÿ íà êîýôôèöèåíòû wn. Âîò ïåðâûå äâà èç íèõ

w1 = w2
0, 2w2 = 2w0w1. (22.7)

Èç íà÷àëüíîãî óñëîâèÿ W (0) = 1 ñëåäóåò, ÷òî

W (0) = w0 = 1.

Ïîäñòàâëÿÿ òåïåðü w0 = 1 â ðåêóððåíòíûå ñîîòíîøåíèÿ (22.7), íàéäåì

w1 = w2
0 = 1, w2 = w0w1 = 1.

Çàìåòèì, ÷òî íàéäåííûå ïåðâûå òðè ÷ëåíà ðÿäà ñîãëàñóþòñÿ ñ èçâåñòíûì òî÷íûì ðåøåíèåì,
ñì. ïðèìåð 22.2,

W (z) =
−1

z − 1
=

1

1− z
=
∞∑
n=0

zn. � (22.8)

Îòâåò: W (z) = 1 + z + z2 +O(z3).

Ïðèìåð 22.4. Íàéòè ðåøåíèå çàäà÷è Êîøè{
W ′ = W 2,
W (0) = 1

â âèäå ðÿäà.

Ðåøåíèå. Èùåì ðåøåíèå â âèäå ðÿäà Òåéëîðà

W (z) =
∞∑
n=0

wnz
n. (22.9)

Ïîäñòàâëÿÿ ðÿä (22.9) â óðàâíåíèå (22.4), ïîëó÷èì

∞∑
n=0

wnnz
n−1 =

(
∞∑
n=0

wnz
n

)2

,

∞∑
n=1

wnnz
n−1 =

(
∞∑
n=0

wnz
n

)(
∞∑
k=0

wkz
k

)
,

∞∑
p=0

wp+1(p+ 1)zp =
∞∑
n=0

∞∑
k=0

wnwkz
n+k. (22.10)

Ïðåîáðàçóåì âûðàæåíèå â ïðàâîé ÷àñòè (22.10). Äëÿ ýòîãî ñäåëàåì çàìåíó ïåðåìåííûõ k = p−n
∞∑
n=0

∞∑
k=0

wnwkz
n+k =

∞∑
n=0

∞∑
p=n

wnwp−nz
p =

è ïîìåíÿåì ìåñòàìè ñóììû ïî n è p

=
∞∑
p=0

p∑
n=0

wnwp−nz
p =

∞∑
p=0

zp
p∑

n=0

wnwp−n.
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Â èòîãå ïîëó÷àåì ñëåäóþùåå ðàâåíñòâî
∞∑
n=0

∞∑
k=0

wnwkz
n+k =

∞∑
p=0

zp
p∑

n=0

wnwp−n. (22.11)

Ïîäñòàâëÿÿ âûðàæåíèå (22.11) â óðàâíåíèå (22.10), ïîëó÷èì

∞∑
p=0

wp+1(p+ 1)zp =
∞∑
p=0

zp
p∑

n=0

wnwp−n. (22.12)

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè zp, p = 0, 1, . . . â óðàâíåíèè (22.12), íàéäåì ðåêóððåíòíûå
ñîîòíîøåíèÿ íà êîýôôèöèåíòû wp

wp+1(p+ 1) =

p∑
n=0

wnwp−n. (22.13)

Èç íà÷àëüíîãî óñëîâèÿ W (0) = 1 ñëåäóåò, ÷òî

W (0) = w0 = 1.

Ïîäñòàâëÿÿ òåïåðü w0 = 1 â ðåêóððåíòíûå ñîîòíîøåíèÿ (22.13), íàéäåì

w1 = w2
0 = 1, w2 = w0w1 = 1, . . . ,

wp+1 =
1

p+ 1

p∑
n=0

1 = 1, p = 2, 3, . . . . �

Îòâåò: W (z) =
∞∑
n=0

zn.

Ïðèìåð 22.5. Íàéòè ðåøåíèå çàäà÷è Êîøè{
W ′′ + (W ′)2 − sin(W ) = 3− z,
W (0) = π, W ′(0) = 1

(22.14)

â âèäå ðÿäà ñ òî÷íîñòüþ äî O(z4). Ïåðåïèñàòü óðàâíåíèå (22.14) â âèäå (22.1).

Ðåøåíèå. Ïåðåïèøåì óðàâíåíèå (22.14) âèäå

W ′′ = −(W ′)2 + sin(W ) + 3− z. (22.15)

Èùåì ðåøåíèå â âèäå ðÿäà Òåéëîðà â îêðåñòíîñòè òî÷êè z0 = 0

W (z) =
∞∑
n=0

wnz
n = w0 + w1z + w2z

2 + w3z
3 +O(z4). (22.16)

Ïîäñòàâëÿÿ ðÿä (22.16) â óðàâíåíèå (22.15), ïîëó÷èì

2w2 + 6w3z +O(z2) = −
(
w1 + 2w2z +O(z2)

)2
+ sin

(
w0 + w1z +O(z2)

)
+ 3− z =

= −w2
1 − 4w1w2z + sin(w0) + cos(w0)w1z + 3− z +O(z2) =

= 3− w2
1 + sin(w0) + (−4w1w2 + cos(w0)w1 − 1)z +O(z2).

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè z0, z1, . . . íàéäåì ðåêóððåíòíûå ñîîòíîøåíèÿ íà êîýôôèöè-
åíòû wn. Âîò ïåðâûå äâà èç íèõ

2w2 = 3− w2
1 + sin(w0), 6w3 = −4w1w2 + cos(w0)w1 − 1. (22.17)
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Ïîäñòàâëÿÿ ðÿä (22.16) â íà÷àëüíûå óñëîâèÿ (22.14), íàéäåì

W (0) = w0 = π,

W ′(0) = w1 = 1.

Ïîäñòàâëÿÿ òåïåðü w0 = 1 è w1 = 1 â ðåêóððåíòíûå ñîîòíîøåíèÿ (22.17), íàéäåì

w2 =
1

2
(3− w2

1 + sin(w0)) = 1,

w3 =
1

6
(−4w1w2 + cos(w0)w1 − 1) = −1.

Ïåðåïèøåì òåïåðü óðàâíåíèå (22.14) â âèäå (22.1). Äëÿ ýòîãî îïðåäåëèì âåêòîð-ôóíêöèþ
−→
W

ñëåäóþùèì ðàâåíñòâîì
−→
W =

(
W1

W2

)
=

(
W
W ′

)
,

ãäå W � ðåøåíèå óðàâíåíèÿ (22.14). Îòñþäà

−→
W ′(z) =

(
W ′

1(z)
W ′

2(z)

)
=

(
W ′(z)
W ′′(z)

)
=

(
W2(z)

−(W ′(z))2 + sin(W (z)) + 3− z

)
=

=

(
W2(z)

−(W2(z))2 + sin(W1(z)) + 3− z

)
,(

W1(0)
W2(0)

)
=

(
W (0)
W ′(0)

)
=

(
π
1

)
.

Òàêèì îáðàçîì, óðàâíåíèå (22.14) ìîæíî ïåðåïèñàòü â âèäå

−→
W ′(z) = F (z,

−→
W (z)),

−→
W (0) =

(
π
1

)
, F (z,

−→
W ) =

(
W2

−(W2)2 + sin(W1) + 3− z

)
. �

Îòâåò: W (z) = π + z + z2 − z3 +O(z4).

Ðàññìîòðèì òåïåðü ëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå âèäà

−→
W ′(z) = F (z)

−→
W +

−→
G(z),

−→
W =

W1
...
Wn

 , F =

F11 · · · F1n
...

. . .
...

Fn1 · · · Fnn

 ,
−→
G =

G1
...
Gn

 .

Òåîðåìà 22.6. Ïóñòü F (z) � ðåãóëÿðíàÿ ìàòðè÷íî-çíà÷íàÿ ôóíêöèÿ â îäíîñâÿçíîé îáëàñòè D

è
−→
G(z) � ðåãóëÿðíàÿ âåêòîðíî-çíà÷íàÿ ôóíêöèÿ â òîé æå îáëàñòè D. Òîãäà ðåøåíèå çàäà÷è

Êîøè

−→
W ′(z) = F (z)

−→
W (z) +

−→
G(z),

−→
W (z)

∣∣∣
z=z0

=

W 0
1
...
W 0
n

 (22.18)

ñóùåñòâóåò, åäèíñòâåííî è ÿâëÿåòñÿ ðåãóëÿðíîé ôóíêöèåé â îáëàñòè D.

Ïðèìåð 22.7. Íàéòè ðåøåíèå çàäà÷è Êîøè{
W ′ −W = 0,
W (0) = 1

(22.19)

â âèäå ðÿäà è óêàçàòü îáëàñòü åãî ñõîäèìîñòè.



62 À. À. Ïîæàðñêèé

Ðåøåíèå. Èùåì ðåøåíèå â âèäå ðÿäà Òåéëîðà

W (z) =
∞∑
n=0

wnz
n. (22.20)

Ñðàçó çàìåòèì, ÷òî êîýôôèöèåíòû óðàâíåíèÿ (22.19) ðåãóëÿðíû âî âñåé êîìïëåêñíîé ïëîñ-
êîñòè, ïîýòîìó èç òåîðåìû 22.6 ñëåäóåò, ÷òî ðåøåíèå â âèäå ðÿäà (22.20) ñóùåñòâóåò è ðÿä,
îòâå÷àþùèé ýòîìó ðåøåíèþ, ñõîäèòñÿ ïðè âñåõ z.
Ïîäñòàâëÿÿ ðÿä (22.20) â óðàâíåíèå (22.19), ïîëó÷èì

∞∑
n=0

wnnz
n−1 =

∞∑
n=0

wnz
n,

∞∑
p=0

wp+1(p+ 1)zp =
∞∑
p=0

wpz
p. (22.21)

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè zp, p = 0, 1, . . . â óðàâíåíèè (22.21), íàéäåì ðåêóððåíòíûå
ñîîòíîøåíèÿ íà êîýôôèöèåíòû wp

wp+1(p+ 1) = wp, p > 0.

Ïîëàãàÿ n = p+ 1, ïîëó÷èì

wn =
wn−1

n
, n > 1. (22.22)

Èç íà÷àëüíîãî óñëîâèÿ W (0) = 1 ñëåäóåò, ÷òî

W (0) = w0 = 1.

Â îáùåì ñëó÷àå ðåøèòü ðåêóððåíòíûå ñîîòíîøåíèÿ äîâîëüíî çàòðóäíèòåëüíî, îäíàêî â äàí-
íîì ïðèìåðå ýòî ñäåëàòü äîâîëüíî ïðîñòî. Ïîäñòàâëÿÿ w0 = 1 â ðåêóððåíòíûå ñîîòíîøå-
íèÿ (22.22), íàéäåì

wn =
wn−1

n
=

wn−2

n(n− 1)
= · · · = w0

n(n− 1) · · · 2 · 1
=
w0

n!
=

1

n!
.

Îòñþäà

W (z) =
∞∑
n=0

wnz
n =

∞∑
n=0

1

n!
zn = ez. �

Îòâåò: W (z) =
∞∑
n=0

wnz
n, w0 = 1, wn = wn−1

n
, n > 1, |z| <∞.

Ïðèìåð 22.8. Íàéòè ðåøåíèå çàäà÷è Êîøè{
W ′ − z2W = 1,
W (0) = 0

(22.23)

â âèäå ðÿäà è óêàçàòü îáëàñòü åãî ñõîäèìîñòè.

Ðåøåíèå. Èùåì ðåøåíèå â âèäå ðÿäà Òåéëîðà

W (z) =
∞∑
n=0

wnz
n. (22.24)
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Ïîäñòàâëÿÿ ðÿä (22.24) â óðàâíåíèå (22.23), ïîëó÷èì
∞∑
n=0

wnnz
n−1 −

∞∑
n=0

wnz
n+2 = 1,

∞∑
p=0

wp+1(p+ 1)zp = 1 +
∞∑
p=2

wp−2z
p. (22.25)

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè zp, p = 0, 1, . . . â óðàâíåíèè (22.25), íàéäåì ðåêóððåíòíûå
ñîîòíîøåíèÿ íà êîýôôèöèåíòû wp. Îòìåòèì, ÷òî ìû äîëæíû îòäåëüíî ðàññìîòðåòü òðè ñëó÷àÿ
p = 0, p = 1 è p > 2, ïîòîìó ÷òî ïåðâàÿ ñóììà â (22.25) íà÷èíàåòñÿ ñ p = 0, à âòîðàÿ ñ p = 2

z0 : w1 = 1,

z1 : 2w2 = 0, w2 = 0,

zp : wp+1(p+ 1) = wp−2, p > 2 =⇒ wn =
wn−3

n
, n > 3.

Èç íà÷àëüíîãî óñëîâèÿ W (0) = 1 ñëåäóåò, ÷òî

W (0) = w0 = 0.

Îòìåòèì, ÷òî â äàííîì ïðèìåðå ìîæíî ÿâíî âû÷èñëèòü âñå êîýôôèöèåíòû ðÿäà (22.24)

w3p = 0, p > 0, w3p+2 = 0, p > 0, w3p+1 =
w1

1 · 4 · · · (3p− 2)(3p+ 1)
, p > 0,

W (z) =
∞∑
n=0

wnz
n =

∞∑
p=0

1

1 · 4 · . . . · (3p− 2)(3p+ 1)
z3p+1.

Êîýôôèöèåíòû óðàâíåíèÿ (22.23) ðåãóëÿðíû âî âñåé êîìïëåêñíîé ïëîñêîñòè, ïîýòîìó ðÿä
(22.24) ñõîäèòñÿ ïðè âñåõ z. �

Îòâåò: W (z) =
∞∑
n=0

wnz
n, w0 = 0, w1 = 1, w2 = 0, wn = wn−3

n
, n > 3, |z| <∞.

Ïðèìåð 22.9. Íàéòè ðåøåíèå çàäà÷è Êîøè{
W ′′ − z2W ′ +W = 1,
W (0) = 1, W ′(0) = 6

(22.26)

â âèäå ðÿäà è óêàçàòü îáëàñòü åãî ñõîäèìîñòè.

Ðåøåíèå. Èùåì ðåøåíèå â âèäå ðÿäà Òåéëîðà

W (z) =
∞∑
n=0

wnz
n. (22.27)

Èç íà÷àëüíûõ óñëîâèé W (0) = 1 è W ′(0) = 6 íàõîäèì, ÷òî

W (0) = w0 = 1, W ′(0) = w1 = 6.

Âûïèøåì âûðàæåíèÿ äëÿ W ′ è W ′′

W ′(z) =
∞∑
n=0

wnnz
n−1 =

∞∑
p=0

wp+1(p+ 1)zp, (22.28)

W ′′(z) =
∞∑
p=0

wp+1(p+ 1)pzp−1 =
∞∑
p=0

wp+2(p+ 2)(p+ 1)zp. (22.29)
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Ïîäñòàâëÿÿ ðÿäû (22.27) � (22.29) â óðàâíåíèå (22.26), ïîëó÷èì
∞∑
p=0

(p+ 2)(p+ 1)wp+2z
p −

∞∑
p=0

(p+ 1)wp+1z
p+2 +

∞∑
p=0

wpz
p = 1,

∞∑
n=0

(n+ 2)(n+ 1)wn+2z
n −

∞∑
n=2

(n− 1)wn−1z
n +

∞∑
n=0

wnz
n = 1. (22.30)

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè zn, n > 0 â óðàâíåíèè (22.30), íàéäåì ðåêóððåíòíûå ñîîòíî-
øåíèÿ íà êîýôôèöèåíòû wn. Ïðè ýòîì ìû äîëæíû îòäåëüíî ðàññìîòðåòü òðè ñëó÷àÿ n = 0,
n = 1 è n > 2

z0 : 2w2 + w0 = 1, =⇒ w2 = 0,

z1 : 6w3 + w1 = 0, =⇒ w3 = −1,

zn : (n+ 2)(n+ 1)wn+2 − (n− 1)wn−1 + wn = 0, n > 2 =⇒ wp =
(p− 3)wp−3 − wp−2

p(p− 1)
, p > 4.

Êîýôôèöèåíòû óðàâíåíèÿ (22.26) ðåãóëÿðíû âî âñåé êîìïëåêñíîé ïëîñêîñòè, ïîýòîìó ðÿä
(22.27) ñõîäèòñÿ ïðè âñåõ z. �

Îòâåò: W (z) =
∞∑
n=0

wnz
n, w0 = 1, w1 = 6, w2 = 0, w3 = −1, wp = (p−3)wp−3−wp−2

p(p−1)
, p > 4, |z| <∞.

Äîìàøíåå çàäàíèå:

Çàäà÷à 22.10. Íàéòè ðåøåíèå çàäà÷è Êîøè{
W ′ = W 4 + 2z,
W (0) = 1

â âèäå ðÿäà ñ òî÷íîñòüþ äî O(z3).

Îòâåò: W (z) = 1 + z + 3z2 +O(z3).

Çàäà÷à 22.11. Íàéòè ðåøåíèå çàäà÷è Êîøè{
W ′ = eW + z,
W (0) = 0

â âèäå ðÿäà ñ òî÷íîñòüþ äî O(z4).

Îòâåò: W (z) = z + z2 + 1
2
z3 +O(z4).

Çàäà÷à 22.12. Íàéòè ðåøåíèå çàäà÷è Êîøè{
W ′ = cos(W )− 2,
W (0) = 0

â âèäå ðÿäà ñ òî÷íîñòüþ äî O(z4).

Îòâåò: W (z) = −z − 1
6
z3 +O(z4).

Çàäà÷à 22.13. Íàéòè ðåøåíèå çàäà÷è Êîøè{
W ′ =

√
2 cos(W ) + z2,

W (0) = π
4

â âèäå ðÿäà ñ òî÷íîñòüþ äî O(z4).
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Îòâåò: W (z) = π
4

+ z − 1
2
z2 + 1

3
z3 +O(z4).

Çàäà÷à 22.14. Íàéòè ðåøåíèå çàäà÷è Êîøè{
W ′ + zW = 1− z,
W (0) = 1

â âèäå ðÿäà è óêàçàòü îáëàñòü åãî ñõîäèìîñòè.

Îòâåò: W (z) =
∞∑
n=0

wnz
n, w0 = 1, w1 = 1, w2 = −1, wn = −wn−2

n
, n > 3, |z| <∞.

Çàäà÷à 22.15. Íàéòè ðåøåíèå çàäà÷è Êîøè{
W ′′ +W ′ − zW = z,
W (0) = 1, W ′(0) = −2

â âèäå ðÿäà è óêàçàòü îáëàñòü åãî ñõîäèìîñòè.

Îòâåò: W (z) =
∞∑
n=0

wnz
n, w0 = 1, w1 = −2, w2 = 1, w3 = 0, wn = wn−3−(n−1)wn−1

n(n−1)
, n > 4, |z| <∞.

Çàäà÷à 22.16. Íàéòè ðåøåíèå çàäà÷è Êîøè{
(1− z)W ′′ −W = 0,
W (0) = 1, W ′(0) = 0

â âèäå ðÿäà è óêàçàòü îáëàñòü åãî ñõîäèìîñòè.

Îòâåò: W (z) =
∞∑
n=0

wnz
n, w0 = 1, w1 = 0, wn = 1

n(n−1)

n−2∑
p=0

wp, n > 2, |z| < 1.
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23. 8-àÿ êîíòðîëüíàÿ ðàáîòà (çàäà÷à: 8; 20 ìèíóò).

Âàðèàíò êîíòðîëüíîé ðàáîòû �8.

Çàäà÷à 8. Íàéòè ðåøåíèå çàäà÷è Êîøè {
W ′ = ezW ,
W (0) = 0

â âèäå ðÿäà ñ òî÷íîñòüþ äî O(z4).

Îòâåò: W (z) = z + 1
3
z3 +O(z4).

Âàðèàíò êîíòðîëüíîé ðàáîòû �8.

Çàäà÷à 8. Íàéòè ðåøåíèå çàäà÷è Êîøè{
(1 + z)W ′ = 1,
W (0) = 1

â âèäå ðÿäà è óêàçàòü îáëàñòü åãî ñõîäèìîñòè.

Îòâåò:
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24. Ïðàâèëüíûå îñîáûå òî÷êè. Òåîðåìà Ôóêñà.

Ðàññìîòðèì ëèíåéíîå îäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî ïîðÿäêà

W ′′ + p(z)W ′ + q(z)W = 0, (24.1)

ãäå p è q � çàäàííûå ôóíêöèè, à W � íåèçâåñòíàÿ ôóíêöèÿ. Ìû áóäåì ïðåäïîëàãàòü, ÷òî
ôóíêöèè p è q ðåãóëÿðíû â ïðîêîëîòîé îêðåñòíîñòè íåêîòîðîé òî÷êè z0.

Îïðåäåëåíèå 24.1. Òî÷êà z0 6=∞ íàçûâàåòñÿ îñîáîé òî÷êîé óðàâíåíèÿ (24.1), åñëè õîòÿ áû
îäíà èç ôóíêöèé p èëè q èìååò â ýòîé òî÷êå ïîëþñ èëè ñóùåñòâåííóþ îñîáóþ òî÷êó.

Îïðåäåëåíèå 24.2. Òî÷êà z0 6= ∞ íàçûâàåòñÿ ïðàâèëüíîé îñîáîé òî÷êîé óðàâíåíèÿ (24.1),
åñëè äëÿ p ýòà òî÷êà � ïîëþñ íå âûøå ïåðâîãî ïîðÿäêà, à äëÿ q � ïîëþñ íå âûøå âòîðîãî
ïîðÿäêà, ò. å. p è q äîïóñêàþò ðàçëîæåíèÿ â îêðåñòíîñòè òî÷êè z0 â ðÿäû Ëîðàíà âèäà

p(z) =
p0

z − z0

+ ðåãóëÿðíûå ÷ëåíû, q(z) =
q0

(z − z0)2
+

q1

z − z0

+ ðåãóëÿðíûå ÷ëåíû.

Îïðåäåëåíèå 24.3. Îñîáàÿ òî÷êà z0 íàçûâàåòñÿ íåïðàâèëüíîé, åñëè îíà íå ÿâëÿåòñÿ ïðà-
âèëüíîé îñîáîé òî÷êîé.

Îïðåäåëåíèå 24.4. Ïóñòü ρ1 è ρ2 êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

ρ(ρ− 1) + p0ρ+ q0 = 0

òàêèå, ÷òî Re ρ1 > Re ρ2. ×èñëà ρ1 è ρ2 íàçûâàþò õàðàêòåðèñòè÷åñêèìè ïîêàçàòåëÿìè óðàâ-
íåíèÿ (24.1).

Òåîðåìà 24.5 (Ôóêñ). Ïóñòü ρ1 è ρ2 êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ. Òîãäà óòâåðæäå-
íèå (A) ýêâèâàëåíòíî îäíîìó èç óòâåðæäåíèé (B1) � (B3).

(A) Òî÷êà z0 � ïðàâèëüíàÿ îñîáàÿ òî÷êà óðàâíåíèÿ (24.1).
(B1) Ïóñòü ρ1 − ρ2 6∈ Z, òîãäà ñóùåñòâóåò äâà ðåøåíèÿ óðàâíåíèÿ (24.1) âèäà

W1(z) =
∞∑
n=0

cn(z − z0)n+ρ1 , W2(z) =
∞∑
n=0

dn(z − z0)n+ρ2

òàêèõ, ÷òî c0 6= 0 è d0 6= 0.
(B2) Ïóñòü ρ1 − ρ2 ∈ Z \ {0}, òîãäà ñóùåñòâóåò äâà ðåøåíèÿ óðàâíåíèÿ (24.1) âèäà

W1(z) =
∞∑
n=0

cn(z − z0)n+ρ1 , W2(z) =
∞∑
n=0

dn(z − z0)n+ρ2 + AW1(z) ln(z − z0) (24.2)

òàêèõ, ÷òî c0 6= 0 è d0 6= 0. Ïðè ýòîì ïîñòîÿííàÿ A ìîæåò îêàçàòüñÿ ðàâíîé íóëþ.
(B3) Ïóñòü ρ1 = ρ2, òîãäà ñóùåñòâóåò äâà ðåøåíèÿ óðàâíåíèÿ (24.1) âèäà (24.2) òàêèõ, ÷òî

c0 6= 0, d0 = 0 è A 6= 0.

Ïðè ýòîì ðÿäû, óêàçàííûå â (B1) � (B3), ñõîäÿòñÿ â ëþáîì êðóãå |z− z0| 6 R, íå ñîäåðæàùåì
äðóãèõ îñîáûõ òî÷åê óðàâíåíèÿ (24.1).

Òåîðåìà 24.5 ïîçâîëÿåò ñòðîèòü ðåøåíèÿ óðàâíåíèÿ (24.1) â îêðåñòíîñòè êîíå÷íûõ ïðàâèëü-
íûõ îñîáûõ òî÷åê. Äëÿ èññëåäîâàíèÿ ñëó÷àÿ z0 =∞ ïîëåçíà ñëåäóþùàÿ òåîðåìà1.

1Òåîðåìà 24.7 ñâîäèòñÿ ê òåîðåìå 24.5 ñ ïîìîùüþ çàìåíû ïåðåìåííûõ z = 1/t.
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Îïðåäåëåíèå 24.6. Òî÷êà z0 = ∞ íàçûâàåòñÿ ïðàâèëüíîé îñîáîé òî÷êîé óðàâíåíèÿ (24.1),
åñëè p è q äîïóñêàþò ðàçëîæåíèÿ â îêðåñòíîñòè òî÷êè z0 =∞ â ðÿäû Ëîðàíà âèäà

p(z) =
p0

z
+
∞∑
n=2

pn−1

zn
q(z) =

q0

z2
+
∞∑
n=3

qn−2

zn
.

Òåîðåìà 24.7 (Ôóêñ). Ïóñòü ρ1 è ρ2 êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

ρ(ρ− 1) + p0ρ+ q0 = 0, Re ρ1 6 Re ρ2.

Òîãäà óòâåðæäåíèå (A) ýêâèâàëåíòíî îäíîìó èç óòâåðæäåíèé (B1) � (B3).

(A) Òî÷êà z0 =∞ � ïðàâèëüíàÿ îñîáàÿ òî÷êà óðàâíåíèÿ (24.1).
(B1) Ïóñòü ρ1 − ρ2 6∈ Z, òîãäà ñóùåñòâóåò äâà ðåøåíèÿ óðàâíåíèÿ (24.1) âèäà

W1(z) =
∞∑
n=0

cnz
−n+ρ1 , W2(z) =

∞∑
n=0

dnz
−n+ρ2

òàêèõ, ÷òî c0 6= 0 è d0 6= 0.
(B2) Ïóñòü ρ1 − ρ2 ∈ Z \ {0}, òîãäà ñóùåñòâóåò äâà ðåøåíèÿ óðàâíåíèÿ (24.1) âèäà

W1(z) =
∞∑
n=0

cnz
−n+ρ1 , W2(z) =

∞∑
n=0

dnz
−n+ρ2 + AW1(z) ln z (24.3)

òàêèõ, ÷òî c0 6= 0 è d0 6= 0. Ïðè ýòîì ïîñòîÿííàÿ A ìîæåò îêàçàòüñÿ ðàâíîé íóëþ.
(B3) Ïóñòü ρ1 = ρ2, òîãäà ñóùåñòâóåò äâà ðåøåíèÿ óðàâíåíèÿ (24.1) âèäà (24.3) òàêèõ, ÷òî

c0 6= 0, d0 = 0 è A 6= 0.

Ïðè ýòîì ðÿäû, óêàçàííûå â (B1) � (B3), ñõîäÿòñÿ â ëþáîì êîëüöå |z| > R, íå ñîäåðæàùåì
äðóãèõ îñîáûõ òî÷åê óðàâíåíèÿ (24.1).

Ïðèìåð 24.8. Óêàçàòü îñîáûå òî÷êè, èõ òèï è õàðàêòåðèñòè÷åñêèå ïîêàçàòåëè óðàâíåíèÿ

z2(1− z)W ′′ + (1 + z)W ′ + zW = 0. (24.4)

Ðåøåíèå. Ïåðåïèøåì óðàâíåíèå (24.4) â âèäå

W ′′ +
1 + z

z2(1− z)
W ′ +

1

z(1− z)
W = 0. (24.5)

Óðàâíåíèå (24.5) èìååò òðè îñîáûå òî÷êè z = 0, 1 è ∞.
Ðàçëîæåíèÿ â ðÿäû Ëîðàíà ôóíêöèé p è q â îêðåñòíîñòè òî÷êè z = 0 èìåþò âèä

p(z) =
1 + z

z2(1− z)
=

1

z2
+ · · · , q(z) =

1

z(1− z)
=

1

z
+ · · · .

Òàêèì îáðàçîì, z = 0 � íåïðàâèëüíàÿ îñîáàÿ òî÷êà.
Ðàçëîæåíèÿ â ðÿäû Ëîðàíà ôóíêöèé p è q â îêðåñòíîñòè òî÷êè z = 1 èìåþò âèä

p(z) =
1 + z

z2(1− z)
=
−2

z − 1
+ · · · , q(z) =

1

z(1− z)
=
−1

z − 1
+ · · · .

Òàêèì îáðàçîì, z = 1 � ïðàâèëüíàÿ îñîáàÿ òî÷êà, ïðè÷åì p0 = −2, q0 = 0. Õàðàêòåðèñòè÷åñêîå
óðàâíåíèå ïðèíèìàåò âèä

ρ2 − 3ρ = 0.

Îòñþäà íàõîäèì, ÷òî ρ1 = 3, ρ2 = 0.
Ðàçëîæåíèÿ â ðÿäû Ëîðàíà ôóíêöèé p è q â îêðåñòíîñòè òî÷êè z =∞ èìåþò âèä

p(z) =
1 + z

z2(1− z)
=
−1

z2
+ · · · , q(z) =

1

z(1− z)
=
−1

z2
+ · · · .
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Òàêèì îáðàçîì, z =∞ � ïðàâèëüíàÿ îñîáàÿ òî÷êà, ïðè÷åì p0 = 0, q0 = −1. Õàðàêòåðèñòè÷åñêîå
óðàâíåíèå ïðèíèìàåò âèä

ρ2 − ρ− 1 = 0.

Îòñþäà íàõîäèì, ÷òî

ρ1 =
1−
√

5

2
, ρ2 =

1 +
√

5

2
. �

Îòâåò: z = 0 � íåïðàâèëüíàÿ îñîáàÿ òî÷êà; z = 1 � ïðàâèëüíàÿ îñîáàÿ òî÷êà, õàðàêòåðè-
ñòè÷åñêèå ïîêàçàòåëè ρ1 = 3, ρ2 = 0; z = ∞ � ïðàâèëüíàÿ îñîáàÿ òî÷êà, õàðàêòåðèñòè÷åñêèå

ïîêàçàòåëè ρ1 = 1−
√

5
2

, ρ2 = 1+
√

5
2

.

Ïðèìåð 24.9. Óêàçàòü îñîáûå òî÷êè, èõ òèï è õàðàêòåðèñòè÷åñêèå ïîêàçàòåëè äëÿ óðàâ-
íåíèÿ Áåññåëÿ

z2W ′′ + zW ′ + (z2 − ν2)W = 0, Re ν > 0. (24.6)

Ðåøåíèå. Ïåðåïèøåì óðàâíåíèå (24.6) â âèäå

W ′′ +
1

z
W ′ +

z2 − ν2

z2
W = 0. (24.7)

Óðàâíåíèå (24.7) èìååò äâå îñîáûå òî÷êè z = 0 è ∞.
Ðàçëîæåíèÿ â ðÿäû Ëîðàíà ôóíêöèé p è q â îêðåñòíîñòè òî÷êè z = 0 èìåþò âèä

p(z) =
1

z
, q(z) =

z2 − ν2

z2
=
−ν2

z2
+ 1.

Òàêèì îáðàçîì, z = 0 � ïðàâèëüíàÿ îñîáàÿ òî÷êà, ïðè÷åì p0 = 1, q0 = −ν2. Õàðàêòåðèñòè÷åñêîå
óðàâíåíèå ïðèíèìàåò âèä

ρ2 − ν2 = 0.

Îòñþäà íàõîäèì, ÷òî ρ1 = ν, ρ2 = −ν.
Ðàçëîæåíèÿ â ðÿäû Ëîðàíà ôóíêöèé p è q â îêðåñòíîñòè òî÷êè z =∞ èìåþò âèä

p(z) =
1

z
, q(z) =

z2 − ν2

z2
= 1− ν2

z2
.

Òàêèì îáðàçîì, z =∞ � íåïðàâèëüíàÿ îñîáàÿ òî÷êà. �

Îòâåò: z =∞ � íåïðàâèëüíàÿ îñîáàÿ òî÷êà; z = 0 � ïðàâèëüíàÿ îñîáàÿ òî÷êà, ρ1 = ν, ρ2 = −ν.

Äîìàøíåå çàäàíèå:

Çàäà÷à 24.10. Óêàçàòü îñîáûå òî÷êè, èõ òèï è õàðàêòåðèñòè÷åñêèå ïîêàçàòåëè óðàâíåíèÿ

z2(2− z)W ′′ + 2zW ′ − 2W = 0.

Îòâåò: z = 0 � ïðàâèëüíàÿ îñîáàÿ òî÷êà, ρ1 = 1, ρ2 = −1; z = 2 � ïðàâèëüíàÿ îñîáàÿ òî÷êà,
ρ1 = 2, ρ2 = 0; z =∞ � ïðàâèëüíàÿ îñîáàÿ òî÷êà, ρ1 = 0, ρ2 = 1.

Çàäà÷à 24.11. Óêàçàòü îñîáûå òî÷êè, èõ òèï è õàðàêòåðèñòè÷åñêèå ïîêàçàòåëè äëÿ ãèïåð-
ãåîìåòðè÷åñêîãî óðàâíåíèÿ

W ′′ +
1

z
W ′ +

1

z(1− z)
W = 0.

Îòâåò: z = 0 � ïðàâèëüíàÿ îñîáàÿ òî÷êà, ρ1 = ρ2 = 0; z = 1 � ïðàâèëüíàÿ îñîáàÿ òî÷êà, ρ1 = 1,
ρ2 = 0; z =∞ � ïðàâèëüíàÿ îñîáàÿ òî÷êà, ρ1 = −1, ρ2 = 1.
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Çàäà÷à 24.12. Óêàçàòü îñîáûå òî÷êè, èõ òèï è õàðàêòåðèñòè÷åñêèå ïîêàçàòåëè äëÿ óðàâ-
íåíèÿ Ëåæàíäðà

(1− z2)W ′′ − 2zW ′ + ν(ν + 1)W = 0.

Îòâåò: z = −1 è 1 � ïðàâèëüíûå îñîáûå òî÷êè, ρ1 = ρ2 = 0; z =∞ � ïðàâèëüíàÿ îñîáàÿ òî÷êà,
ρ1 = −ν, ρ2 = ν + 1.

Çàäà÷à 24.13. Óêàçàòü îñîáûå òî÷êè, èõ òèï è õàðàêòåðèñòè÷åñêèå ïîêàçàòåëè óðàâíåíèÿ

(z2 + 1)2W ′′ + 4(z + i)W ′ − 4W = 0.

Îòâåò: z = i � íåïðàâèëüíàÿ îñîáàÿ òî÷êà; z = −i � ïðàâèëüíàÿ îñîáàÿ òî÷êà, ρ1 = ρ2 = 1;
z =∞ � ïðàâèëüíàÿ îñîáàÿ òî÷êà, ρ1 = 0, ρ2 = 1.

Çàäà÷à 24.14. Óêàçàòü îñîáûå òî÷êè, èõ òèï è õàðàêòåðèñòè÷åñêèå ïîêàçàòåëè óðàâíåíèÿ

(z2 + 1)W ′′ + 2zW ′ + zW = 0.

Îòâåò: z = ±i � ïðàâèëüíûå îñîáûå òî÷êè, ρ1 = ρ2 = 0; z = ∞ � ïðàâèëüíàÿ îñîáàÿ òî÷êà,
ρ1 = −1, ρ2 = 0.

Çàäà÷à 24.15. Óêàçàòü îñîáûå òî÷êè, èõ òèï è õàðàêòåðèñòè÷åñêèå ïîêàçàòåëè óðàâíåíèÿ

(z2 − 1)W ′′ + zW ′ +W = 0.

Îòâåò: z = ±1 � ïðàâèëüíûå îñîáûå òî÷êè, ρ1 = 1
2
, ρ2 = 0; z =∞ � ïðàâèëüíàÿ îñîáàÿ òî÷êà,

ρ1 = i, ρ2 = −i.

Çàäà÷à 24.16. Óêàçàòü îñîáûå òî÷êè, èõ òèï è õàðàêòåðèñòè÷åñêèå ïîêàçàòåëè óðàâíåíèÿ

z2(z − 2)2W ′′ + 4(z − 2)W ′ + z2W = 0.

Îòâåò: z = 0 � íåïðàâèëüíàÿ îñîáàÿ òî÷êà; z = 2 � ïðàâèëüíàÿ îñîáàÿ òî÷êà, ρ1 = i, ρ2 = −i;
z =∞ � ïðàâèëüíàÿ îñîáàÿ òî÷êà, ρ1 = 1+i

√
3

2
, ρ2 = 1−i

√
3

2
.

Çàäà÷à 24.17. Óêàçàòü îñîáûå òî÷êè, èõ òèï è õàðàêòåðèñòè÷åñêèå ïîêàçàòåëè óðàâíåíèÿ

z(1− z)2W ′′ + (1 + z2)W ′ + (1− z)W = 0.

Îòâåò: z = 1 � íåïðàâèëüíàÿ îñîáàÿ òî÷êà; z = 0 � ïðàâèëüíàÿ îñîáàÿ òî÷êà, ρ1 = ρ2 = 0;
z =∞ � ïðàâèëüíàÿ îñîáàÿ òî÷êà, ρ1 = −1, ρ2 = 1.

Çàäà÷à 24.18. Ïóñòü óðàâíåíèå (24.1) èìååò äâà ðåøåíèÿ âèäà e2z è 1 + 2z. Óêàçàòü îñîáûå
òî÷êè, èõ òèï è õàðàêòåðèñòè÷åñêèå ïîêàçàòåëè óðàâíåíèÿ (24.1).

Îòâåò: z = 0 � ïðàâèëüíàÿ îñîáàÿ òî÷êà, ρ1 = 2, ρ2 = 0; z =∞ � íåïðàâèëüíàÿ îñîáàÿ òî÷êà.
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25. Ïîñòðîåíèå ðåøåíèé ËÄÓ â âèäå ðÿäîâ â îêðåñòíîñòè
ïðàâèëüíûõ îñîáûõ òî÷åê.

Ïðèìåð 25.1. Íàéòè ðåøåíèÿ óðàâíåíèÿ

2zW ′′ +W ′ +W = 0 (25.1)

â âèäå ðÿäîâ â îêðåñòíîñòè òî÷êè z0 = 0.

Ðåøåíèå. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä

ρ2 − 1

2
ρ = 0,

îòêóäà ρ1 = 1/2, ρ2 = 0. Òàê êàê ρ1 − ρ2 = 1/2 6∈ Z, òî èç òåîðåìû 24.5 ñëåäóåò, ÷òî ñóùåñòâóåò
äâà ðåøåíèÿ óðàâíåíèÿ (25.1) âèäà

W (z) =
∞∑
n=0

cnz
ρ+n. (25.2)

Âûïèøåì ðÿäû äëÿ W ′ è W ′′

W ′(z) =
∞∑
n=0

cn(ρ+ n)zρ+n−1, W ′′(z) =
∞∑
n=0

cn(ρ+ n)(ρ+ n− 1)zρ+n−2. (25.3)

Ïîäñòàâëÿÿ ðÿäû (25.2) è (25.3) â óðàâíåíèå (25.1), ïîëó÷èì

∞∑
n=0

2cn(ρ+ n)(ρ+ n− 1)zρ+n−1 +
∞∑
n=0

cn(ρ+ n)zρ+n−1 +
∞∑
n=0

cnz
ρ+n = 0. (25.4)

Óäîáíî ñäåëàòü çàìåíû ïåðåìåííûõ â ñóììàõ â ðàâåíñòâå (25.4) òàê, ÷òîáû âî âñåõ ñóììàõ
ôèãóðèðîâàëà îäíà è òà æå ñòåïåíü z. Äëÿ ýòîãî â ïîñëåäíåé ñóììå ñäåëàåì çàìåíó n = k − 1,
à â ïåðâîé è âòîðîé ñóììå íàïèøåì k âìåñòî n

∞∑
k=0

2ck(ρ+ k)(ρ+ k − 1)zρ+k−1 +
∞∑
k=0

ck(ρ+ k)zρ+k−1 +
∞∑
k=1

ck−1z
ρ+k−1 = 0,

∞∑
k=0

ck(ρ+ k)(2ρ+ 2k − 1)zρ+k−1 +
∞∑
k=1

ck−1z
ρ+k−1 = 0.

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ z, ïîëó÷èì

zρ−1 : c0ρ(2ρ− 1) = 0, (25.5)

zρ+k−1 (k > 1) : ck(ρ+ k)(2ρ+ 2k − 1) + ck−1 = 0. (25.6)

Çàìå÷àíèå 25.2. Óðàâíåíèå (25.5) ñ òî÷íîñòüþ äî óìíîæåíèÿ íà 2c0 ñîâïàäàåò ñ õàðàêòå-
ðèñòè÷åñêèì óðàâíåíèåì. Èç (25.5) âèäíî, ÷òî åñëè âûáðàòü ρ 6= ρ1,2, òî c0 = 0 è ìû ïîëó÷àåì
òðèâèàëüíîå ðåøåíèå W ≡ 0. Ïîýòîìó åäèíñòâåííàÿ âîçìîæíîñòü ïîëó÷èòü íåòðèâèàëüíîå
ðåøåíèå èñõîäíîãî óðàâíåíèÿ (25.1) âûáðàòü ρ = ρ1,2.

Âûáèðàåì ρ = ρ1 = 1/2 è c0 = 1. Èç (25.6) íàõîäèì ðåêóððåíòíóþ ôîðìóëó äëÿ ck

ck = − ck−1

(ρ1 + k)(2ρ1 + 2k − 1)
= − ck−1

(2k + 1)k
, k > 1. (25.7)
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Îáðàùàåì âíèìàíèå íà òî, ÷òî çíàìåíàòåëü íå îáðàùàåòñÿ â íîëü íè ïðè êàêèõ k > 1. Ýòî
ãàðàíòèðóåò ðàçðåøèìîñòü ðåêóððåíòíîé ôîðìóëû (25.7). Òàêèì îáðàçîì, ðåøåíèå W1, ñîîò-
âåòñòâóþùåå ρ1, çàäàåòñÿ ðàâåíñòâîì

W1(z) =
∞∑
n=0

cnz
1
2

+n, c0 = 1, ck = − ck−1

(2k + 1)k
, k > 1.

Âòîðîå ðåøåíèå ïîëó÷àåòñÿ äëÿ ρ = ρ2 = 0 è c0 = 1. Èç (25.6) íàõîäèì ðåêóððåíòíóþ ôîðìóëó
äëÿ ck

ck = − ck−1

(ρ2 + k)(2ρ2 + 2k − 1)
= − ck−1

k(2k − 1)
, k > 1.

Ñîîòâåòñòâóþùåå ðåøåíèå çàäàåòñÿ ðàâåíñòâîì

W2(z) =
∞∑
n=0

dnz
n, d0 = 1, dk = − dk−1

(2k − 1)k
, k > 1.

Çäåñü, ðàäè òîãî ÷òîáû íå ñìåøèâàòü îáîçíà÷åíèÿ, ìû çàìåíèëè ck íà dk. �

Îòâåò:

W1(z) =
∞∑
n=0

cnz
1
2

+n, c0 = 1, cn = − cn−1

(2n+ 1)n
, n > 1,

W2(z) =
∞∑
n=0

dnz
n, d0 = 1, dn = − dn−1

(2n− 1)n
, n > 1.

Çàìå÷àíèå 25.3. Îáùåå ðåøåíèå óðàâíåíèÿ (25.1) ìîæíî çàïèñàòü â âèäå

W (z) = C1W1(z) + C2W2(z),

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå.

Ïðèìåð 25.4. Íàéòè ðåøåíèÿ óðàâíåíèÿ

3zW ′′ + 2W ′ − zW = 0 (25.8)

â âèäå ðÿäîâ â îêðåñòíîñòè òî÷êè z0 = 0.

Ðåøåíèå. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä

ρ2 − 1

3
ρ = 0,

îòêóäà ρ1 = 1/3, ρ2 = 0. Òàê êàê ρ1 − ρ2 = 1/2 6∈ Z, òî èç òåîðåìû 24.5 ñëåäóåò, ÷òî ñóùåñòâóåò
äâà ðåøåíèÿ óðàâíåíèÿ (25.8) âèäà

W (z) =
∞∑
n=0

cnz
ρ+n. (25.9)

Âûïèøåì ðÿäû äëÿ W ′ è W ′′

W ′(z) =
∞∑
n=0

cn(ρ+ n)zρ+n−1, W ′′(z) =
∞∑
n=0

cn(ρ+ n)(ρ+ n− 1)zρ+n−2. (25.10)

Ïîäñòàâëÿÿ ðÿäû (25.9) è (25.10) â óðàâíåíèå (25.8), ïîëó÷èì
∞∑
n=0

3cn(ρ+ n)(ρ+ n− 1)zρ+n−1 +
∞∑
n=0

2cn(ρ+ n)zρ+n−1 −
∞∑
n=0

cnz
ρ+n+1 = 0,
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∞∑
k=0

3ck(ρ+ k)(ρ+ k − 1)zρ+k−1 +
∞∑
k=0

2ck(ρ+ k)zρ+k−1 −
∞∑
k=2

ck−2z
ρ+k−1 = 0,

∞∑
k=0

ck(ρ+ k)(3ρ+ 3k − 1)zρ+k−1 −
∞∑
k=2

ck−2z
ρ+k−1 = 0.

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ z, ïîëó÷èì

zρ−1 : c0ρ(3ρ− 1) = 0, (25.11)

zρ : c1(ρ+ 1)(3ρ+ 2) = 0, (25.12)

zρ+k−1 (k > 2) : ck(ρ+ k)(3ρ+ 3k − 1)− ck−2 = 0. (25.13)

Çàìå÷àíèå 25.5. Óðàâíåíèå (25.11) ñ òî÷íîñòüþ äî óìíîæåíèÿ íà 3c0 ñîâïàäàåò ñ õàðàêòå-
ðèñòè÷åñêèì óðàâíåíèåì.

Âûáèðàåì ρ = ρ1 = 1/3 è c0 = 1. Èç (25.12) ñëåäóåò, ÷òî c1 = 0. Èç (25.13) íàõîäèì ðåêóð-
ðåíòíóþ ôîðìóëó äëÿ ck

ck =
ck−2

(ρ1 + k)(3ρ1 + 3k − 1)
=

ck−2

(3k + 1)k
, k > 2. (25.14)

Çíàìåíàòåëü íå îáðàùàåòñÿ â íîëü ïðè k > 1. Ýòî ãàðàíòèðóåò ðàçðåøèìîñòü ðåêóððåíòíîé
ôîðìóëû (25.14). Ðåøåíèå W1, ñîîòâåòñòâóþùåå ρ1, çàäàåòñÿ ðàâåíñòâîì

W1(z) =
∞∑
n=0

cnz
1
3

+n, c0 = 1, c1 = 0, ck =
ck−2

(3k + 1)k
, k > 2.

Âòîðîå ðåøåíèå ïîëó÷àåòñÿ äëÿ ρ = ρ2 = 0 è c0 = 1. Èç (25.12) ñëåäóåò, ÷òî c1 = 0. Èç (25.13)
íàõîäèì ðåêóððåíòíóþ ôîðìóëó äëÿ ck

ck =
ck−2

(ρ2 + k)(3ρ2 + 3k − 1)
=

ck−2

k(3k − 1)
, k > 2.

Ñîîòâåòñòâóþùåå ðåøåíèå çàäàåòñÿ ðàâåíñòâîì

W2(z) =
∞∑
n=0

dnz
n, d0 = 1, d1 = 0, dk =

dk−2

k(3k − 1)
, k > 2.

Êàê îáû÷íî, ÷òîáû íå ñìåøèâàòü îáîçíà÷åíèÿ ìû çàìåíèëè çäåñü ck íà dk. �

Îòâåò:

W1(z) =
∞∑
n=0

cnz
1
3

+n, c0 = 1, c1 = 0, cn =
cn−2

(3n+ 1)n
, n > 2,

W2(z) =
∞∑
n=0

dnz
n, d0 = 1, d1 = 0, dn =

dn−2

n(3n− 1)
, n > 2.

Ïðèìåð 25.6. Íàéòè ðåøåíèÿ óðàâíåíèÿ

2z2(3 + 2z)W ′′ + z(9 + 2z)W ′ − 3W = 0 (25.15)

â âèäå ðÿäîâ â îêðåñòíîñòè òî÷êè z0 = 0. Âû÷èñëèòü êîýôôèöèåíòû ðÿäîâ ÿâíî.

Ðåøåíèå. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä

ρ2 +
1

2
ρ− 1

2
= 0,
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îòêóäà ρ1 = 1/2, ρ2 = −1. Òàê êàê ρ1−ρ2 = 3/2 6∈ Z, òî èç òåîðåìû 24.5 ñëåäóåò, ÷òî ñóùåñòâóåò
äâà ðåøåíèÿ óðàâíåíèÿ (25.15) âèäà

W (z) =
∞∑
n=0

cnz
ρ+n. (25.16)

Âûïèøåì ðÿäû äëÿ W ′ è W ′′

W ′(z) =
∞∑
n=0

cn(ρ+ n)zρ+n−1, W ′′(z) =
∞∑
n=0

cn(ρ+ n)(ρ+ n− 1)zρ+n−2. (25.17)

Ïîäñòàâëÿÿ ðÿäû (25.16) è (25.17) â óðàâíåíèå (25.15), ïîëó÷èì

(6z2 + 4z3)
∞∑
n=0

cn(ρ+ n)(ρ+ n− 1)zρ+n−2 + (9z + 2z2)
∞∑
n=0

cn(ρ+ n)zρ+n−1 − 3
∞∑
n=0

cnz
ρ+n = 0,

∞∑
n=0

6cn(ρ+ n)(ρ+ n− 1)zρ+n +
∞∑
n=0

4cn(ρ+ n)(ρ+ n− 1)zρ+n+1 +

+
∞∑
n=0

9cn(ρ+ n)zρ+n +
∞∑
n=0

2cn(ρ+ n)zρ+n+1 −
∞∑
n=0

3cnz
ρ+n = 0,

∞∑
k=0

6ck(ρ+ k)(ρ+ k − 1)zρ+k +
∞∑
k=1

4ck−1(ρ+ k − 1)(ρ+ k − 2)zρ+k +

+
∞∑
k=0

9ck(ρ+ k)zρ+k +
∞∑
k=1

2ck−1(ρ+ k − 1)zρ+k −
∞∑
k=0

3ckz
ρ+k = 0. (25.18)

Óäîáíî ââåñòè îáîçíà÷åíèÿ

F (n) = 6n(n− 1) + 9n− 3 = 3(2n2 + n− 1) = 6

(
n− 1

2

)
(n+ 1),

G(n) = 4(n− 1)(n− 2) + 2(n− 1) = 2(n− 1)(2n− 3).

Ðàâåíñòâî (25.18) ìîæíî ïåðåïèñàòü â âèäå
∞∑
k=0

ckF (ρ+ k)zρ+k +
∞∑
k=1

ck−1G(ρ+ k)zρ+k = 0.

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ z, ïîëó÷èì

zρ : c0F (ρ) = 3c0(2ρ2 + ρ− 1) = 0, (25.19)

zρ+k (k > 1) : ckF (ρ+ k) + ck−1G(ρ+ k) = 0. (25.20)

Óðàâíåíèå (25.19) ñ òî÷íîñòüþ äî óìíîæåíèÿ íà 6c0 ñîâïàäàåò ñ õàðàêòåðèñòè÷åñêèì óðàâ-
íåíèåì. Âûáèðàåì ρ = ρ1 = 1/2 è c0 = 1. Èç (25.20) íàõîäèì ðåêóððåíòíóþ ôîðìóëó äëÿ
ck

ck = −ck−1
G(ρ+ k)

F (ρ+ k)
= −ck−1

(2k + 2ρ1 − 2)(2k + 2ρ1 − 3)

3(2k + 2ρ1 − 1)(k + ρ1 + 1)
, k > 1.

ck = −ck−1
2(2k − 1)(k − 1)

3k(2k + 3)
, k > 1. (25.21)

Îáðàùàåì âíèìàíèå íà òî, ÷òî çíàìåíàòåëü â (25.21) íå îáðàùàåòñÿ â íîëü íè ïðè êàêèõ k >
1. Ýòî ãàðàíòèðóåò ðàçðåøèìîñòü ðåêóððåíòíîé ôîðìóëû (25.21). Âìåñòå ñ òåì, ÷èñëèòåëü â
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(25.21) ïðè k = 1 îáðàùàåòñÿ â íîëü. Ýòî îçíà÷àåò, ÷òî c1 = 0, à çíà÷èò è ck = 0 ïðè k > 2.
Òàêèì îáðàçîì, ðåøåíèå W1, ñîîòâåòñòâóþùåå ρ1, çàäàåòñÿ ðÿäîì, ñîñòîÿùèì èç îäíîãî ÷ëåíà

W1(z) =
√
z.

Âòîðîå ðåøåíèå ïîëó÷àåòñÿ äëÿ ρ = ρ2 = −1 è c0 = 1. Èç (25.20) íàõîäèì ðåêóððåíòíóþ
ôîðìóëó äëÿ ck

ck = −ck−1
(2k + 2ρ2 − 2)(2k + 2ρ2 − 3)

3(2k + 2ρ2 − 1)(k + ρ2 + 1)
= −ck−1

2(k − 2)(2k − 5)

3(2k − 3)k
, k > 1. (25.22)

Âèäèì, ÷òî çíàìåíàòåëü â (25.22) íå îáðàùàåòñÿ â íîëü ïðè k > 1. Âìåñòå ñ òåì, ÷èñëèòåëü â
(25.22) ïðè k = 2 îáðàùàåòñÿ â íîëü. Ýòî îçíà÷àåò, ÷òî c2 = 0, à çíà÷èò è ck = 0 ïðè k > 3.
Îñòàëîñü îïðåäåëèòü c1

c1 = −c0
2(k − 2)(2k − 5)

3(2k − 3)k

∣∣∣∣
k=1

= 2.

Ñîîòâåòñòâóþùåå ðåøåíèå çàäàåòñÿ êîíå÷íûì ðÿäîì

W2(z) =
1

z
+ 2. �

Îòâåò: W1(z) =
√
z, W2(z) = 1

z
+ 2.

Ïðèìåð 25.7. Íàéòè ðåøåíèÿ óðàâíåíèÿ

2(2z3 − 3z2 + 1)W ′′ + (2z2 + 5z − 7)W ′ − 3W = 0 (25.23)

â âèäå ðÿäîâ â îêðåñòíîñòè òî÷êè z0 = −1. Âû÷èñëèòü êîýôôèöèåíòû ðÿäîâ ÿâíî.

Ðåøåíèå. Ðàäè óïðîùåíèÿ âû÷èñëåíèé, óäîáíî ñâåñòè çàäà÷ó ê ïîñòðîåíèþ ðÿäîâ â îêðåñò-
íîñòè òî÷êè íîëü. Äëÿ ýòîãî â óðàâíåíèè (25.23) ñäåëàåì çàìåíó z = ζ + z0 = ζ − 1

2z3 − 3z2 + 1|z=ζ−1 = ζ2(3 + 2ζ), 2z2 + 5z − 7|z=ζ−1 = ζ(9 + 2ζ), ζ0 = z0 + 1 = 0, W ′
z = W ′

ζ ,

îòêóäà

2ζ2(3 + 2ζ)W ′′
ζζ + ζ(9 + 2ζ)W ′

ζ − 3W = 0. (25.24)

Çàìåòèì òåïåðü, ÷òî ñ òî÷íîñòüþ äî çàìåíû ζ íà z óðàâíåíèÿ (25.24) è (25.15) ñîâïàäàþò.
Èñïîëüçóÿ ðåøåíèå èç ïðèìåðà 25.6, ïîëó÷èì

W1 =
√
ζ, W2 =

1

ζ
+ 2.

Âîçâðàùàÿñü ê ïåðåìåííîé z, íàéäåì

W1(z) =
√
z + 1, W2(z) =

1

z + 1
+ 2. �

Îòâåò: W1(z) =
√
z + 1, W2(z) = 1

z+1
+ 2.

Äîìàøíåå çàäàíèå:

Çàäà÷à 25.8. Íàéòè ðåøåíèÿ óðàâíåíèÿ

9z2W ′′ + 9zW ′ − (1 + z + z2)W = 0

â âèäå ðÿäîâ â îêðåñòíîñòè òî÷êè z0 = 0.
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Îòâåò:

W1(z) =
∞∑
n=0

cnz
1
3

+n, c0 = 1, c1 =
1

15
, cn =

cn−1 + cn−2

(3n+ 1)2 − 1
, n > 2,

W2(z) =
∞∑
n=0

dnz
− 1

3
+n, d0 = 1, d1 =

1

3
, dn =

dn−1 + dn−2

(3n− 1)2 − 1
, n > 2.

Çàäà÷à 25.9. Íàéòè ðåøåíèÿ óðàâíåíèÿ

3z2(2 + z)W ′′ − 2z(1 + 2z)W ′ + 2(1 + z)W = 0

â âèäå ðÿäîâ â îêðåñòíîñòè òî÷êè z0 = 0. Âû÷èñëèòü êîýôôèöèåíòû ðÿäîâ ÿâíî.

Îòâåò: W1(z) = z + 1
5
z2, W2(z) = 3

√
z.

Çàäà÷à 25.10. Íàéòè ðåøåíèÿ óðàâíåíèÿ

2z2(1 + z)W ′′ − z(5 + 7z)W ′ + 3(2 + 3z)W = 0

â âèäå ðÿäîâ â îêðåñòíîñòè òî÷êè z0 = 0. Âû÷èñëèòü êîýôôèöèåíòû ðÿäîâ ÿâíî.

Îòâåò: W1(z) = z2 + 1
3
z3, W2(z) = z

3
2 .

Çàäà÷à 25.11. Íàéòè ðåøåíèÿ óðàâíåíèÿ

2z(1 + z2)W ′′ + (3− z2)W ′ − 2zW = 0

â âèäå ðÿäîâ â îêðåñòíîñòè òî÷êè z0 = 0. Âû÷èñëèòü êîýôôèöèåíòû ðÿäîâ ÿâíî.

Îòâåò: W1(z) = 1 + 1
5
z2, W2(z) = z−

1
2 .

Çàäà÷à 25.12. Íàéòè ðåøåíèÿ óðàâíåíèÿ

(24z + 2z3)W ′′ + (12− 3z2)W ′ − (6− 3z)W = 0

â âèäå ðÿäîâ â îêðåñòíîñòè òî÷êè z0 = 0. Âû÷èñëèòü êîýôôèöèåíòû ðÿäîâ ÿâíî.

Îòâåò: W1(z) = z
1
2 + 1

6
z

3
2 , W2(z) = 2 + z.

Çàäà÷à 25.13. Íàéòè ðåøåíèÿ óðàâíåíèÿ

(−2z2 + 10z4)W ′′ − (z + 15z3)W ′ + (1 + 5z + 10z2)W = 0

â âèäå ðÿäîâ â îêðåñòíîñòè òî÷êè z0 = 0. Âû÷èñëèòü êîýôôèöèåíòû ðÿäîâ ÿâíî.

Îòâåò: W1(z) = z + z2, W2(z) = z−
1
2 − 5z

1
2 .

Çàäà÷à 25.14. Ñêîëüêî ëèíåéíî íåçàâèñèìûõ ðåøåíèé âèäà
∞∑
n=0

cnz
n+ρ ñóùåñòâóåò ó óðàâíå-

íèÿ
zαW ′′′ + βzW ′ − βW = 0

ïðè ðàçëè÷íûõ ïàðàìåòðàõ α ∈ Z?

Îòâåò: Ïðè β = 0 ñóùåñòâóåò 3 ËÍÇ ðåøåíèÿ óêàçàííîãî âèäà; ïðè α > 4 è β 6= 0 íå ñóùåñòâóåò
íè îäíîãî ðåøåíèÿ óêàçàííîãî âèäà2; ïðè α = 2 è β 6= 1 � 3 ËÍÇ ðåøåíèÿ; ïðè α = 2 è β = 1 �
1 ËÍÇ ðåøåíèå; ïðè α = 1, 2 è β 6= 0 � 2 ËÍÇ ðåøåíèÿ; ïðè α 6 0 � 3 ËÍÇ ðåøåíèÿ.

2Áîëåå òî÷íî, ìîæíî ïîñòðîèòü îäíî ôîðìàëüíîå ðåøåíèå â âèäå ðÿäà, êîòîðûé áóäåò ðàñõîäèòüñÿ ïðè |z| > 0.
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26. Ïîñòðîåíèå ðåøåíèé ËÄÓ â âèäå ðÿäîâ â îêðåñòíîñòè
ïðàâèëüíûõ îñîáûõ òî÷åê. Ñëó÷àé ïîÿâëåíèÿ

ëîãàðèôìà.

Ïðèìåð 26.1. Íàéòè ðåøåíèÿ óðàâíåíèÿ

zW ′′ +W ′ − zW = 0 (26.1)

â âèäå ðÿäîâ â îêðåñòíîñòè òî÷êè z0 = 0.

Ðåøåíèå. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä

ρ2 = 0,

îòêóäà ρ1 = ρ2 = 0. Èç òåîðåìû 24.5 ñëåäóåò, ÷òî ñóùåñòâóåò òîëüêî îäíî ðåøåíèå óðàâíåíèÿ
(26.1) âèäà

W (z) =
∞∑
n=0

cnz
n, c0 = 1. (26.2)

Ïîäñòàâëÿÿ ðÿä (26.2) â óðàâíåíèå (26.1), ïîëó÷èì

∞∑
n=0

n(n− 1)cnz
n−1 +

∞∑
n=0

ncnz
n−1 −

∞∑
n=0

cnz
n+1 = 0,

∞∑
n=0

n2cnz
n−1 −

∞∑
n=2

cn−2z
n−1 = 0. (26.3)

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ z, ïîëó÷èì

z−1 : c0 · 0 = 0, c0 = 1,

z0 : c1 = 0,

zn−1 (n > 2) : n2cn − cn−2 = 0, cn =
cn−2

n2
. (26.4)

Ðåêóððåíòíîå ñîîòíîøåíèå ðàçðåøèìî, ïîñêîëüêó çíàìåíàòåëü â (26.4) íå îáðàùàåòñÿ â íîëü
ïðè n > 2. Òàêèì îáðàçîì, ïåðâîå ðåøåíèå èìååò âèä

W1(z) =
∞∑
n=0

cnz
n, c0 = 1, c1 = 0, cn =

cn−2

n2
, n > 2.

Âòîðîå ðåøåíèå óðàâíåíèÿ (26.1) íåîáõîäèìî èñêàòü â âèäå (ñì. òåîðåìó 24.5 íà ñòð. 67)

W (z) =
∞∑
n=0

dnz
n + AW1(z) ln z. (26.5)

Ïîäñòàâëÿÿ âûðàæåíèå (26.5) â óðàâíåíèå (26.1), ïîëó÷èì

∞∑
n=0

n2dnz
n−1 −

∞∑
n=2

dn−2z
n−1 = −2AW ′

1(z) = −2A
∞∑
n=0

ncnz
n−1. (26.6)

Îòìåòèì, ÷òî âûðàæåíèå â ëåâîé ÷àñòè ðàâåíñòâà (26.6) ìîæíî ïîëó÷èòü èç ëåâîé ÷àñòè ðà-
âåíñòâà (26.3), ïîäñòàâëÿÿ dk âìåñòî ck. Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ
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z â ðàâåíñòâå (26.6), ïîëó÷èì

z−1 : d0 · 0 = 0, d0 − ëþáîå, ïóñòü d0 = 0, (26.7)

z0 : d1 = −2Ac1 = 0, A− ëþáîå, ïóñòü A = 1, (26.8)

zn−1 (n > 2) : n2dn − dn−2 = −2Ancn, dn =
dn−2 − 2ncn

n2
.

Ïðîêîììåíòèðóåì ïîëó÷åííûå ðàâåíñòâà. Â (26.7) ìû ïîëó÷èëè ðàâåíñòâî 0 = 0, êîòîðîå
ñïðàâåäëèâî äëÿ ëþáûõ d0. Ýòî çíà÷èò, ÷òî ìû ìîæåì âûáèðàòü d0 ïðîèçâîëüíûì îáðàçîì.
Ïðè ýòîì, îäíàêî, ñëåäóåò èìåòü â âèäó, ÷òî ìû õîòèì íàéòè íåòðèâèàëüíîå ðåøåíèå èñõîä-
íîãî óðàâíåíèÿ. Â äàííîì ñëó÷àå âûáîð d0 = 0 íå ïðèâîäèò íàñ ê òðèâèàëüíîìó ðåøåíèþ. Íà
ïåðâûé âçãëÿä ìîæåò ïîêàçàòüñÿ ñòðàííûì, ÷òî ó íàñ ïîÿâëÿåòñÿ ïîäîáíûé ïðîèçâîë â âû-
áîðå ïîñòîÿííîé d0: ýòî ìîãëî áû ïðèâåñòè ê ñóùåñòâîâàíèþ òðåòüåãî ëèíåéíî íåçàâèñèìîãî
ðåøåíèÿ äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà, ÷òî, êàê èçâåñòíî, íåâîçìîæíî.
Ýòî êàæóùååñÿ ïðîòèâîðå÷èå ìîæíî îáúÿñíèòü ñëåäóþùèì îáðàçîì. Äîïóñòèì, ÷òî ìû óæå
ïîñòðîèëè ðåøåíèå W2 äëÿ d0 = 0. Ðàññìîòðèì íîâîå ðåøåíèå W3 = W2 + DW1. Íåñëîæíî
âèäåòü, ÷òî ðåøåíèå W3, òàêæå êàê è W2, èìååò âèä (26.5), ïðè÷åì d0 = D. Ýòî îçíà÷àåò, ÷òî
ïðîèçâîëüíûé âûáîð ïîñòîÿííîé d0 ñîîòâåòñòâóåò òîìó îáñòîÿòåëüñòâó, ÷òî ðåøåíèå W2 îïðå-
äåëÿåòñÿ ñ òî÷íîñòüþ äî ïðîèçâîëüíî ñëàãàåìîãî âèäà DW1 (îòìåòèì, ÷òî ýòî íå åäèíñòâåííûé
ïðîèçâîë ïðè âûáîðå W2, íî îá ýòîì ÷óòü íèæå).
Îòìåòèì ïîïóòíî, ÷òî åñëè êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ äëÿ óðàâíåíèÿ âèäà (24.1)

îáëàäàþò ñâîéñòâîì ρ1 − ρ2 6∈ Z (ò. å. ïîÿâëåíèå ëîãàðèôìà ó W2 èñêëþ÷åíî), òî ðåøåíèÿ
W1 è W2 îïðåäåëÿþòñÿ ëèøü ñ òî÷íîñòüþ äî óìíîæåíèÿ íà ïðîèçâîëüíóþ ïîñòîÿííóþ. Ýòî
ñîîòâåòñòâóåò ïðîèçâîëüíîìó âûáîðó ïîñòîÿííûõ c0 è d0. Ïðè ýòîì íèêàêîãî äðóãîãî ïðîèçâîëà
â âûáîðå W1 è W2 íåò.
Â (26.8) ïîÿâèëîñü ñîîòíîøåíèå d1 = −2Ac1. Èç ýòîãî ñîîòíîøåíèÿ ìû äîëæíû îïðåäåëèòü

ñðàçó äâå ïîñòîÿííûå d1 è A. Ýòî îçíà÷àåò, ÷òî ó íàñ îïÿòü ïîÿâëÿåòñÿ ïðîèçâîë â îïðåäåëåíèè
ðåøåíèÿ W2. Äàííûé ïðîèçâîë ñîîòâåòñòâóåò òîìó, ÷òî ðåøåíèå W2 îïðåäåëÿåòñÿ ñ òî÷íîñòüþ
äî óìíîæåíèÿ íà ïðîèçâîëüíóþ ïîñòîÿííóþ. Ïðè ýòîì, åñëè âûáèðàòü A = 0, òî ìû ïîëó÷èì
òðèâèàëüíîå ðåøåíèå èñõîäíîãî óðàâíåíèÿ. �

Îòâåò:

W1(z) =
∞∑
n=0

cnz
n, c0 = 1, c1 = 0, cn =

cn−2

n2
, n > 2,

W2(z) =
∞∑
n=0

dnz
n +W1(z) ln z, d0 = 0, d1 = 0, dn =

dn−2 − 2ncn
n2

, n > 2.

Ïðèìåð 26.2. Íàéòè ðåøåíèÿ óðàâíåíèÿ

z(1 + z)W ′′ + 3(1 + z)W ′ − zW = 0 (26.9)

â âèäå ðÿäîâ â îêðåñòíîñòè òî÷êè z0 = 0.

Ðåøåíèå. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä

ρ2 + 2ρ = 0,

îòêóäà ρ1 = 0, ρ2 = −2. Òàê êàê ρ1 − ρ2 = 2 ∈ Z, òî èç òåîðåìû 24.5 ñëåäóåò, ÷òî ñóùåñòâóåò
ðåøåíèå óðàâíåíèÿ (26.9) âèäà

W (z) =
∞∑
n=0

cnz
ρ+n (26.10)

ïðè ρ = ρ1 = 0.



ÌÅÒÎÄÈ×ÅÑÊÎÅ ÏÎÑÎÁÈÅ � 6 ÑÅÌÅÑÒÐ 79

Ïîäñòàâëÿÿ ðÿä (26.10) â óðàâíåíèå (26.9), ïîëó÷èì

∞∑
n=0

cn(ρ+ n)(ρ+ n− 1)zρ+n−1 +
∞∑
n=0

cn(ρ+ n)(ρ+ n− 1)zρ+n +

+
∞∑
n=0

3cn(ρ+ n)zρ+n−1 +
∞∑
n=0

3cn(ρ+ n)zρ+n −
∞∑
n=0

cnz
ρ+n+1 = 0,

∞∑
k=0

ck(ρ+ k)(ρ+ k − 1)zρ+k−1 +
∞∑
k=1

ck−1(ρ+ k − 1)(ρ+ k − 2)zρ+k−1 +

+
∞∑
k=0

3ck(ρ+ k)zρ+k−1 +
∞∑
k=1

3ck−1(ρ+ k − 1)zρ+k−1 −
∞∑
k=2

ck−2z
ρ+k−1 = 0,

∞∑
k=0

ck(ρ+ k)(ρ+ k + 2)zρ+k−1 +
∞∑
k=1

ck−1(ρ+ k− 1)(ρ+ k + 1)zρ+k−1 −
∞∑
k=2

ck−2z
ρ+k−1 = 0. (26.11)

Ïîëàãàÿ ρ = ρ1 = 0 è ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ z, ïîëó÷èì

z−1 : c0 · 0 = 0, c0 = 1,

z0 : 3c1 − c0 = 0, c1 =
c0

3
=

1

3
,

zk−1 (k > 2) : k(k + 2)ck + (k2 − 1)ck−1 − ck−2 = 0, ck =
ck−2 − (k2 − 1)ck−1

k(k + 2)
. (26.12)

Çíàìåíàòåëü â (26.12) íå îáðàùàåòñÿ â íîëü íè ïðè êàêèõ k > 2. Ýòî ãàðàíòèðóåò ðàçðåøèìîñòü
ðåêóððåíòíîé ôîðìóëû (26.12).
Òàêèì îáðàçîì, ðåøåíèå W1, ñîîòâåòñòâóþùåå ρ1 = 0, çàäàåòñÿ ðàâåíñòâîì

W1(z) =
∞∑
n=0

cnz
n, c0 = 1, c1 =

1

3
, ck =

ck−2 − (k2 − 1)ck−1

k(k + 2)
, k > 2.

Âòîðîå ðåøåíèå, ñîîòâåòñòâóþùåå ρ = ρ2 = −2, íåîáõîäèìî èñêàòü â âèäå (ñì. òåîðåìó 24.5
íà ñòð. 67)

W (z) =
∞∑
n=0

dnz
n−2 + AW1(z) ln z. (26.13)

Ïîäñòàâëÿÿ âûðàæåíèå (26.13) â óðàâíåíèå (26.9), ïîëó÷èì

∞∑
n=0

dn(n− 2)nzn−3 +
∞∑
n=1

dn−1(n− 3)(n− 1)zn−3 −
∞∑
n=2

dn−2z
n−3 =

= −2A

(
(z + 1)W ′

1(z) +W1(z) +
1

z
W1(z)

)
. (26.14)

Îòìåòèì, ÷òî âûðàæåíèå â ëåâîé ÷àñòè ðàâåíñòâà (26.14) ìîæíî ïîëó÷èòü èç ëåâîé ÷àñòè ðà-
âåíñòâà (26.11), ïîäñòàâëÿÿ ρ2 âìåñòî ρ è dk âìåñòî ck.
Ïðåîáðàçóåì ïðàâóþ ÷àñòü ðàâåíñòâà (26.14)

(z + 1)W ′
1(z) +W1(z) +

1

z
W1(z) =

∞∑
n=−1

cn+1z
n +

∞∑
n=0

(cn + cn+1(n+ 1))zn +
∞∑
n=1

cnnz
n. (26.15)
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Ïîäñòàâèì (26.15) â (26.14) è ñäåëàåì ïîäñòàíîâêó k = n + 3 â ñóììàõ â ëåâîé ÷àñòè ðàâåí-
ñòâà (26.14)

∞∑
n=−3

dn+3(n+ 1)(n+ 3)zn +
∞∑

n=−2

dn+2n(n+ 2)zn −
∞∑

n=−1

dn+1z
n =

= −2A

(
∞∑

n=−1

cn+1z
n +

∞∑
n=0

(cn + cn+1(n+ 1))zn +
∞∑
n=1

cnnz
n

)
.

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ z, ïîëó÷èì

z−3 : d0 · 0 = 0, d0 = 1,

z−2 : −d1 + d0 · 0 = 0, d1 = 0,

z−1 : d2 · 0− d1 − d0 = −2Ac0, A =
d0 + d1

2c0

=
1

2
, d2 − ëþáîå, ïóñòü d2 = 0,

z0 : 3d3 + d2 · 0− d1 = −2A(c1 + c0 + c1), d3 =
d1 − 2A(c0 + 2c1)

3
= −5

9
,

zn (n > 1) : dn+3(n+ 1)(n+ 3) + dn+2n(n+ 2)− dn+1 = − (cn(n+ 1) + cn+1(n+ 2)) ,

dn+3 =
dn+1 − dn+2n(n+ 2)− cn(n+ 1)− cn+1(n+ 2)

(n+ 1)(n+ 3)
. �

Îòâåò:

W1(z) =
∞∑
n=0

cnz
n, c0 = 1, c1 =

1

3
, cn =

cn−2 − (n2 − 1)cn−1

n(n+ 2)
, k > 2,

W2(z) =
∞∑
n=0

dnz
n−2 +

1

2
W1(z) ln z, d0 = 1, d1 = 0, d2 = 0, d3 = −5

9
,

dn+3 =
dn+1 − dn+2n(n+ 2)− cn(n+ 1)− cn+1(n+ 2)

(n+ 1)(n+ 3)
, n > 1.

Ïðèìåð 26.3. Íàéòè ðåøåíèÿ óðàâíåíèÿ

z(1 + z2)W ′′ + (1− z2)W ′ = 0 (26.16)

â âèäå ðÿäîâ â îêðåñòíîñòè òî÷êè z0 = 0. Âû÷èñëèòü êîýôôèöèåíòû ðÿäîâ ÿâíî.

Ðåøåíèå. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä

ρ2 = 0,

îòêóäà ρ1 = ρ2 = 0. Ñóùåñòâóåò òîëüêî îäíî ðåøåíèå óðàâíåíèÿ (26.16) âèäà

W (z) =
∞∑
n=0

cnz
n. (26.17)
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Ïîäñòàâëÿÿ ðÿä (26.17) â óðàâíåíèå (26.16), ïîëó÷èì

∞∑
n=0

n(n− 1)cnz
n−1 +

∞∑
n=0

n(n− 1)cnz
n+1 +

∞∑
n=0

ncnz
n−1 −

∞∑
n=0

ncnz
n+1 = 0,

∞∑
n=0

n2cnz
n−1 −

∞∑
n=0

n(n− 2)cnz
n+1 = 0,

∞∑
k=0

k2ckz
k−1 −

∞∑
k=2

(k − 2)(k − 4)ck−2z
k−1 = 0. (26.18)

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ z â óðàâíåíèè (26.18), ïîëó÷èì

z−1 : c0 · 0 = 0, c0 = 1,

z0 : c1 = 0,

zk−1 (k > 2) : k2ck − (k − 2)(k − 4)ck−2 = 0, ck =
(k − 2)(k − 4)ck−2

k2
. (26.19)

Çàìåòèì, ÷òî ðåêóððåíòíîå ñîîòíîøåíèå (26.19) ìîæíî ðåøèòü ÿâíî, à èìåííî ck = 0 ïðè k > 2.
Òàêèì îáðàçîì, ïåðâîå ðåøåíèå èìååò âèä

W1(z) = 1.

Âòîðîå ðåøåíèå óðàâíåíèÿ (26.16) íåîáõîäèìî èñêàòü â âèäå

W (z) =
∞∑
n=0

dnz
n + A ln z. (26.20)

Ïîäñòàâëÿÿ âûðàæåíèå (26.20) â óðàâíåíèå (26.16), ïîëó÷èì

∞∑
n=0

n2dnz
n−1 −

∞∑
n=2

(n− 2)(n− 4)dn−2z
n−1 = 2Az. (26.21)

Âûðàæåíèå â ëåâîé ÷àñòè ðàâåíñòâà (26.21) ìîæíî ïîëó÷èòü èç ëåâîé ÷àñòè ðàâåíñòâà (26.18),
ïîäñòàâëÿÿ dk âìåñòî ck. Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ z â ðàâåíñòâå
(26.21), ïîëó÷èì

z−1 : d0 · 0 = 0, d0 − ëþáîå, ïóñòü d0 = 0,

z0 : d1 = 0,

z1 : 4d2 = 2A, A− ëþáîå, ïóñòü A = 1, òîãäà d2 =
1

2
,

zn−1 (n > 3) : n2dn − (n− 2)(n− 4)dn−2 = 0, dn =
(n− 2)(n− 4)dn−2

n2
.

Íåñëîæíî âèäåòü, ÷òî dn = 0 ïðè n > 3. �

Îòâåò: W1(z) = 1, W2(z) = 1
2
z2 + ln z.

Ïðèìåð 26.4. Íàéòè ðåøåíèÿ óðàâíåíèÿ

z(1− z2)W ′′ + 2W ′ = 0 (26.22)

â âèäå ðÿäîâ â îêðåñòíîñòè òî÷êè z0 = 0. Âû÷èñëèòü êîýôôèöèåíòû ðÿäîâ ÿâíî.
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Ðåøåíèå. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä

ρ(ρ+ 1) = 0,

îòêóäà ρ1 = 0, ρ2 = −1. Ñóùåñòâóåò ðåøåíèå óðàâíåíèÿ (26.22) âèäà

W (z) =
∞∑
n=0

cnz
n. (26.23)

Ïîäñòàâëÿÿ ðÿä (26.23) â óðàâíåíèå (26.22), ïîëó÷èì

∞∑
n=0

n(n− 1)cnz
n−1 −

∞∑
n=0

n(n− 1)cnz
n+1 + 2

∞∑
n=0

ncnz
n−1 = 0,

∞∑
n=0

n(n+ 1)cnz
n−1 −

∞∑
n=0

n(n− 1)cnz
n+1 = 0,

∞∑
k=0

k(k + 1)ckz
k−1 −

∞∑
k=2

(k − 2)(k − 3)ck−2z
k−1 = 0. (26.24)

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ z â óðàâíåíèè (26.24), ïîëó÷èì

z−1 : c0 · 0 = 0, c0 = 1,

z0 : 2c1 = 0, c1 = 0,

zk−1 (k > 2) : k(k + 1)ck − (k − 2)(k − 3)ck−2 = 0, ck =
(k − 2)(k − 3)ck−2

k(k + 1)
. (26.25)

Ðåêóððåíòíîå ñîîòíîøåíèå (26.25) ðåøàåòñÿ ÿâíî, à èìåííî ck = 0 ïðè k > 2. Òàêèì îáðàçîì,
ïåðâîå ðåøåíèå èìååò âèä

W1(z) = 1.

Âòîðîå ðåøåíèå óðàâíåíèÿ (26.22) íåîáõîäèìî èñêàòü â âèäå

W (z) =
∞∑
n=0

dnz
n−1 + A ln z. (26.26)

Ïîäñòàâëÿÿ âûðàæåíèå (26.26) â óðàâíåíèå (26.22), ïîëó÷èì

∞∑
n=0

(n− 1)ndnz
n−2 −

∞∑
n=2

(n− 3)(n− 4)dn−2z
n−2 = −A

(
1

z
+ z

)
. (26.27)

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ z â ðàâåíñòâå (26.27), ïîëó÷èì

z−2 : d0 · 0 = 0, d0 = 1,

z−1 : d1 · 0 = −A, A = 0, d1 − ëþáîå, ïóñòü d1 = 0,

zn−2 (n > 2) : (n− 1)ndn − (n− 3)(n− 4)dn−2 = 0, dn =
(n− 3)(n− 4)dn−2

n(n− 1)
.

Îòñþäà íàõîäèì, ÷òî d2 = d0 = 1 è dn = 0 ïðè n > 3. �

Îòâåò: W1(z) = 1, W2(z) = 1
z

+ z.
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Äîìàøíåå çàäàíèå:

Çàäà÷à 26.5. Íàéòè ðåøåíèÿ óðàâíåíèÿ

z(1 + z)W ′′ +W ′ = 0

â âèäå ðÿäîâ â îêðåñòíîñòè òî÷êè z0 = 0. Âû÷èñëèòü êîýôôèöèåíòû ðÿäîâ ÿâíî.

Îòâåò: W1(z) = 1, W2(z) = z + ln z.

Çàäà÷à 26.6. Íàéòè ðåøåíèÿ óðàâíåíèÿ

z(1 + z2)W ′′ + (1− z2)W ′ = 0

â âèäå ðÿäîâ â îêðåñòíîñòè òî÷êè z0 = 0. Âû÷èñëèòü êîýôôèöèåíòû ðÿäîâ ÿâíî.

Îòâåò: W1(z) = 1, W2(z) = z2 + 2 ln z.

Çàäà÷à 26.7. Íàéòè ðåøåíèÿ óðàâíåíèÿ

z2W ′′ − 3zW ′ + 4W = 0

â âèäå ðÿäîâ â îêðåñòíîñòè òî÷êè z0 = 0. Âû÷èñëèòü êîýôôèöèåíòû ðÿäîâ ÿâíî.

Îòâåò: W1(z) = z2, W2(z) = z2 ln z.

Çàäà÷à 26.8. Íàéòè ðåøåíèÿ óðàâíåíèÿ

z(1− z)W ′′ + zW ′ −W = 0

â âèäå ðÿäîâ â îêðåñòíîñòè òî÷êè z0 = 0. Âû÷èñëèòü êîýôôèöèåíòû ðÿäîâ ÿâíî.

Îòâåò: W1(z) = z, W2(z) = 1 + z ln z.

Çàäà÷à 26.9. Íàéòè ðåøåíèÿ óðàâíåíèÿ

z2(1 + z)W ′′ + z(3 + 2z)W ′ +W = 0

â âèäå ðÿäîâ â îêðåñòíîñòè òî÷êè z0 = 0. Âû÷èñëèòü êîýôôèöèåíòû ðÿäîâ ÿâíî.

Îòâåò: W1(z) = z−1, W2(z) = 1 + z−1 ln z.

Çàäà÷à 26.10. Íàéòè ðåøåíèÿ óðàâíåíèÿ

z(1 + z2)W ′′ + (1− z2)W ′ − (1− z)W = 0

â âèäå ðÿäîâ â îêðåñòíîñòè òî÷êè z0 = 0. Âû÷èñëèòü êîýôôèöèåíòû ðÿäîâ ÿâíî.

Îòâåò: W1(z) = 1 + z, W2(z) = −2z + (1 + z) ln z.

Çàäà÷à 26.11. Íàéòè ðåøåíèÿ óðàâíåíèÿ

z2(1 + z)W ′′ − z(1 + 2z)W ′ + (1 + 2z)W = 0

â âèäå ðÿäîâ â îêðåñòíîñòè òî÷êè z0 = 0. Âû÷èñëèòü êîýôôèöèåíòû ðÿäîâ ÿâíî.

Îòâåò: W1(z) = z, W2(z) = z2 + z ln z.

Çàäà÷à 26.12. Íàéòè ðåøåíèÿ óðàâíåíèÿ

(z + z3)W ′′ + (1− z2)W ′ − (1− z)W = 0

â âèäå ðÿäîâ â îêðåñòíîñòè òî÷êè z0 = 0. Âû÷èñëèòü êîýôôèöèåíòû ðÿäîâ ÿâíî.

Îòâåò: W1(z) = 1 + z, W2(z) = 2 + (1 + z) ln z.
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27. 9-àÿ êîíòðîëüíàÿ ðàáîòà (çàäà÷à: 9; 30 ìèíóò).

Âàðèàíò êîíòðîëüíîé ðàáîòû �9.

Çàäà÷à 9. Íàéòè ðåøåíèÿ óðàâíåíèÿ â âèäå ðÿäîâ â îêðåñòíîñòè òî÷êè z0 = 0

3z(1 + 2z)W ′′ + 2(1− z)W ′ + 2W = 0.

Âû÷èñëèòü êîýôôèöèåíòû ðÿäîâ ÿâíî.

Îòâåò: W1(z) = z
1
3 , W2(z) = 1− z.

Âàðèàíò êîíòðîëüíîé ðàáîòû �9.

Çàäà÷à 9. Íàéòè ðåøåíèÿ óðàâíåíèÿ â âèäå ðÿäîâ â îêðåñòíîñòè òî÷êè z0 = 0

(z3 + z2)W ′′ + (3z + 2z2)W ′ +W = 0.

Âû÷èñëèòü êîýôôèöèåíòû ðÿäîâ ÿâíî.

Îòâåò: W1(z) = z−1,W2(z) = 1 + z−1 ln z.
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28. Ìåòîä Ëàïëàñà äëÿ ðåøåíèÿ ëèíåéíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ëèíåéíûìè

êîýôôèöèåíòàìè.

Ðàññìîòðèì ëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå ñ ëèíåéíûìè êîýôôèöèåíòàìè

(an + bnz)W (n) + (an−1 + bn−1z)W (n−1) + · · ·+ (a1 + b1z)W ′ + (a0 + b0z)W = 0. (28.1)

Çäåñü ak è bk � èçâåñòíûå ïîñòîÿííûå, W � íåèçâåñòíàÿ ôóíêöèÿ. Ìû áóäåì ïðåäïîëàãàòü, ÷òî

n∑
k=1

|ak| 6= 0,
n∑
k=1

|bk| 6= 0,
n−1∑
k=1

(|ak|+ |bk|) 6= 0, |an|+ |bn| 6= 0. (28.2)

Óñëîâèå (28.2) ãàðàíòèðóåò, ÷òî óðàâíåíèå (28.1) íå âûðîæäàåòñÿ â óðàâíåíèå ñ ïîñòîÿííûìè
êîýôôèöèåíòàìè. Äåëî â òîì, ÷òî áåç äîïîëíèòåëüíûõ îãîâîðîê3 ìåòîä Ëàïëàñà íå ïðèìåíèì
ê óðàâíåíèÿì ñ ïîñòîÿííûìè êîýôôèöèåíòàìè.
Çàäà÷à çàêëþ÷àåòñÿ â íàõîæäåíèè n ëèíåéíî íåçàâèñèìûõ ðåøåíèé óðàâíåíèÿ (28.1). Äëÿ

ïîèñêà ðåøåíèé ìîæíî ïðèìåíÿòü ìåòîä Ëàïëàñà. Îïèøåì îñíîâíóþ èäåþ ýòîãî ìåòîäà.
Ðåøåíèå ñòðîèòñÿ â íåñêîëüêî øàãîâ.

(1) Èùåì ðåøåíèå óðàâíåíèÿ â âèäå èíòåãðàëà

W (z) =

∫
γ

V (t)ezt dt, (28.3)

ãäå γ � êîíòóð â êîìïëåêñíîé ïëîñêîñòè C. Ïðè ýòîì ôóíêöèÿ V è êîíòóð γ ïîäëåæàò
îïðåäåëåíèþ.

(2) Ïîäñòàâëÿÿ èíòåãðàë (28.3) â óðàâíåíèå (28.1), ïîëó÷èì âûðàæåíèå, êîòîðîå ìîæíî ïðè-
âåñòè ê âèäó ∫

γ

[A(t)V ′(t) +B(t)V (t)] ezt dt+ C(t)V (t)ezt
∣∣
γ

= 0, (28.4)

èñïîëüçóÿ ïðåîáðàçîâàíèÿ

W (k)(z) =

∫
γ

V (t)tkezt dt,

zW (k)(z) = z

∫
γ

V (t)tkezt dt =

∫
γ

V (t)tk dezt = V (t)tkezt
∣∣
γ
−
∫
γ

(V (t)tk)′ezt dt.

Äëÿ òîãî ÷òîáû âûïîëíÿëîñü ðàâåíñòâî (28.4), äîñòàòî÷íî ïîòðåáîâàòü âûïîëíåíèÿ äâóõ
ñîîòíîøåíèé

A(t)V ′(t) +B(t)V (t) = 0, (28.5)

C(t)V (t)ezt
∣∣
γ

= 0. (28.6)

3Ìîæíî äîïîëíèòåëüíî ïîñòàâèòü íà÷àëüíûå óñëîâèÿ. Â ýòîì ñëó÷àå ìåòîä Ëàïëàñà ïðåîáðàçóåòñÿ â îïåðà-
öèîííûé ìåòîä è áóäåò ïðèìåíèì ê óðàâíåíèÿì ñ ïîñòîÿííûìè êîýôôèöèåíòàìè. Ìîæíî òàêæå èñïîëüçîâàòü
ìåòîä Ôóðüå, ò. å. â êà÷åñòâå êîíòóðà èíòåãðèðîâàíèÿ γ âçÿòü ìíèìóþ îñü è èñêàòü ðåøåíèÿ óðàâíåíèÿ íà V â
êëàññå îáîáùåííûõ ôóíêöèé.
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(3) Óðàâíåíèå (28.5) ñëóæèò äëÿ îïðåäåëåíèÿ ôóíêöèè V è èíòåãðèðóåòñÿ ìåòîäîì ðàçäå-
ëåíèÿ ïåðåìåííûõ

V (t) = exp

− t∫
B(τ)

A(τ)
dτ

 .

Åùå ðàç îáðàòèì âíèìàíèå íà òî, ÷òî ôóíêöèÿ V ÿâëÿåòñÿ ðåøåíèåì äèôôåðåíöèàëü-
íîãî óðàâíåíèÿ ïåðâîãî ïîðÿäêà, êîòîðîå âñåãäà ìîæíî ïðîèíòåãðèðîâàòü. Èìåííî ýòî
îáñòîÿòåëüñòâî äåëàåò ìåòîä Ëàïëàñà ýôôåêòèâíûì ñðåäñòâîì ïðè ðåøåíèè óðàâíåíèé
âèäà (28.1).
Óñëîâèå (28.6) ñëóæèò äëÿ îïðåäåëåíèÿ êîíòóðà γ. Çàìåòèì, ÷òî óñëîâèå (28.6) äîëæ-

íî âûïîëíÿòüñÿ ïðè âñåõ z. Îòñþäà ñëåäóåò, ÷òî êîíòóð γ äîëæåí áûòü ëèáî çàìêíóòûì,
ëèáî íà÷èíàòüñÿ è çàêàí÷èâàòüñÿ â òî÷êàõ (âîçìîæíî áåñêîíå÷íî óäàëåííûõ) ãäå ôóíê-
öèÿ C(t)V (t)ezt îáðàùàåòñÿ â íîëü. Åñëè êîíòóð óõîäèò íà áåñêîíå÷íîñòü, òî íåîáõîäèìî
òàêæå ïðîñëåäèòü çà ñõîäèìîñòüþ èíòåãðàëà (28.3).
• Îòìåòèì, ÷òî íå âñåãäà âîçìîæíî âûáðàòü n ðàçëè÷íûõ êîíòóðîâ òàê, ÷òîáû ñîîòâåò-
ñòâóþùèå èíòåãðàëüíûå ïðåäñòàâëåíèÿ (28.3) îòâå÷àëè n ëèíåéíî íåçàâèñèìûì ðåøå-
íèÿì èñõîäíîãî óðàâíåíèÿ (28.1).
◦ Îòâåò âûïèñûâàåòñÿ â âèäå èíòåãðàëà (28.3).

Ïðèìåð 28.1. Íàéòè èíòåãðàëüíîå ïðåäñòàâëåíèå äëÿ ðåøåíèÿ óðàâíåíèÿ

zW ′ − 2W = 0. (28.7)

Âû÷èñëèòü ïîëó÷åííûé èíòåãðàë.

Ðåøåíèå. Èùåì ðåøåíèå â âèäå

W (z) =

∫
γ

V (t)ezt dt. (28.8)

Ïîäñòàâëÿÿ (28.8) â óðàâíåíèå (28.7), ïîëó÷èì

zW ′ − 2W = z

∫
γ

tV (t)ezt dt− 2

∫
γ

V (t)ezt dt =

∫
γ

tV (t) dezt − 2

∫
γ

V (t)ezt dt =

= −
∫
γ

(tV (t))′ezt dt− 2

∫
γ

V (t)ezt dt+ tV (t)ezt
∣∣
γ

= −
∫
γ

(tV ′(t) + 3V (t)) ezt dt+ tV (t)ezt
∣∣
γ

= 0.

Îòñþäà íàõîäèì óðàâíåíèÿ íà V è êîíòóð γ

tV ′(t) + 3V (t) = 0, tV (t)ezt
∣∣
γ

= 0.

Èíòåãðèðóÿ óðàâíåíèå íà V , íàéäåì

dV

V
= −3

t
dt ⇐⇒

∫
dV

V
= −

∫
3

t
dt ⇐⇒ lnV = −3 ln t+ C1 ⇐⇒ V = Ct−3,

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Íàñ èíòåðåñóåò õîòÿ áû êàêîå-íèáóäü íåòðèâèàëüíîå ðåøåíèå
óðàâíåíèÿ (28.7), ïîýòîìó óäîáíî ôèêñèðîâàòü ïîñòîÿííóþ C = 1.
Óñëîâèå íà êîíòóð γ ïðèíèìàåò âèä

tV (t)ezt
∣∣
γ

= t−2ezt
∣∣
γ

= 0.
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Â êà÷åñòâå γ ìîæíî âçÿòü êîíòóð |t| = 1, êîòîðûé îáõîäèòñÿ ïðîòèâ ÷àñîâîé ñòðåëêè. Çàìåòèì,
÷òî ôóíêöèÿ V (t) = t−3 ðåãóëÿðíà â îáëàñòè |t| > 0, ïîýòîìó â êà÷åñòâå γ ìîæíî âçÿòü ëþ-
áîé äðóãîé çàìêíóòûé êîíòóð îõâàòûâàþùèé íà÷àëî êîîðäèíàò îäèí ðàç. Ïðè ýòîì çíà÷åíèå
èíòåãðàëà (28.8) íå èçìåíèòñÿ.
Â ðåçóëüòàòå ðåøåíèå óðàâíåíèå ìîæíî çàïèñàòü â âèäå

W (z) =

∮
|t|=1

1

t3
ezt dt. (28.9)

Ïîñëåäíèé èíòåãðàë ëåãêî âû÷èñëÿåòñÿ ïî âû÷åòàì∮
|t|=1

1

t3
ezt dt = 2πi res

t=0

(
1

t3
ezt
)

= πiz2.

Îòìåòèì, ÷òî îáùåå ðåøåíèå óðàâíåíèÿ (28.7) èìååò âèä W (z) = Cz2, ãäå C � ïðîèçâîëüíàÿ
ïîñòîÿííàÿ. �

Îòâåò: W (z) =
∮
|t|=1

1
t3
ezt dt = πiz2.

Ïðèìåð 28.2. Íàéòè èíòåãðàëüíîå ïðåäñòàâëåíèå äëÿ ðåøåíèÿ óðàâíåíèÿ

W ′ − 2zW = 0. (28.10)

Âû÷èñëèòü ïîëó÷åííûé èíòåãðàë.

Ðåøåíèå. Èùåì ðåøåíèå â âèäå

W (z) =

∫
γ

V (t)ezt dt. (28.11)

Ïîäñòàâëÿÿ (28.11) â óðàâíåíèå (28.10), ïîëó÷èì

W ′ − 2zW =

∫
γ

tV (t)ezt dt− 2z

∫
γ

V (t)ezt dt =

∫
γ

tV (t)ezt dt− 2

∫
γ

V (t) dezt =

=

∫
γ

tV (t)ezt dt+ 2

∫
γ

eztV ′(t) dt− 2V (t) ezt
∣∣
γ

=

∫
γ

(tV (t) + 2V ′(t))ezt dt− 2V (t) ezt
∣∣
γ
.

Îòñþäà íàõîäèì óðàâíåíèÿ íà V è êîíòóð γ

2V ′(t) + tV (t) = 0, V (t)ezt
∣∣
γ

= 0.

Èíòåãðèðóÿ óðàâíåíèå íà V , íàéäåì V (t) = e−
1
4
t2 .

Óñëîâèå íà êîíòóð γ ïðèíèìàåò âèä

V (t)ezt
∣∣
γ

= e−
1
4
t2+zt

∣∣∣
γ

= 0. (28.12)

Ôóíêöèÿ V ðåãóëÿðíà âî âñåé êîìïëåêñíîé ïëîñêîñòè. Ïîýòîìó äëÿ ëþáîãî çàìêíóòîãî êîíòó-
ðà γ èíòåãðàë (28.11) îáðàùàåòñÿ â íîëü. Òàêèì îáðàçîì, åäèíñòâåííàÿ âîçìîæíîñòü âûáðàòü
êîíòóð γ òàê, ÷òîáû ïîëó÷èòü íåòðèâèàëüíûé èíòåãðàë (28.11) è óäîâëåòâîðèòü óñëîâèþ (28.12),
çàêëþ÷àåòñÿ â òîì, ÷òîáû óâåñòè êîíöû êîíòóðà γ íà áåñêîíå÷íîñòü.
Ôóíêöèÿ e−

1
4
t2 óáûâàåò ïðè áîëüøèõ t òîëüêî åñëè t ïðèíàäëåæèò îáëàñòè Re(t2) > 0. Îáëàñòü

Re(t2) > 0 èçîáðàæåíà íà ðèñóíêå 5 æåëòûì öâåòîì. Ëåãêî âèäåòü, ÷òî ôóíêöèÿ e−
1
4
t2 óáûâàåò

áûñòðåå âñåãî â íàïðàâëåíèÿõ t → ±∞. Òàêèì îáðàçîì, â êà÷åñòâå êîíòóðà γ ìîæíî âçÿòü
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Ðèñ. 5. Îáëàñòü Re(t2) > 0 âûäåëåíà æåëòûì öâåòîì.

âåùåñòâåííóþ îñü. Îáðàùàåì âíèìàíèå íà òî, ÷òî ïðè òàêîì âûáîðå êîíòóðà γ èíòåãðàë â
(28.11) ñõîäèòñÿ ïðè âñåõ z ∈ C.
Â ðåçóëüòàòå ðåøåíèå óðàâíåíèÿ ìîæíî çàïèñàòü â âèäå

W (z) =

∫
R

e−
1
4
t2 ezt dt.

Ïîñëåäíèé èíòåãðàë ëåãêî ñâîäèòñÿ ê èíòåãðàëó Ïóàññîíà è âû÷èñëÿåòñÿ∫
R

e−
1
4
t2 ezt dt =

∫
R

exp

(
−1

4

[
t2 − 4tz + 4z2

]
+ z2

)
dt = ez

2

∫
R

exp

(
−1

4
[t− 2z]2

)
dt =

= ez
2

∫
R

e−
1
4
x2 dx = 2

√
π ez

2

. �

Îòâåò: W (z) =
∫
R
e−

1
4
t2 ezt dt = 2

√
π ez

2
.

Ïðèìåð 28.3. Íàéòè èíòåãðàëüíîå ïðåäñòàâëåíèå äëÿ ðåøåíèÿ óðàâíåíèÿ

zW ′ + (1 + z)W = 0. (28.13)

Âû÷èñëèòü ïîëó÷åííûé èíòåãðàë.

Ðåøåíèå. Èùåì ðåøåíèå â âèäå

W (z) =

∫
γ

V (t)ezt dt. (28.14)

Ïîäñòàâëÿÿ (28.14) â óðàâíåíèå (28.13), ïîëó÷èì

zW ′ + (1 + z)W =

∫
γ

tV (t) dezt +

∫
γ

V (t)ezt dt+

∫
γ

V (t) dezt =

= −
∫
γ

(tV (t))′ezt dt+

∫
γ

V (t)ezt dt−
∫
γ

V ′(t)ezt dt+ (t+ 1)V (t) ezt
∣∣
γ

=

= −
∫
γ

(t+ 1)V ′(t)ezt dt+ (t+ 1)V (t) ezt
∣∣
γ
.
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Îòñþäà íàõîäèì óðàâíåíèÿ íà V è êîíòóð γ

(t+ 1)V ′(t) = 0, (t+ 1)V (t)ezt
∣∣
γ

= 0.

Èíòåãðèðóÿ óðàâíåíèå íà V , íàéäåì V (t) = 1.
Óñëîâèå íà êîíòóð γ ïðèíèìàåò âèä

(t+ 1)V (t)ezt
∣∣
γ

= (t+ 1)ezt
∣∣
γ

= 0. (28.15)

Ôóíêöèÿ (t+1)ezt îáðàùàåòñÿ â íîëü òîëüêî â òî÷êå −1. Óñëîâèå (28.15) áóäåò âûïîëíåíî, åñëè
íà÷àòü êîíòóð γ â òî÷êå −1. Çàìåòèì, ÷òî çàêîí÷èòü êîíòóð γ â êîíå÷íîé òî÷êå êîìïëåêñíîé
ïëîñêîñòè íåëüçÿ, ïîòîìó ÷òî òîãäà ëèáî íå áóäåò âûïîëíåíî óñëîâèå (28.15), ëèáî èíòåãðàë
(28.14) îáðàòèòñÿ â íóëü (â ñëó÷àå çàìêíóòîãî êîíòóðà γ). Ïîýòîìó âòîðîé êîíåö êîíòóðà γ
íåîáõîäèìî óâåñòè íà áåñêîíå÷íîñòü.
Îïðåäåëèì íàïðàâëåíèÿ, âäîëü êîòîðûõ ìîæíî óâîäèòü êîíòóð γ íà áåñêîíå÷íîñòü. Êîíòóð

γ íóæíî óâîäèòü íà áåñêîíå÷íîñòü òàê, ÷òîáû ôóíêöèÿ (t+1)ezt óáûâàëà ïî ïåðåìåííîé t âäîëü
ýòîãî êîíòóðà. Ñðàçó âèäíî, ÷òî ïðè z = 0 ôóíêöèÿ (t+ 1)ezt = (t+ 1) íå óáûâàåò íè ïî êàêèì
íàïðàâëåíèÿì, ïîýòîìó ðåøåíèå W áóäåò èìåòü îñîáåííîñòü â òî÷êå z = 04.
Ðàññìîòðèì ñëó÷àé z 6= 0. Ôóíêöèÿ (t+ 1)ezt óáûâàåò ïî íàïðàâëåíèÿì, äëÿ êîòîðûõ, íàïðè-

ìåð, âûïîëíåíî óñëîâèå
Re(zt) 6 −ε|zt| < 0, (28.16)

ãäå ε � ïðîèçâîëüíàÿ ïîëîæèòåëüíàÿ ïîñòîÿííàÿ. Çàìåòèì ïîïóòíî, ÷òî óñëîâèå (28.16) ãàðàí-
òèðóåò ñõîäèìîñòü èíòåãðàëà (28.14).
Îñíîâíàÿ íåïðèÿòíîñòü â äàííîì ñëó÷àå çàêëþ÷àåòñÿ â òîì, ÷òî íàïðàâëåíèÿ, â êîòîðûõ

ôóíêöèÿ (t + 1)ezt óáûâàåò, çàâèñÿò îò çíà÷åíèÿ ïàðàìåòðà z, áîëåå òî÷íî îò àðãóìåíòà z.
Óäîáíî ââåñòè îáîçíà÷åíèÿ z = |z|eiϕ, t = |t|eiψ. Óñëîâèå (28.16) ïðèíèìàåò âèä

Re(zt) = |zt|Re
(
ei(ϕ+ψ)

)
= |zt| cos(ϕ+ ψ) 6 −ε|zt| < 0 ⇐⇒ cos(ϕ+ ψ) 6 −ε,

ϕ+ ψ ∈
[
π

2
+ δ,

3π

2
− δ
]
, δ = arcsin ε > 0. (28.17)

Âûáåðåì êîíòóð γ óõîäÿùèì íà áåñêîíå÷íîñòü âäîëü íàïðàâëåíèÿ eiψ, ñì. ðèñóíîê 6. Îáëàñòü
çíà÷åíèé z, äëÿ êîòîðûõ âûïîëíåíî óñëîâèå (28.17), èçîáðàæåíà íà ðèñóíêå 7. Ïðè âðàùåíèè
êîíòóðà γ, íàïðèìåð, ïðîòèâ ÷àñîâîé ñòðåëêè, çíà÷åíèå èíòåãðàëà (28.14) äëÿ çàäàííîãî z íå
ìåíÿåòñÿ (åñëè, êîíå÷íî, èíòåãðàë (28.14) ñõîäèòñÿ), îäíàêî, êàê âèäíî èç ðèñóíêà 7, îáëàñòü â
ïëîñêîñòè z, â êîòîðîé èíòåãðàë (28.14) ñõîäèòñÿ, áóäåò âðàùàòüñÿ ïî ÷àñîâîé ñòðåëêå.
Îñòàíîâèìñÿ íà ýòîì ìîìåíòå ïîäðîáíåå. Ïóñòü, íàïðèìåð, γ = [−1,+∞), òîãäà ðåøåíèå

óðàâíåíèÿ (28.13) ìîæíî çàäàòü èíòåãðàëîì (28.14) äëÿ z ∈ D0 ∪ D−, ñì. ðèñóíîê 9. Åñëè
ìû òåïåðü õîòèì àíàëèòè÷åñêè ïðîäîëæèòü ðåøåíèå, íàïðèìåð, â êðàñíóþ îáëàñòü D+, òî
ìû äîëæíû ïîñòóïèòü ñëåäóþùèì îáðàçîì. Ïðåäïîëàãàåì, ÷òî z ëåæèò â æåëòîé îáëàñòè
D0. Ïîâîðà÷èâàåì êîíòóð γ ïî ÷àñîâîé ñòðåëêå íà óãîë, ðàâíûé óãëó ðàñòâîðà ñåêòîðà D+,
ñì. ðèñóíîê 8. Ïðè ýòîì äëÿ z ∈ D0 èíòåãðàë áóäåò ñõîäèòñÿ è íå èçìåíÿåòñÿ ïðè ïîâîðîòå
êîíòóðà. Äàëåå âèäíî, ÷òî èíòåãðàë ïî íîâîìó êîíòóðó ñõîäèòñÿ â îáëàñòè z ∈ D0 ∪ D+. Ýòî
îçíà÷àåò, ÷òî ìû àíàëèòè÷åñêè ïðîäîëæèëè ðåøåíèå â îáëàñòü z ∈ D0 ∪ D+. Àíàëîãè÷íûì
îáðàçîì ðåøåíèå ìîæíî ïðîäîëæàòü è äàëüøå.

Çàìå÷àíèå 28.4. Ïîñëå àíàëèòè÷åñêîãî ïðîäîëæåíèÿ ðåøåíèÿ âîêðóã íà÷àëà êîîðäèíàò (â
ïëîñêîñòè z) íà óãîë 2π ìîæåò îêàçàòüñÿ ëèáî, ÷òî çíà÷åíèÿ ðåøåíèÿ W ïîñëå àíàëèòè-
÷åñêîãî ïðîäîëæåíèÿ îñòàëèñü ïðåæíèìè, ëèáî èçìåíèëèñü. Â ïåðâîì ñëó÷àå ìû ïîëó÷àåì

4Ýòî ñîãëàñóåòñÿ ñ òåì, ÷òî óðàâíåíèå (28.13) èìååò îñîáóþ òî÷êó ïðè z = 0.
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Ðèñ. 6. Êîíòóð γ âûäåëåí êðàñíûì öâåòîì. Ðèñ. 7. Îáëàñòü çíà÷åíèé z, äëÿ êîòîðûõ âû-
ïîëíåíî óñëîâèå (28.17), âûäåëåíà æåëòûì
öâåòîì.

Ðèñ. 8. Êîíòóð γ ïîâîðà÷èâàåòñÿ íà óãîë, ðàâ-
íûé óãëó ðàñòâîðà ñåêòîðà D+, ñì. ðèñóíîê 9.

Ðèñ. 9. Èíòåãðàë (28.14) ñõîäèòñÿ â D0 ∪ D−
äëÿ èñõîäíîãî êîíòóðà γ, â D0 ∪ D+ äëÿ ïî-
âåðíóòîãî êîíòóðà γ.

ðåøåíèå ñ èçîëèðîâàííîé îñîáîé òî÷êîé â íóëå (îòìåòèì, ÷òî äëÿ íåêîòîðûõ çàäà÷ îñî-
áåííîñòü ìîæåò îêàçàòüñÿ óñòðàíèìîé), âî âòîðîì æå ñëó÷àå ðåøåíèå áóäåò ñîäåðæàòü
òî÷êó âåòâëåíèÿ â òî÷êå íîëü.
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Âû÷èñëèì òåïåðü èíòåãðàë (28.14). Ïóñòü z < 0, òîãäà â êà÷åñòâå êîíòóðà γ ìîæíî âûáðàòü
ëó÷ü [−1,+∞). Â ðåçóëüòàòå ðåøåíèå óðàâíåíèÿ ìîæíî çàïèñàòü â âèäå

W (z) =

+∞∫
−1

ezt dt.

Ïîñëåäíèé èíòåãðàë ëåãêî âû÷èñëÿåòñÿ

+∞∫
−1

ezt dt =
1

z
ezt
∣∣+∞
−1

= −1

z
e−z. �

Îòâåò: W (z) =
+∞∫
−1

ezt dt, ïðè z < 0; W (z) = −1
z
e−z.

Ïðèìåð 28.5. Íàéòè èíòåãðàëüíîå ïðåäñòàâëåíèå äëÿ ðåøåíèÿ óðàâíåíèÿ

2zW ′ − (1 + 2z)W = 0. (28.18)

Ðåøåíèå. Èùåì ðåøåíèå â âèäå

W (z) =

∫
γ

V (t)ezt dt. (28.19)

Ïîäñòàâëÿÿ (28.19) â óðàâíåíèå (28.18), ïîëó÷èì

2zW ′ − (1 + 2z)W = 2

∫
γ

tV (t) dezt −
∫
γ

V (t)ezt dt− 2

∫
γ

V (t) dezt =

= −2

∫
γ

(tV (t))′ezt dt−
∫
γ

V (t)ezt dt+ 2

∫
γ

V ′(t)ezt dt+ 2(t− 1)V (t) ezt
∣∣
γ

=

=

∫
γ

[2(1− t)V ′(t)− 3V ] ezt dt+ 2(t− 1)V (t) ezt
∣∣
γ
.

Îòñþäà íàõîäèì óðàâíåíèÿ íà V è êîíòóð γ

2(1− t)V ′(t)− 3V = 0, (t− 1)V (t)ezt
∣∣
γ

= 0.

Èíòåãðèðóÿ óðàâíåíèå íà V , íàéäåì V (t) = (t − 1)−
3
2 . Ôóíêöèÿ V èìååò òî÷êó âåòâëåíèÿ ïðè

t = 1. Ýòî îçíà÷àåò, ÷òî ôóíêöèÿ V ìîæåò áûòü îïðåäåëåíà êàê ðåãóëÿðíàÿ ôóíêöèÿ òîëüêî
íà ïëîñêîñòè ñ ðàçðåçîì, âûõîäÿùèì èç òî÷êè t = 1 è óõîäÿùèì íà áåñêîíå÷íîñòü. Âîçüìåì,
íàïðèìåð, â êà÷åñòâå òàêîãî ðàçðåçà ëó÷ σ = [1,+∞).
Óñëîâèå íà êîíòóð γ ïðèíèìàåò âèä

(t− 1)V (t)ezt
∣∣
γ

= (t− 1)−
1
2 ezt
∣∣∣
γ

= 0. (28.20)

Ôóíêöèÿ (t− 1)−
1
2 ezt íèãäå íå îáðàùàåòñÿ â íîëü, ïîýòîìó îáà êîíöà êîíòóðà íåîáõîäèìî óâå-

ñòè íà áåñêîíå÷íîñòü. Òàê æå êàê è â ïðèìåðå 28.3, íàïðàâëåíèå, â êîòîðîì ìîæíî óâîäèòü
êîíòóð γ íà áåñêîíå÷íîñòü, çàâèñèò îò ïàðàìåòðà z. Áóäåì ñ÷èòàòü, ÷òî z > 0, òîãäà êîíòóð γ
ìîæíî âûáðàòü êàê íà ðèñóíêå 10. Äëÿ îñòàëüíûõ z ðåøåíèå W óðàâíåíèÿ (28.18) ïîëó÷àåòñÿ
àíàëèòè÷åñêèì ïðîäîëæåíèåì èíòåãðàëà (28.19), ñì. ïðèìåð 28.3.
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Ðèñ. 10. Êîíòóð γ âûäåëåí êðàñíûì öâåòîì,
ðàçðåç σ � çåëåíûì.

Ðèñ. 11. Êîíòóð γ âûäåëåí êðàñíûì öâåòîì,
ðàçðåç σ � çåëåíûì.

Çàìå÷àíèå 28.6. Çäåñü åñòü íåáîëüøîå îòëè÷èå îò ïðèìåðà 28.3. Îíî çàêëþ÷àåòñÿ â òîì,
÷òî ïðè ïîâîðîòå êîíòóðà γ, íåîáõîäèìî òàêæå ïîâîðà÷èâàòü ðàçðåç σ òàê, ÷òîáû êîíòóð
γ è ðàçðåç σ íå ïåðåñåêàëèñü, ñì. ðèñóíîê 11. Îòìåòèì åùå ðàç, ÷òî ïîâîðîò ðàçðåçà σ
ñîîòâåòñòâóåò àíàëèòè÷åñêîìó ïðîäîëæåíèþ ôóíêöèè V (t) = (t − 1)−

3
2 , â òî âðåìÿ êàê

ïîâîðîò êîíòóðà γ îñóùåñòâëÿåòñÿ äëÿ àíàëèòè÷åñêîãî ïðîäîëæåíèÿ ðåøåíèÿ W (z).

Âû÷èñëèì òåïåðü èíòåãðàë (28.19). Ïóñòü z > 0, â êà÷åñòâå γ âûáèðàåì êîíòóð êàê íà ðèñóí-
êå 10. Â ðåçóëüòàòå ðåøåíèå óðàâíåíèÿ ìîæíî çàïèñàòü â âèäå

W (z) =

∫
γ

(t− 1)−
3
2 ezt dt.

Ïîñëåäíèé èíòåãðàë ëåãêî âû÷èñëÿåòñÿ ñ ïîìîùüþ çàìåíû ïåðåìåííûõ ζ = z(t− 1)∫
γ

(t− 1)−
3
2 ezt dt =

√
zez
∫
γ

ζ−
3
2 eζ dζ = C

√
zez, C =

∫
γ

ζ−
3
2 eζ dζ.

Çäåñü ïîñòîÿííàÿ C íå çàâèñèò îò z.
Îáðàùàåì âíèìàíèå íà òî, ÷òî ïðè çàìåíå ζ = z(t−1) êîíòóð γ, âîîáùå ãîâîðÿ, ðàñòÿãèâàåòñÿ

è ñäâèãàåòñÿ. Îäíàêî, ýòîò íîâûé êîíòóð ìîæíî ïðîäåôîðìèðîâàòü îáðàòíî â êîíòóð γ. Ïðè
ýòîì, â ñèëó ðåãóëÿðíîñòè ïîäûíòåãðàëüíîé ôóíêöèè â îáëàñòè äåôîðìàöèè êîíòóðà, çíà÷åíèå
èíòåãðàëà íå èçìåíèòñÿ. �

Îòâåò: W (z) =
∫
γ

(t− 1)−
3
2 ezt dt, ïðè z > 0; W (z) = C

√
zez.

Ïðèìåð 28.7. Íàéòè èíòåãðàëüíûå ïðåäñòàâëåíèÿ äëÿ ðåøåíèé óðàâíåíèÿ

zW ′′ +W ′ = 0. (28.21)

Âû÷èñëèòü îäíî èç ðåøåíèé ÿâíî.
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Ðåøåíèå. Èùåì ðåøåíèå â âèäå

W (z) =

∫
γ

V (t)ezt dt. (28.22)

Ïîäñòàâëÿÿ (28.22) â óðàâíåíèå (28.21), ïîëó÷èì

zW ′′ +W ′ = z

∫
γ

t2V (t)ezt dt+

∫
γ

tV (t)ezt dt =

∫
γ

t2V (t) dezt +

∫
γ

tV (t)ezt dt =

= −
∫
γ

(t2V (t))′ezt dt+

∫
γ

tV (t)ezt dt+ t2V (t)ezt
∣∣
γ

= −
∫
γ

(
t2V ′(t) + tV (t)

)
ezt dt+ t2V (t)ezt

∣∣
γ

= 0.

Îòñþäà íàõîäèì óðàâíåíèÿ íà V è êîíòóð γ

tV ′(t) + V (t) = 0, t2V (t)ezt
∣∣
γ

= 0.

Èíòåãðèðóÿ óðàâíåíèå íà V , íàéäåì V (t) = t−1.
Óñëîâèå íà êîíòóð γ ïðèíèìàåò âèä

tV (t)ezt
∣∣
γ

= ezt
∣∣
γ

= 0.

Â êà÷åñòâå γ1 ìîæíî âçÿòü êîíòóð |t| = 1, êîòîðûé îáõîäèòñÿ ïðîòèâ ÷àñîâîé ñòðåëêè. Â ðå-
çóëüòàòå îäíî èç ðåøåíèé óðàâíåíèÿ (28.21) ìîæíî çàïèñàòü â âèäå

W1(z) =

∮
|t|=1

1

t
ezt dt = 2πi. (28.23)

Çàìåòèì òåïåðü, ÷òî íå ñóùåñòâóåò åùå îäíîãî êîíòóðà, ïðèâîäÿùåãî ê ðåøåíèþ ëèíåéíî
íåçàâèñèìîãî ñ W1. �

Îòâåò: W1(z) =
∮
|t|=1

1
t
ezt dt = 2πi, âòîðîå ëèíåéíî íåçàâèñèìîå ðåøåíèå íå ìîæåò áûòü íàéäåíî

ìåòîäîì Ëàïëàñà.

Äîìàøíåå çàäàíèå:

Çàäà÷à 28.8. Íàéòè èíòåãðàëüíîå ïðåäñòàâëåíèå äëÿ ðåøåíèÿ óðàâíåíèÿ

zW ′ −W = 0.

Âû÷èñëèòü ïîëó÷åííûé èíòåãðàë.

Îòâåò: W (z) =
∫
|t|=1

1
t2
ezt dt = 2πiz.

Çàäà÷à 28.9. Íàéòè èíòåãðàëüíîå ïðåäñòàâëåíèå äëÿ ðåøåíèÿ óðàâíåíèÿ

zW ′ + (2 + z)W = 0.

Âû÷èñëèòü ïîëó÷åííûé èíòåãðàë.

Îòâåò: W (z) =
−1∫
−∞

(t+ 1)ezt dt, ïðè z > 0; W (z) = z−2e−z.
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Çàäà÷à 28.10. Íàéòè èíòåãðàëüíîå ïðåäñòàâëåíèå äëÿ ðåøåíèÿ óðàâíåíèÿ

2zW ′ + (3− 4z)W = 0.

Âû÷èñëèòü ïîëó÷åííûé èíòåãðàë.

Îòâåò: W (z) =
2∫
−∞

√
2− t ezt dt, ïðè z > 0; W (z) = Cz−

3
2 e2z.

Çàäà÷à 28.11. Íàéòè èíòåãðàëüíûå ïðåäñòàâëåíèÿ äëÿ ðåøåíèé óðàâíåíèÿ

zW ′′ − (2 + z)W ′ +W = 0.

Âû÷èñëèòü ïîëó÷åííûå èíòåãðàëû.

Îòâåò: W1(z) =
∮
|t|= 1

2

ezt

t2(t−1)2
dt = 2πi(z + 2), W2(z) =

∮
|t−1|= 1

2

ezt

t2(t−1)2
dt = 2πi(z − 2)ez.

Çàäà÷à 28.12. Íàéòè èíòåãðàëüíîå ïðåäñòàâëåíèå äëÿ ðåøåíèÿ óðàâíåíèÿ

W ′ − e−zW = 0.

Âû÷èñëèòü ïîëó÷åííûé èíòåãðàë.

Îòâåò: W (z) =
∫
γ

Γ(t)ezt dt = 2πi e−e
−z
, ãäå Γ(t) � Γ-ôóíêöèÿ è êîíòóð γ èçîáðàæåí íà ðèñóí-

êå 10.

Çàäà÷à 28.13. Íàéòè èíòåãðàëüíîå ïðåäñòàâëåíèå õîòÿ áû äëÿ îäíîãî ðåøåíèÿ óðàâíåíèÿ

W ′′ − e−zW = 0.

Îòâåò: W1(z) =
∫
γ

Γ2(t)ezt dt, ãäå Γ(t) � Γ-ôóíêöèÿ è êîíòóð γ èçîáðàæåí íà ðèñóíêå 10.
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29. Ìåòîä Ëàïëàñà äëÿ ðåøåíèÿ óðàâíåíèé âèäà
W ′′ + (a1 + b1z)W

′ + (a0 + b0z)W = 0.

Â ýòîì ðàçäåëå ìû ðàññìîòðèì ñïåöèàëüíûé ñëó÷àé óðàâíåíèÿ (28.1)

W ′′ + (a1 + b1z)W ′ + (a0 + b0z)W = 0.

Çàäà÷è íà ïîñòðîåíèå ðåøåíèé ìåòîäîì Ëàïëàñà äëÿ óðàâíåíèé òàêîãî òèïà îòëè÷àþòñÿ âàæ-
íîé îñîáåííîñòüþ: êîíòóð èíòåãðèðîâàíèÿ âñåãäà ìîæíî âûáðàòü òàê, ÷òîáû ñõîäèìîñòü èíòå-
ãðàëà íå çàâèñåëà îò z (ñðàâíè ñ ïðèìåðîì 28.5).

Ïðèìåð 29.1. Íàéòè èíòåãðàëüíûå ïðåäñòàâëåíèÿ äëÿ ðåøåíèé óðàâíåíèÿ

3W ′′ + zW = 0. (29.1)

Ðåøåíèå. Èùåì ðåøåíèå â âèäå

W (z) =

∫
γ

V (t)ezt dt. (29.2)

Ïîäñòàâëÿÿ (29.2) â óðàâíåíèå (29.1), ïîëó÷èì

3W ′′ + zW =

∫
γ

3t2V (t)ezt dt+

∫
γ

V (t) dezt =

∫
γ

3t2V (t)ezt dt−
∫
γ

V ′(t)ezt dt+ V (t)ezt
∣∣
γ

=

=

∫
γ

(
3t2V (t)− V ′(t)

)
ezt dt+ V (t)ezt

∣∣
γ

= 0.

Îòñþäà íàõîäèì óðàâíåíèÿ íà V è êîíòóð γ

V ′(t)− 3t2V (t) = 0, V (t)ezt
∣∣
γ

= 0.

Èíòåãðèðóÿ óðàâíåíèå íà V , íàéäåì

dV

V
= 3t2 dt ⇐⇒

∫
dV

V
= 3

∫
t2 dt ⇐⇒ lnV = t3 + C1 ⇐⇒ V (t) = Cet

3

.

Êàê âñåãäà, âûáèðàåì C = 1.
Óñëîâèå íà êîíòóð γ ïðèíèìàåò âèä

V (t)ezt
∣∣
γ

= et
3+zt
∣∣∣
γ

= 0. (29.3)

Äëÿ ëþáîãî çàìêíóòîãî êîíòóðà γ óñëîâèå (29.3) âñåãäà âûïîëíåíî, îäíàêî, ïîñêîëüêó ôóíê-
öèÿ V ðåãóëÿðíà âî âñåé êîìïëåêñíîé ïëîñêîñòè, òî äëÿ âñÿêîãî çàìêíóòîãî êîíòóðà γ èíòåãðàë
(29.2) îáðàùàåòñÿ â íîëü. Òàêèì îáðàçîì, êîíòóð γ íåîáõîäèìî âûáðàòü óõîäÿùèì íà áåñêî-
íå÷íîñòü, ïðè÷åì îáîèìè êîíöàìè (ïîñêîëüêó ôóíêöèÿ et

3+zt íèãäå íå îáðàùàåòñÿ â íîëü).
Ôóíêöèÿ et

3+zt áûñòðåå âñåãî óáûâàåò ïî t íà áåñêîíå÷íîñòè âáëèçè íàïðàâëåíèé, äëÿ êîòîðûõ
t3 < 0. Òàêèõ íàïðàâëåíèé òðè, ñì. ðèñóíîê 12,

t = −|t|, t = ei
π
3 |t|, t = e−i

π
3 |t|.

Ìîæíî âûáðàòü òðè ðàçëè÷íûõ êîíòóðà, óõîäÿùèõ íà áåñêîíå÷íîñòü îáîèìè êîíöàìè âäîëü
îïèñàííûõ íàïðàâëåíèé, ñì. ðèñóíîê 13. Îòìåòèì, ÷òî âíóòðè æåëòîé îáëàñòè (Re(t3) 6 0), åñëè
íå ïðèáëèæàòüñÿ ê ãðàíèöå, ôóíêöèÿ et

3+zt ñâåðõ-ýêñïîíåíöèàëüíî óáûâàåò. Ïîýòîìó âíóòðè
æåëòîé îáëàñòè êîíòóðû γ1, γ2 è γ3 ìîæíî ïðîèçâîëüíûì îáðàçîì äåôîðìèðîâàòü è ýòî íå
ïðèâåäåò ê èçìåíåíèþ çíà÷åíèÿ èíòåãðàëà (29.2).
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Ðèñ. 12. Êðàñíûì öâåòîì âûäåëåíû ëèíèè
t3 6 0, æåëòûì öâåòîì � îáëàñòü Re(t3) 6 0.

Ðèñ. 13. Çåëåíûì öâåòîì âûäåëåíû êîíòóðû
γ1, γ2 è γ3.

Òàêèì îáðàçîì, ìû ïðèõîäèì ê òðåì èíòåãðàëüíûì ïðåäñòàâëåíèÿì

W1(z) =

∫
γ1

et
3+zt dt, W2(z) =

∫
γ2

et
3+zt dt, W3(z) =

∫
γ3

et
3+zt dt.

Îáðàòèì âíèìàíèå íà òî, ÷òî ìû ïîëó÷èëè òðè ðàçëè÷íûõ ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ âòîðîãî ïîðÿäêà. Âìåñòå ñ ýòèì ìû çíàåì, ÷òî ëèíåéíî íåçàâèñèìûõ ðåøåíèé ìîæåò
áûòü òîëüêî äâà. Íåñëîæíî óâèäåòü, ÷òî

W1(z)−W2(z) = W3(z).

Îòìåòèì òàêæå, ÷òî îáùåå ðåøåíèå óðàâíåíèÿ (29.1) ìîæíî çàïèñàòü, íàïðèìåð, â âèäå

W (z) = AW1(z) +BW3(z),

ãäå A è B � ïðîèçâîëüíûå ïîñòîÿííûå.
Äëÿ óðàâíåíèÿ âòîðîãî ïîðÿäêà â îòâåò ïðåäïîëàãàåòñÿ âûïèñûâàòü ëþáûå äâà ëèíåéíî íåçà-

âèñèìûå ðåøåíèÿ. Â ýòîé çàäà÷å ìû ìîæåì âûáðàòü â êà÷åñòâå îòâåòà ëþáûå äâà ðåøåíèÿ èç
òðåõ W1, W2 è W3. �

Îòâåò: W1(z) =
∫
γ1

et
3+zt dt, W3(z) =

∫
γ3

et
3+zt dt.

Ïðèìåð 29.2. Íàéòè èíòåãðàëüíûå ïðåäñòàâëåíèÿ äëÿ ðåøåíèé óðàâíåíèÿ

2W ′′ + zW ′ −W = 0. (29.4)

Âû÷èñëèòü îäèí èç ïîëó÷åííûõ èíòåãðàëîâ.

Ðåøåíèå. Èùåì ðåøåíèå â âèäå

W (z) =

∫
γ

V (t)ezt dt. (29.5)
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Ïîäñòàâëÿÿ (29.5) â óðàâíåíèå (29.4), ïîëó÷èì

2W ′′ + zW ′ −W =

∫
γ

2t2V (t)ezt dt+

∫
γ

tV (t) dezt −
∫
γ

V (t)ezt dt =

=

∫
γ

(2t2 − 1)V (t)ezt dt−
∫
γ

(tV (t))′ezt dt+ tV (t)ezt
∣∣
γ

=

=

∫
γ

(
(2t2 − 2)V (t)− tV ′(t)

)
ezt dt+ tV (t)ezt

∣∣
γ

= 0.

Îòñþäà íàõîäèì óðàâíåíèÿ íà V è êîíòóð γ

(2t2 − 2)V (t)− tV ′(t) = 0, tV (t)ezt
∣∣
γ

= 0.

Èíòåãðèðóÿ óðàâíåíèå íà V , íàéäåì

V (t) =
1

t2
et

2

.

Óñëîâèå íà êîíòóð γ ïðèíèìàåò âèä

tV (t)ezt
∣∣
γ

=
1

t
et

2+zt

∣∣∣∣
γ

= 0.

Ôóíêöèÿ t−1et
2+zt áûñòðåå âñåãî óáûâàåò ïî t íà áåñêîíå÷íîñòè âáëèçè íàïðàâëåíèé, äëÿ êîòî-

ðûõ t2 < 0. Òàêèõ íàïðàâëåíèé äâà t = i|t| è t = −i|t|. Ñîîòâåòñòâåííî, âûáåðåì êîíòóð γ1 êàê
íà ðèñóíêå 14. Îáðàòèì âíèìàíèå íà òî, ÷òî êîíòóð γ1 íå äîëæåí ïðîõîäèòü ÷åðåç òî÷êó t = 0,
ïîñêîëüêó â ýòîé òî÷êå ôóíêöèÿ V èìååò ïîëþñ. Òîò ôàêò, ÷òî ó ôóíêöèè V â òî÷êå t = 0

Ðèñ. 14. Êîíòóðû γ1 è γ2 âûäåëåíû êðàñíûì öâåòîì.

ïîëþñ, ïîçâîëÿåò íàì âûáðàòü âòîðîé êîíòóð γ2 çàìêíóòûì è îõâàòûâàþùèì òî÷êó t = 0, ñì.
ðèñóíîê 14.
Òàêèì îáðàçîì, ìû ïðèõîäèì ê äâóì èíòåãðàëüíûì ïðåäñòàâëåíèÿì

W1(z) =

∫
γ1

1

t2
et

2+zt dt, W2(z) =

∫
γ2

1

t2
et

2+zt dt.
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Èíòåãðàë ïî êîíòóðó γ2 ëåãêî âû÷èñëÿåòñÿ ïî âû÷åòàì∫
γ2

1

t2
et

2+zt dt = 2πi res
t=0

(
1

t2
et

2+zt

)
= 2πi

∂

∂t

(
et

2+zt
)∣∣∣

t=0
= 2πi z. �

Îòâåò: W1(z) =
∫
γ1

1
t2
et

2+zt dt, W2(z) =
∫
γ2

1
t2
et

2+zt dt = 2πi z.

Äîìàøíåå çàäàíèå:

Çàäà÷à 29.3. Íàéòè èíòåãðàëüíûå ïðåäñòàâëåíèÿ äëÿ ðåøåíèé óðàâíåíèÿ

W ′′ − zW ′ −W = 0.

Îòâåò: W1(z) =
∞∫
0

e−
1
2
t2+zt dt, W2(z) =

∫
R
e−

1
2
t2+zt dt.

Çàäà÷à 29.4. Íàéòè èíòåãðàëüíûå ïðåäñòàâëåíèÿ äëÿ ðåøåíèé óðàâíåíèÿ

W ′′ + 2zW ′ +W = 0.

Îòâåò: W1(z) =
∫
γ1

1√
t
e

1
4
t2+zt dt, W2(z) =

+i∞∫
0

1√
t
e

1
4
t2+zt dt, ãäå êîíòóð γ1 âûáèðàåòñÿ êàê íà ðè-

ñóíêå 14, ñòð. 97.

Çàäà÷à 29.5. Íàéòè èíòåãðàëüíûå ïðåäñòàâëåíèÿ äëÿ ðåøåíèé óðàâíåíèÿ

3W ′′ + 2W ′ + zW = 0.

Îòâåò: W1(z) =
∫
γ1

et
3+t2+zt dt, W2(z) =

∫
γ2

et
3+t2+zt dt, ãäå êîíòóðû γ1 è γ2 âûáèðàþòñÿ êàê íà

ðèñóíêå 13, ñòð. 96.

Çàäà÷à 29.6. Íàéòè èíòåãðàëüíûå ïðåäñòàâëåíèÿ äëÿ ðåøåíèé óðàâíåíèÿ

2W ′′ − zW ′ − zW = 0.

Îòâåò: W1(z) =
∫

|t+1|=1

1
(t+1)3

e−t
2+2t+zt dt, W2(z) =

∫
γ1

1
(t+1)3

e−t
2+2t+zt dt, ãäå êîíòóð γ1 âûáèðàåòñÿ

êàê íà ðèñóíêå 15, ñòð. 99.

Çàäà÷à 29.7. Íàéòè èíòåãðàëüíûå ïðåäñòàâëåíèÿ äëÿ ðåøåíèé óðàâíåíèÿ

W ′′ − 2zW ′ +W = 0.

Îòâåò: W1(z) =
∫
γ1

t−
3
2 e−

1
4
t2+zt dt, W2(z) =

∫
γ2

t−
3
2 e−

1
4
t2+zt dt, ãäå êîíòóðû èíòåãðèðîâàíèÿ γ1 è γ2

èçîáðàæåíû íà ðèñóíêàõ 15 è 16.

Çàäà÷à 29.8. Íàéòè èíòåãðàëüíûå ïðåäñòàâëåíèÿ äëÿ ðåøåíèé óðàâíåíèÿ

2W ′′′ + (z − 2)W ′′ − zW ′ = 0.

Âû÷èñëèòü äâà èç òðåõ ïîëó÷åííûõ èíòåãðàëîâ.

Îòâåò: W1(z) =
∫
|t|= 1

2

1
t(t−1)

e−t
2+zt dt = −2πi, W2(z) =

∫
|t−1|= 1

2

1
t(t−1)

e−t
2+zt dt = 2πiez−1, W3(z) =∫

γ1

1
t(t−1)

e−t
2+zt dt, ãäå êîíòóð èíòåãðèðîâàíèÿ γ1 èçîáðàæåí íà ðèñóíêå 15.
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Ðèñ. 15. Êîíòóð γ1 âûäåëåí êðàñíûì öâå-
òîì.

Ðèñ. 16. Êîíòóð γ2 âûäåëåí êðàñíûì öâå-
òîì.

30. Ìåòîä Ëàïëàñà äëÿ ðåøåíèÿ óðàâíåíèé âèäà
zW ′′ + (a1 + b1z)W

′ + (a0 + b0z)W = 0.

Â ýòîì ðàçäåëå ìû ðàññìîòðèì ñïåöèàëüíûé ñëó÷àé óðàâíåíèÿ (28.1)

zW ′′ + (a1 + b1z)W ′ + (a0 + b0z)W = 0.

Çàäà÷è íà ïîñòðîåíèå ðåøåíèé ìåòîäîì Ëàïëàñà äëÿ óðàâíåíèé òàêîãî òèïà îòëè÷àþòñÿ âàæ-
íîé îñîáåííîñòüþ: åñëè êîíòóð èíòåãðèðîâàíèÿ âûáèðàåòñÿ óõîäÿùèì íà áåñêîíå÷íîñòü, òî
ñõîäèìîñòü èíòåãðàëà áóäåò çàâèñåòü îò ïàðàìåòðà z (ñì. ïðèìåð 28.5).

Ïðèìåð 30.1. Íàéòè èíòåãðàëüíûå ïðåäñòàâëåíèÿ äëÿ ðåøåíèé óðàâíåíèÿ

zW ′′ − (1 + z)W ′ = 0. (30.1)

Âû÷èñëèòü ïîëó÷åííûå èíòåãðàëû.

Ðåøåíèå. Èùåì ðåøåíèå â âèäå

W (z) =

∫
γ

V (t)ezt dt. (30.2)

Ïîäñòàâëÿÿ (30.2) â óðàâíåíèå (30.1), ïîëó÷èì

zW ′′ − (1 + z)W ′ =

∫
γ

t2V (t) dezt −
∫
γ

tV (t)ezt dt−
∫
γ

tV (t) dezt =

= −
∫
γ

(t2V (t))′ezt dt−
∫
γ

tV (t)ezt dt+

∫
γ

(tV (t))′ezt dt+ (t2 − t)V (t)ezt
∣∣
γ

=

=

∫
γ

[
(t− t2)V ′(t) + (1− 3t)V (t)

]
ezt dt+ (t2 − t)V (t)ezt

∣∣
γ

= 0.

Îòñþäà íàõîäèì óðàâíåíèÿ íà V è êîíòóð γ

(t− t2)V ′(t) + (1− 3t)V (t) = 0, t(t− 1)V (t)ezt
∣∣
γ

= 0.
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Èíòåãðèðóÿ óðàâíåíèå íà V , íàéäåì

V (t) =
1

t(t− 1)2
.

Óñëîâèå íà êîíòóð γ ïðèíèìàåò âèä

t(t− 1)V (t)ezt
∣∣
γ

=
1

(t− 1)
ezt
∣∣∣∣
γ

= 0.

Ìîæíî âûáðàòü äâà çàìêíóòûõ êîíòóðà γ1 =
{
t : |t| = 1

2

}
è γ2 =

{
t : |t− 1| = 1

2

}
.

Òàêèì îáðàçîì, ìû ïðèõîäèì ê äâóì èíòåãðàëüíûì ïðåäñòàâëåíèÿì

W1(z) =

∮
|t|= 1

2

1

t(t− 1)2
ezt dt, W2(z) =

∮
|t−1|= 1

2

1

t(t− 1)2
ezt dt.

Îáà èíòåãðàëà ëåãêî áåðóòñÿ ïî âû÷åòàì∮
|t|= 1

2

1

t(t− 1)2
ezt dt = 2πi res

t=0

(
1

t(t− 1)2
ezt
)

= 2πi,

∮
|t−1|= 1

2

1

t(t− 1)2
ezt dt = 2πi res

t=1

(
1

t(t− 1)2
ezt
)

= 2πi(z − 1)ez.

Îòìåòèì, ÷òî îáùåå ðåøåíèå óðàâíåíèÿ (30.1) ìîæíî çàïèñàòü â âèäå

W (z) = A+B(z − 1)ez,

ãäå A è B � ïðîèçâîëüíûå ïîñòîÿííûå. �

Îòâåò: W1(z) =
∮
|t|= 1

2

1
t(t−1)2

ezt dt = 2πi, W2(z) =
∮

|t−1|= 1
2

1
t(t−1)2

ezt dt = 2πi(z − 1)ez.

Ïðèìåð 30.2. Íàéòè èíòåãðàëüíûå ïðåäñòàâëåíèÿ äëÿ ðåøåíèé óðàâíåíèÿ

zW ′′ + 2zW ′ + (z + 1)W = 0. (30.3)

Ðåøåíèå. Èùåì ðåøåíèå â âèäå

W (z) =

∫
γ

V (t)ezt dt. (30.4)

Ïîäñòàâëÿÿ (30.4) â óðàâíåíèå (30.3), ïîëó÷èì

zW ′′ + 2zW ′ + (z + 1)W =

∫
γ

t2V (t) dezt + 2

∫
γ

tV (t) dezt +

∫
γ

V (t) dezt +

∫
γ

V (t)ezt dt =

= −
∫
γ

(t2V (t))′ezt dt− 2

∫
γ

(tV (t))′ezt dt−
∫
γ

V ′(t)ezt dt+

∫
γ

V (t)ezt dt+ (t+ 1)2V (t)ezt
∣∣
γ

=

=

∫
γ

[
−(t+ 1)2V ′(t)− (1 + 2t)V (t)

]
ezt dt+ (t+ 1)2V (t)ezt

∣∣
γ

= 0.

Îòñþäà íàõîäèì óðàâíåíèÿ íà V è êîíòóð γ

(t+ 1)2V ′(t) + (1 + 2t)V (t) = 0, (t+ 1)2V (t)ezt
∣∣
γ

= 0.
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Èíòåãðèðóÿ óðàâíåíèå íà V , íàéäåì

V (t) =
1

(t+ 1)2
e−

1
t+1 .

Óñëîâèå íà êîíòóð γ ïðèíèìàåò âèä

(t+ 1)2V (t)ezt
∣∣
γ

= e−
1
t+1 ezt

∣∣∣
γ

= 0.

Ìîæíî âûáðàòü îäèí çàìêíóòûé êîíòóð γ1 = {t : |t+ 1| = 1}. Â êà÷åñòâå âòîðîãî êîíòóðà âîçü-
ìåì γ2 = (−1,+∞) ïðè z < 0, äëÿ îñòàëüíûõ z ðåøåíèå ìîæåò áûòü àíàëèòè÷åñêè ïðîäîëæåíî
ñïîñîáîì, îïèñàííîì â ïðèìåðå 28.5. Ñõîäèìîñòü èíòåãðàëà (30.4) äëÿ êîíòóðà γ2 äîñòèãàåòñÿ

çà ñ÷åò ýêñïîíåíöèàëüíîãî óáûâàíèÿ ôóíêöèè e−
1
t+1 ïðè t→ −1 + 0. �

Îòâåò: W1(z) =
∮

|t+1|=1

1
(t+1)2

e−
1
t+1 ezt dt, W2(z) =

+∞∫
−1

1
(t+1)2

e−
1
t+1 ezt dt.

Ïðèìåð 30.3. Ïðèäóìàòü ìàêñèìàëüíîå ÷èñëî êîíòóðîâ γ, êîòîðûå áû ïðèâîäèëè ê ëèíåéíî
íåçàâèñèìûì ôóíêöèÿì W , ïðåäñòàâèìûõ â âèäå

W (z) =

∫
γ

t ezt dt, (t2 − 1)ezt
∣∣
γ

= 0.

Ðåøåíèå. Ïîäûíòåãðàëüíàÿ ôóíêöèÿ ðåãóëÿðíà, à çíà÷èò ëþáîé çàìêíóòûé êîíòóð ïðèâåäåò
íàñ ê òðèâèàëüíîé ôóíêöèè W . Ñëåäîâàòåëüíî êîíòóð äîëæåí íà÷èíàòüñÿ è çàêàí÷èâàòüñÿ
â òî÷êàõ, â êîòîðûõ îáðàùàåòñÿ â íîëü âûðàæåíèå (t2 − 1)ezt. Áóäåì ïðåäïîëàãàòü, ÷òî z >
0, òîãäà òàêèõ òî÷åê òðè −1, 1 è −∞. Òàêèì îáðàçîì, ìîæíî âûáðàòü òîëüêî äâà êîíòóðà,
óäîâëåòâîðÿþùèõ óñëîâèþ çàäà÷è. Íàïðèìåð, ìîæíî âçÿòü γ1 = (−1, 1) è γ2 = (−∞,−1] ïðè
z > 0. �

Îòâåò: γ1 = (−1, 1) è γ2 = (−∞,−1) ïðè z > 0.

Ïðèìåð 30.4. Íàéòè àñèìïòîòè÷åñêîå ïîâåäåíèå ðåøåíèé óðàâíåíèÿ

zW ′′ + (3− iz)W ′ − iW = 0 (30.5)

ïðè z → +∞.

Ðåøåíèå. Èñïîëüçóÿ ìåòîä Ëàïëàñà, ñì. ñòð. 99, íàéäåì èíòåãðàëüíûå ïðåäñòàâëåíèÿ äëÿ
ðåøåíèé óðàâíåíèÿ (30.5)

W1(z) =

0∫
−∞

(t− i) ezt dt, W2(z) =

i∫
0

(t− i) ezt dt.

Àñèìïòîòè÷åñêîå ïîâåäåíèå ðåøåíèÿ W1 íàéäåì ñ ïîìîùüþ ìåòîäà Ëàïëàñà

W1(z) = − i
z

+O

(
1

z2

)
ïðè z → +∞.

Àñèìïòîòè÷åñêîå ïîâåäåíèå ðåøåíèÿ W2 íàéäåì ñ ïîìîùüþ ìåòîäà ñòàöèîíàðíîé ôàçû

W2(z) =

i∫
0

(t− i) ezt dt = (t = ix) =

1∫
0

(1− x) eizx dx =
i

z
+O

(
1

z2

)
ïðè z → +∞. �
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Çàìå÷àíèå 30.5. Èç ïîëó÷åííûõ àñèìïòîòèê ìîæåò ïîêàçàòüñÿ, ÷òî ðåøåíèÿ W1 è W2

ëèíåéíî çàâèñèìû. Òåì íå ìåíåå, åñëè íàéòè ñëåäóþùèå ÷ëåíû àñèìïòîòè÷åñêîãî ðÿäà äëÿ
W1 è W2, ìîæíî óáåäèòüñÿ, ÷òî ýòè ðåøåíèÿ ëèíåéíî íåçàâèñèìû.

Îòâåò: W1(z) =
0∫
−∞

(t− i) ezt dt = − i
z

+O
(

1
z2

)
, W2(z) =

i∫
0

(t− i) ezt dt = i
z

+O
(

1
z2

)
ïðè z → +∞.

Äîìàøíåå çàäàíèå:

Çàäà÷à 30.6. Íàéòè èíòåãðàëüíûå ïðåäñòàâëåíèÿ äëÿ ðåøåíèé óðàâíåíèÿ

zW ′′ −W ′ − (1 + z)W = 0.

Âû÷èñëèòü ïîëó÷åííûå èíòåãðàëû.

Îòâåò: W1(z) =
∮

|t−1|=1

ezt

(t+1)(t−1)2
dt = πi

2
(2z − 1)ez, W2(z) =

∮
|t+1|=1

ezt

(t+1)(t−1)2
dt = πi

2
e−z.

Çàäà÷à 30.7. Íàéòè èíòåãðàëüíûå ïðåäñòàâëåíèÿ äëÿ ðåøåíèé óðàâíåíèÿ

2zW ′′ − (2z + 1)W ′ + 2W = 0.

Âû÷èñëèòü îäèí èç ïîëó÷åííûõ èíòåãðàëîâ.

Îòâåò: W1(z) =
∮
|t|= 1

2

1
t2
√
t−1

ezt dt = ±π(2z + 1); W2(z) =
+∞∫
1

1
t2
√
t−1

ezt dt, ïðè z < 0.

Çàäà÷à 30.8. Íàéòè èíòåãðàëüíûå ïðåäñòàâëåíèÿ äëÿ ðåøåíèé óðàâíåíèÿ

zW ′′ + (2z + 1)W ′ − 2W = 0.

Âû÷èñëèòü îäèí èç ïîëó÷åííûõ èíòåãðàëîâ.

Îòâåò: W1(z) =
∮
|t|=1

t+2
t2
ezt dt = 2πi(2z + 1); W2(z) =

−2∫
−∞

t+2
t2
ezt dt, ïðè z > 0.

Çàäà÷à 30.9. Íàéòè èíòåãðàëüíûå ïðåäñòàâëåíèÿ äëÿ ðåøåíèé óðàâíåíèÿ

2zW ′′ + (2− 2z)W ′ − 3W = 0.

Îòâåò: W1(z) =
0∫
−∞

√
t

(t−1)3
ezt dt, ïðè z > 0; W2(z) =

∫
γ2

√
t

(t−1)3
ezt dt, ïðè z > 0, ãäå êîíòóð γ2

âûáèðàåòñÿ êàê íà ðèñóíêå 10, ñòð. 92.

Çàäà÷à 30.10. Íàéòè èíòåãðàëüíûå ïðåäñòàâëåíèÿ äëÿ ðåøåíèé óðàâíåíèÿ

zW ′′ + (1 + 2z)W ′ + (1 + z)W = 0.

Âû÷èñëèòü îäíî èç ðåøåíèé ÿâíî.

Îòâåò: W1(z) =
∫

|t+1|=1

1
t+1

ezt dt = 2πie−z, âòîðîå ëèíåéíî íåçàâèñèìîå ðåøåíèå íå ìîæåò áûòü

íàéäåíî ìåòîäîì Ëàïëàñà.
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Çàäà÷à 30.11. Ïðèäóìàòü ìàêñèìàëüíîå ÷èñëî êîíòóðîâ γ, êîòîðûå áû ïðèâîäèëè ê ëèíåéíî
íåçàâèñèìûì ôóíêöèÿì W , óäîâëåòâîðÿþùèì óñëîâèÿì

W (z) =

∫
γ

1

t− 5
ezt dt,

t− 1

t− 3
ezt
∣∣∣∣
γ

= 0.

Îòâåò: γ1 = {t : |t− 5| = 1} è γ2 = (−∞, 1) ïðè z > 0.

Çàäà÷à 30.12. Íàéòè àñèìïòîòè÷åñêîå ïîâåäåíèå ðåøåíèé óðàâíåíèÿ

W ′′ − zW ′ −W = 0

ïðè z → +∞.

Îòâåò: W1(z) =
0∫
−∞

e−
1
2
t2+zt dt = 1

z
+ O

(
1
z2

)
, W2(z) =

+∞∫
0

e−
1
2
t2+zt dt =

√
2π e

1
2
z2
(
1 +O

(
1
z2

))
ïðè

z → +∞.
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31. Çàäà÷à Øòóðìà-Ëèóâèëëÿ íà îòðåçêå (ñàìîñòîÿòåëüíî).

Â ýòîì ðàçäåëå ìû íàïîìíèì îñíîâíûå ñâîéñòâà çàäà÷è Øòóðìà-Ëèóâèëëÿ äëÿ óðàâíåíèÿ
âèäà −u′′ = λu.

Îïðåäåëåíèå 31.1. Çàäà÷åé Øòóðìà-Ëèóâèëëÿ íàçûâàåòñÿ çàäà÷à îá îïðåäåëåíèè âñåõ ïàðà-
ìåòðîâ λ òàêèõ, ÷òî íà ïðîìåæóòêå [a, b] ñóùåñòâóåò íåòðèâèàëüíîå (íåíóëåâîå) ðåøåíèå
óðàâíåíèÿ

−u′′(x) = λu(x), (31.1)

óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì âèäà{
α1u(a) + β1u

′(a) = 0,
α2u(b) + β2u

′(b) = 0.
(31.2)

Çäåñü αk è βk � çàäàííûå âåùåñòâåííûå ïàðàìåòðû, óäîâëåòâîðÿþùèå óñëîâèþ |αk|+ |βk| 6= 0
ïðè k = 1, 2.

Îïðåäåëåíèå 31.2. Çíà÷åíèå ïàðàìåòðà λ, ïðè êîòîðîì çàäà÷à (31.1) � (31.2) èìååò íåòðè-
âèàëüíîå ðåøåíèå, íàçûâàåòñÿ ñîáñòâåííûì çíà÷åíèåì (÷èñëîì) ýòîé çàäà÷è, à ñîîòâåòñòâó-
þùåå ðåøåíèå íàçûâàåòñÿ ñîáñòâåííîé ôóíêöèåé.

Òåîðåìà 31.3. Çàäà÷à Øòóðìà-Ëèóâèëëÿ (31.1) � (31.2) îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè.

(1) Ñóùåñòâóåò áåñêîíå÷íûé (ñ÷åòíûé) íàáîð ñîáñòâåííûõ çíà÷åíèé. Ïðè ýòîì âñå ñîá-
ñòâåííûå çíà÷åíèÿ âåùåñòâåííû.

(2) Ñîáñòâåííûå çíà÷åíèÿ ìîæíî ïðîíóìåðîâàòü òàê, ÷òî λ1 < λ2 < · · · < λn < · · · . Ïðè
ýòîì ñîáñòâåííûå çíà÷åíèÿ íàêàïëèâàþòñÿ íà ïëþñ áåñêîíå÷íîñòè.

(3) Êàæäîìó ñîáñòâåííîìó çíà÷åíèþ λk ñîîòâåòñòâóåò îäíà ñîáñòâåííàÿ ôóíêöèÿ uk,
îïðåäåëåííàÿ ñ òî÷íîñòüþ äî ïðîèçâîëüíîãî ïîñòîÿííîãî ìíîæèòåëÿ.

(4) Ëèíåéíî íåçàâèñèìûå ñîáñòâåííûå ôóíêöèè ïîïàðíî îðòîãîíàëüíû îòíîñèòåëüíî ñêà-
ëÿðíîãî ïðîèçâåäåíèÿ5 â ïðîñòðàíñòâå L2(a, b), ò. å.

(uk, up)
def
=

∫ b

a

uk(x)up(x) dx = 0, ïðè k 6= p.

(5) Íàáîð, ñîñòàâëåííûé èç âñåõ ëèíåéíî íåçàâèñèìûõ ñîáñòâåííûõ ôóíêöèé, îáðàçóåò
îðòîãîíàëüíûé áàçèñ â ïðîñòðàíñòâå L2(a, b).

Ïðèìåð 31.4. Ðåøèòü çàäà÷ó Øòóðìà-Ëèóâèëëÿ

−u′′ = λu, (31.3)

u(0) = u(π) = 0. (31.4)

Ðåøåíèå. Óðàâíåíèå (31.3) èìååò ïîñòîÿííûå êîýôôèöèåíòû è ïðè λ 6= 0 åãî ðåøåíèÿ ìîæíî
èñêàòü â âèäå eαx.
Ïîäñòàâëÿÿ eαx â (31.3), ïîëó÷èì óðàâíåíèå íà α

α2 + λ = 0⇐⇒ α = ±i
√
λ.

Â èòîãå îáùåå ðåøåíèå óðàâíåíèÿ (31.3) ïðè λ 6= 0 ìîæíî çàïèñàòü â âèäå

u(x) = C1e
i
√
λx + C2e

−i
√
λx. (31.5)

5Â ïðîñòðàíñòâå L2(a, b) îïðåäåëåíî ñêàëÿðíîå ïðîèçâåäåíèå (u, v)
def
=

b∫
a

u(x)v(x) dx.
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Èñïîëüçóÿ ôîðìóëû Ýéëåðà6, óäîáíî ïåðåïèñàòü âûðàæåíèå (31.5) ÷åðåç sin è cos

u(x) = A sin(
√
λx) +B cos(

√
λx). (31.6)

Ïîäñòàâèì òåïåðü (31.6) â êðàåâûå óñëîâèÿ (31.4){
A sin(

√
λ 0) +B cos(

√
λ 0) = 0,

A sin(
√
λπ) +B cos(

√
λπ) = 0,

⇐⇒
{
B = 0,

A sin(
√
λπ) = 0.

Îòñþäà íàõîäèì óðàâíåíèå íà ñîáñòâåííûå ÷èñëà7

sin(
√
λπ) = 0⇐⇒

√
λn π = πn, n ∈ Z⇐⇒ λn = n2, n ∈ Z.

Çàìåòèì, ÷òî ñîáñòâåííûå ÷èñëà îòâå÷àþùèå n = 1, 2, . . . è n = −1,−2, . . . ñîâïàäàþò, ò. å.
λ1 = λ−1, . . .. Ïîýòîìó ìû áóäåì ñ÷èòàòü, ÷òî n ∈ N (ìû òàêæå îòáðîñèëè n = 0, ïîòîìó ÷òî
ýòî ñîîòâåòñòâóåò λ = 0).
Äëÿ êàæäîãî λn ñîáñòâåííóþ ôóíêöèþ íàéäåì ïî ôîðìóëå (31.6)

un(x) = A sin(nx), n ∈ N.
Ïîñòîÿííóþ A óäîáíî âûáðàòü ðàâíîé åäèíèöå8.
Îñòàëîñü ðàññìîòðåòü ñëó÷àé λ = 0. Îáùåå ðåøåíèå óðàâíåíèÿ (31.3) èìååò âèä

u(x) = A+Bx. (31.7)

Ïîäñòàâëÿÿ (31.7) â êðàåâûå óñëîâèÿ (31.4), íàéäåì, ÷òî A = 0 è B = 0. Òàêèì îáðàçîì, λ = 0
íå ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì. �

Îòâåò: λn = n2, un(x) = sin(nx), n ∈ N.

Ïðèìåð 31.5. Ðåøèòü çàäà÷ó Øòóðìà-Ëèóâèëëÿ

−u′′ = λu, (31.8)

u′(0) = u′(1) = 0. (31.9)

Ðåøåíèå. Ïîäñòàâëÿÿ eαx â (31.8), ïîëó÷èì óðàâíåíèå íà α

α2 + λ = 0⇐⇒ α = ±i
√
λ.

Îáùåå ðåøåíèå óðàâíåíèÿ (31.8) ïðè λ 6= 0 ìîæíî çàïèñàòü â âèäå

u(x) = C1e
i
√
λx + C2e

−i
√
λx. (31.10)

Óäîáíî ïåðåïèñàòü âûðàæåíèå (31.10) ÷åðåç sin è cos

u(x) = A sin(
√
λx) +B cos(

√
λx). (31.11)

Ïîäñòàâèì (31.11) â êðàåâûå óñëîâèÿ (31.9){
A
√
λ = 0,

A
√
λ cos(

√
λ)−B

√
λ sin(

√
λ) = 0,

⇐⇒
{
A = 0,

sin(
√
λ) = 0.

Îòñþäà íàõîäèì óðàâíåíèå íà ñîáñòâåííûå ÷èñëà

sin(
√
λ) = 0⇐⇒

√
λn = πn, n ∈ Z⇐⇒ λn = (πn)2, n ∈ Z.

6Ôîðìóëû Ýéëåðà èìåþò âèä eiϕ = cosϕ+ i sinϕ è e−iϕ = cosϕ− i sinϕ ïðè ϕ ∈ C.
7Ïîñòîÿííàÿ A íå ìîæåò îáðàùàòüñÿ â íîëü, èíà÷å ìû ïîëó÷èì òðèâèàëüíîå ðåøåíèå çàäà÷è (31.3) � (31.4).
8Èíîãäà óäîáíî âûáèðàòü ýòó ïîñòîÿííóþ òàê, ÷òîáû ñîáñòâåííàÿ ôóíêöèÿ óäîâëåòâîðÿëà óñëîâèþ ‖un‖ = 1,

ãäå ‖u‖2 = (u, u). Îäíàêî ìû ïðåäïî÷èòàåì, ÷òîáû ñîáñòâåííàÿ ôóíêöèÿ èìåëà ïðîñòóþ ôîðìó çàïèñè.
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Ïî òåì æå ïðè÷èíàì, ÷òî è â ïðèìåðå 31.4 íóëåâîå è îòðèöàòåëüíûå n îòáðàñûâàåì è ñ÷èòàåì,
÷òî n ∈ N.
Äëÿ êàæäîãî λn ñîáñòâåííóþ ôóíêöèþ íàéäåì ïî ôîðìóëå (31.11)

un(x) = B cos(πnx), n ∈ N.
Ïîñòîÿííóþ B âûáèðàåì ðàâíîé åäèíèöå.
Îñòàëîñü ðàññìîòðåòü ñëó÷àé λ = 0. Îáùåå ðåøåíèå óðàâíåíèÿ (31.8) èìååò âèä

u(x) = A+Bx. (31.12)

Ïîäñòàâëÿÿ (31.12) â êðàåâûå óñëîâèÿ (31.9), íàéäåì, ÷òî B = 0 è u(x) = A � ðåøåíèå çàäà÷è
Øòóðìà-Ëèóâèëëÿ ïðè λ = 0. Ïîñòîÿííóþ A âûáèðàåì ðàâíîé åäèíèöå. Òàêèì îáðàçîì, λ = 0
ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì è ñîáñòâåííàÿ ôóíêöèÿ u0(x) = 1. �

Îòâåò: λn = n2, un(x) = cos(πnx), n = 0, 1, . . ..

Ïðèìåð 31.6. Ðåøèòü çàäà÷ó Øòóðìà-Ëèóâèëëÿ

−u′′ = λu, (31.13)

u(−1) = u′(2) = 0. (31.14)

Ðåøåíèå. Êàê è ðàíåå îáùåå ðåøåíèå óðàâíåíèÿ (31.13) ïðè λ 6= 0 ìîæíî çàïèñàòü â âèäå

u(x) = C1e
i
√
λx + C2e

−i
√
λx. (31.15)

Óäîáíî ïåðåïèñàòü âûðàæåíèå (31.15) â âèäå

u(x) = D1e
i
√
λ (x+1) +D2e

−i
√
λ (x+1). (31.16)

È òîëüêî òåïåðü ïåðåïèñàòü âûðàæåíèå (31.15) ÷åðåç sin è cos

u(x) = A sin
(√

λ(x+ 1)
)

+B cos
(√

λ(x+ 1)
)
. (31.17)

Ïîäñòàâèì (31.17) â êðàåâûå óñëîâèÿ (31.14) (çà ñ÷åò ñïåöèàëüíîãî âûáîðà çàïèñè (31.17)
ðåøåíèÿ u(x) óðàâíåíèå íà λ ïðèíèìàåò ìàêñèìàëüíî ïðîñòîé âèä ){

B = 0,

A
√
λ cos(3

√
λ)−B

√
λ sin(3

√
λ) = 0,

⇐⇒
{
B = 0,

cos(3
√
λ) = 0.

Îòñþäà íàõîäèì óðàâíåíèå íà ñîáñòâåííûå ÷èñëà

cos(3
√
λ) = 0⇐⇒ 3

√
λn =

π

2
+ πn, n ∈ Z⇐⇒ λn =

π2(2n+ 1)2

36
, n ∈ Z.

Ïî òåì æå ïðè÷èíàì, ÷òî è â ïðèìåðå 31.4 îòðèöàòåëüíûå n îòáðàñûâàåì è ñ÷èòàåì, ÷òî n =
0, 1, . . ..
Äëÿ êàæäîãî λn ñîáñòâåííóþ ôóíêöèþ íàéäåì ïî ôîðìóëå (31.17)

un(x) = A sin

(
π(2n+ 1)

6
(x+ 1)

)
, n = 0, 1, . . . .

Ïîñòîÿííóþ A âûáèðàåì ðàâíîé åäèíèöå.
Îñòàëîñü ðàññìîòðåòü ñëó÷àé λ = 0. Îáùåå ðåøåíèå óðàâíåíèÿ (31.13) èìååò âèä

u(x) = A+Bx. (31.18)

Ïîäñòàâëÿÿ (31.18) â êðàåâûå óñëîâèÿ (31.14), íàéäåì, ÷òî A = 0 è B = 0. Òàêèì îáðàçîì, λ = 0
íå ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì. �

Îòâåò: λn = π2(2n+1)2

36
, un(x) = sin

(
π(2n+1)

6
(x+ 1)

)
, n = 0, 1, . . ..
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Ïðèìåð 31.7. Ðàçëîæèòü ôóíêöèþ f(x) = 1 â ðÿä Ôóðüå ïî ñîáñòâåííûì ôóíêöèÿì çàäà÷è
Øòóðìà-Ëèóâèëëÿ (31.3) � (31.4).

Ðåøåíèå. Ñîáñòâåííûå ôóíêöèè çàäà÷è (31.3) � (31.4) èìåþò âèä un(x) = sin(nx), n ∈ N. Â
ñèëó òåîðåìû 31.3 ôóíêöèè un îáðàçóþò áàçèñ â ïðîñòðàíñòâå L2(0, π), ïîýòîìó ñóùåñòâóþò
òàêèå ïîñòîÿííûå fn , ÷òî

9

f(x) =
∞∑
n=1

fnun(x). (31.19)

Äëÿ òîãî, ÷òîáû íàéòè fn, äîìíîæèì ñêàëÿðíî ëåâóþ è ïðàâóþ ÷àñòè (31.19) íà up è èñïîëüçóåì
ñâîéñòâî îðòîãîíàëüíîñòè ñîáñòâåííûõ ôóíêöèé, ñì. òåîðåìó 31.3

(f, up) =

(
∞∑
n=1

fnun, up

)
=
∞∑
n=1

fn(un, up) = fp(up, up).

Îòñþäà

fp =
(f, up)

(up, up)
,

(up, up) =

∫ π

0

sin2(nx) dx =
1

2

∫ π

0

1− cos(2nx) dx =
π

2
,

(f, up) =

∫ π

0

sin(nx) dx = − 1

n
cos(nx)|π0 =

1− (−1)n

n
. �

Îòâåò: f(x) = 2
π

∞∑
n=1

1−(−1)n

n
sin(nx).

Äîìàøíåå çàäàíèå:

Çàäà÷à 31.8. Ðåøèòü çàäà÷ó Øòóðìà-Ëèóâèëëÿ

−u′′ = λu, u(0) = u′(π/2) = 0.

Îòâåò: λn = (2n− 1)2, un(x) = sin ((2n− 1)x), n ∈ N.

Çàäà÷à 31.9. Ðåøèòü çàäà÷ó Øòóðìà-Ëèóâèëëÿ

−u′′ = λu, u′(−π) = u′(π) = 0.

Îòâåò: λn = n2/4, un(x) = cos
(
n
2
(x+ π)

)
, n = 0, 1, . . ..

Çàäà÷à 31.10. Ðåøèòü çàäà÷ó Øòóðìà-Ëèóâèëëÿ

−u′′ = λu, u′(−π/2) = u(π/2) = 0.

Îòâåò: λn =
(
n− 1

2

)2
, un(x) = cos

(
(n− 1

2
)(x+ π/2)

)
, n ∈ N.

Çàäà÷à 31.11. Ðàçëîæèòü ôóíêöèþ f(x) = 1 â ðÿä Ôóðüå ïî ñîáñòâåííûì ôóíêöèÿì çàäà÷è
Øòóðìà-Ëèóâèëëÿ

−u′′ = λu, u′(0) = u(π/2) = 0.

Îòâåò: f(x) =
∑
n>0

4(−1)n+1

π(2n+1)
cos ((2n+ 1)x) .

9Ìû çäåñü íå îáñóæäàåì â êàêîì ñìûñëå ïîíèìàòü ñõîäèìîñòü ðÿäà (31.19).
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32. 10-àÿ êîíòðîëüíàÿ ðàáîòà (çàäà÷à: 10; 20 ìèíóò).

Âàðèàíò êîíòðîëüíîé ðàáîòû �10.

Çàäà÷à 10. Íàéòè èíòåãðàëüíûå ïðåäñòàâëåíèÿ äëÿ ðåøåíèé óðàâíåíèÿ

zW ′′ − (z + 1)W ′ +W = 0.

Âû÷èñëèòü ïîëó÷åííûå èíòåãðàëû.

Îòâåò:

W1(z) =

∮
|t|= 1

2

1

t2(t− 1)
ezt dt = −2πi (z + 1),

W2(z) =

∮
|t−1|= 1

2

1

t2(t− 1)
ezt dt = 2πi ez.

Âàðèàíò êîíòðîëüíîé ðàáîòû �10.

Çàäà÷à 10. Íàéòè èíòåãðàëüíûå ïðåäñòàâëåíèÿ äëÿ ðåøåíèé óðàâíåíèÿ

4W ′′ + zW ′ − 2W = 0.

Âû÷èñëèòü îäèí èç ïîëó÷åííûõ èíòåãðàëîâ.

Îòâåò: W1(z) =
∮
|t|=1

1
t3
e2t2+zt dt = πi(4 + z2), W2(z) =

∫
γ1

1
t3
e2t2+zt dt, ãäå êîíòóð γ1 âûáèðàåòñÿ

êàê íà ðèñóíêå 14, ñòð. 97.
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33. Îïåðàòîð Ëàïëàñà â ïðÿìîóãîëüíîé îáëàñòè.

Îïðåäåëåíèå 33.1. Ñïåêòðàëüíîé çàäà÷åé äëÿ îïåðàòîðà Ëàïëàñà â ïðÿìîóãîëüíèêå íàçû-
âàåòñÿ çàäà÷à îá îïðåäåëåíèè âñåõ ïàðàìåòðîâ λ òàêèõ, ÷òî â ïðÿìîóãîëüíèêå [a, b] × [c, d]
ñóùåñòâóåò íåòðèâèàëüíîå ðåøåíèå óðàâíåíèÿ

−∆u = λu, ∆ =
∂2

∂x2
+

∂2

∂y2
, (33.1)

óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì
α1u+ β1∂nu = 0 ïðè x = a, y ∈ [c, d],
α2u+ β2∂nu = 0 ïðè x = b, y ∈ [c, d],
α3u+ β3∂nu = 0 ïðè y = c, x ∈ [a, b],
α4u+ β4∂nu = 0 ïðè y = d, x ∈ [a, b].

(33.2)

Çäåñü αk è βk � çàäàííûå âåùåñòâåííûå ïàðàìåòðû, óäîâëåòâîðÿþùèå óñëîâèþ |αk|+ |βk| 6= 0
ïðè k = 1, 2, 3, 4 è ∂n � ïðîèçâîäíàÿ ïî âíåøíåé íîðìàëè.

Îïðåäåëåíèå 33.2. Çíà÷åíèå ïàðàìåòðà λ, ïðè êîòîðîì çàäà÷à (33.1) � (33.2) èìååò íåòðè-
âèàëüíîå ðåøåíèå, íàçûâàåòñÿ ñîáñòâåííûì çíà÷åíèåì (÷èñëîì) ýòîé çàäà÷è, à ñîîòâåòñòâó-
þùåå ðåøåíèå íàçûâàåòñÿ ñîáñòâåííîé ôóíêöèåé.

Òåîðåìà 33.3. Çàäà÷à (33.1) � (33.2) îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè.

(1) Ñóùåñòâóåò áåñêîíå÷íûé (ñ÷åòíûé) íàáîð ñîáñòâåííûõ çíà÷åíèé. Ïðè ýòîì âñå ñîá-
ñòâåííûå çíà÷åíèÿ âåùåñòâåííûå ÷èñëà.

(2) Ñîáñòâåííûå çíà÷åíèÿ ìîæíî ïðîíóìåðîâàòü òàê, ÷òî λ1 < λ2 6 λ3 6 · · · 6 λn 6 · · · .
Ïðè ýòîì ñîáñòâåííûå çíà÷åíèÿ íàêàïëèâàþòñÿ íà ïëþñ áåñêîíå÷íîñòè.

(3) Êàæäîìó ñîáñòâåííîìó çíà÷åíèþ λk ñîîòâåòñòâóåò îäíà èëè áîëåå ëèíåéíî íåçàâè-
ñèìûõ ñîáñòâåííûõ ôóíêöèé uk.

(4) Ëèíåéíî íåçàâèñèìûå ñîáñòâåííûå ôóíêöèè ïîïàðíî îðòîãîíàëüíû îòíîñèòåëüíî ñêà-
ëÿðíîãî ïðîèçâåäåíèÿ â ïðîñòðàíñòâå L2 ((a, b)× (c, d)), ò. å.

(uk, up)
def
=

∫ b

a

dx

∫ d

c

dy uk(x, y)up(x, y) = 0, ïðè k 6= p.

(5) Íàáîð, ñîñòàâëåííûé èç âñåõ ëèíåéíî íåçàâèñèìûõ ñîáñòâåííûõ ôóíêöèé, îáðàçóåò
áàçèñ â ïðîñòðàíñòâå L2 ((a, b)× (c, d)).

Äëÿ ðåøåíèÿ çàäà÷è (33.1) � (33.2) ïðèìåíÿþò ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ. Èçëîæèì èäåþ
ýòîãî ìåòîäà íà ñëåäóþùåì ïðèìåðå.

Ïðèìåð 33.4. Íàéòè ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè çàäà÷è

−∆u = λu, (33.3)
u = 0 ïðè x = 0, y ∈ [0, π],
u = 0 ïðè x = π, y ∈ [0, π],
u = 0 ïðè y = 0, x ∈ [0, π],
u = 0 ïðè y = π, x ∈ [0, π].

(33.4)

Ðåøåíèå. Áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ (33.3) â âèäå

u(x, y) = X(x)Y (y). (33.5)
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Ïîäñòàâëÿÿ (33.5) â óðàâíåíèå (33.3), ïîëó÷èì

−X ′′(x)Y (y)−X(x)Y ′′(y) = λX(x)Y (y).

Îòñþäà, ïîäåëèâ íà X(x)Y (y), íàéäåì

−X
′′(x)

X(x)
=
Y ′′(y)

Y (y)
+ λ. (33.6)

Ïîñêîëüêó ëåâàÿ ÷àñòü â ðàâåíñòâå (33.6) çàâèñèò òîëüêî îò ïåðåìåííîé x, à ïðàâàÿ òîëüêî
îò y, òî îáà îòíîøåíèÿ ðàâíû íåêîòîðîé ïîñòîÿííîé, îáîçíà÷èì åå µ. Â ðåçóëüòàòå, óðàâíåíèÿ
íà ôóíêöèè X è Y ðàçäåëèëèñü

−X ′′(x) = µX(x), (33.7)

−Y ′′(y) = νY (y), ãäå ν = λ− µ. (33.8)

Ïîäñòàâëÿÿ (33.5) â êðàåâûå óñëîâèÿ (33.4), ïîëó÷èì
X(0)Y (y) = 0 ïðè y ∈ [0, π],
X(π)Y (y) = 0 ïðè y ∈ [0, π],
X(x)Y (0) = 0 ïðè x ∈ [0, π],
X(x)Y (π) = 0 ïðè x ∈ [0, π].

(33.9)

Íàïîìíèì, ÷òî ìû èùåì íåòðèâèàëüíûå ðåøåíèÿ çàäà÷è (33.3) � (33.4), ïîýòîìó ìû äîëæíû
ïðåäïîëàãàòü, ÷òî ôóíêöèè X(x) è Y (y) íå ÿâëÿþòñÿ òîæäåñòâåííî ðàâíûìè íóëþ. Îòñþäà è
èç (33.9) ñëåäóåò, ÷òî

X(0) = X(π) = 0, (33.10)

Y (0) = Y (π) = 0. (33.11)

Ñîáèðàÿ óðàâíåíèÿ (33.7) � (33.8) è êðàåâûå óñëîâèÿ (33.10) � (33.11) âìåñòå, ïîëó÷èì äâå
çàäà÷è Øòóðìà-Ëèóâèëëÿ {

−X ′′(x) = µX(x),
X(0) = X(π) = 0,

(33.12){
−Y ′′(y) = νY (y),
Y (0) = Y (π) = 0,

(33.13)

ãäå ïàðàìåòðû ν è µ ñâÿçàíû ñîîòíîøåíèåì λ = ν + µ. Ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå
çíà÷åíèÿ çàäà÷ (33.12) è (33.13) èìåþò âèä, ñì. ïðèìåð 31.4 íà ñòð. 104,

Xn(x) = sin(nx), µn = n2, n ∈ N, (33.14)

Yp(y) = sin(py), νp = p2, p ∈ N. (33.15)

Ïîäñòàâëÿÿ (33.14), (33.15) â (33.5), íàéäåì ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå çíà÷åíèÿ çà-
äà÷è (33.3) � (33.4)

unp(x, y) = Xn(x)Yp(y) = sin(nx) sin(py), λnp = µn + νp = n2 + p2, n ∈ N, p ∈ N.
Äî ñèõ ïîð ìû íèêàê íå îáñóæäàëè ïî÷åìó âñå ñîáñòâåííûå ôóíêöèè çàäà÷è (33.3) � (33.4)

ìîæíî íàéòè â âèäå (33.5). Èç òåîðåìû 33.3 ñëåäóåò, ÷òî äëÿ òîãî, ÷òîáû äîêàçàòü ýòî, íàì äî-
ñòàòî÷íî ïîêàçàòü, ÷òî ñîáñòâåííûå ôóíêöèè unp îáðàçóþò áàçèñ â ïðîñòðàíñòâå L2 ((0, π)× (0, π)).
Äîêàæåì, ÷òî íàáîð ôóíêöèé unp îáðàçóþò áàçèñ â L2 ((0, π)× (0, π)).10 Äëÿ ýòîãî, íàì äîñòà-

òî÷íî ïîêàçàòü, ÷òî ëþáàÿ ôóíêöèÿ f èç ïðîñòðàíñòâà L2 ((0, π)× (0, π)) ìîæåò áûòü ðàçëîæåíà
â ðÿä Ôóðüå ïî ôóíêöèÿì unp.

10Ìû îáîçíà÷èì îñíîâíóþ èäåþ äîêàçàòåëüñòâà, íå ïðîâîäÿ ñòðîãèõ ðàññóæäåíèé. Ìû òàêæå íå áóäåì îñòà-
íàâëèâàòüñÿ íà òîì â êàêîì ñìûñëå ïîíèìàòü ñõîäèìîñòü ñîîòâåòñòâóþùèõ ðÿäîâ.
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Ôèêñèðóåì ïåðåìåííóþ y è áóäåì ðàññìàòðèâàòü f(x, y) êàê ôóíêöèþ îò x. Â ñèëó òåîðå-
ìû 31.3 ýòà ôóíêöèÿ ìîæåò áûòü ðàçëîæåíà ïî ñîáñòâåííûì ôóíêöèÿì Xn çàäà÷è Øòóðìà-
Ëèóâèëëÿ (33.12), ò. å. ñóùåñòâóþò òàêèå cn(y), ÷òî

f(x, y) =
∞∑
n=1

cn(y)Xn(x). (33.16)

Àíàëîãè÷íî ôóíêöèè cn(y) ìîãóò áûòü ðàçëîæåíû ïî ñîáñòâåííûì ôóíêöèÿì Yp çàäà÷èØòóðìà-
Ëèóâèëëÿ (33.13)

cn(y) =
∞∑
p=1

fnp Yp(y). (33.17)

Ïîäñòàâëÿÿ (33.17) â (33.16), ïîëó÷èì

f(x, y) =
∞∑
n=1

cn(y)Xn(x) =
∞∑
n=1

∞∑
p=1

fnpXn(x)Yp(y) =
∞∑
n=1

∞∑
p=1

fnp unp(x, y).

Òàêèì îáðàçîì, ìû ðàçëîæèëè ïðîèçâîëüíóþ ôóíêöèþ f â ðÿä Ôóðüå ïî ôóíêöèÿì unp. �

Îòâåò: λnp = n2 + p2, unp(x, y) = sin(nx) sin(py), n ∈ N, p ∈ N.

Ïðèìåð 33.5. Íàéòè ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè çàäà÷è

−∆u = λu, (33.18)
u = 0 ïðè x = −π, y ∈ [0, π/2],
u = 0 ïðè x = π, y ∈ [0, π/2],
∂nu = 0 ïðè y = 0, x ∈ [−π, π],
u = 0 ïðè y = π/2, x ∈ [−π, π].

(33.19)

Ðåøåíèå. Èùåì ðåøåíèå óðàâíåíèÿ (33.18) â âèäå

u(x, y) = X(x)Y (y). (33.20)

Ïîäñòàâëÿÿ (33.20) â óðàâíåíèå (33.18), ïîëó÷èì

−X
′′(x)

X(x)
=
Y ′′(y)

Y (y)
+ λ = µ, (33.21)

ãäå µ � íåêîòîðàÿ ïîñòîÿííàÿ. Â ðåçóëüòàòå óðàâíåíèÿ íà ôóíêöèè X è Y ðàçäåëèëèñü

−X ′′(x) = µX(x), (33.22)

−Y ′′(y) = νY (y), (33.23)

ãäå ν = λ− µ.
Ïîäñòàâëÿÿ (33.20) â êðàåâûå óñëîâèÿ (33.19), ïîëó÷èì

X(−π) = X(π) = 0, (33.24)

Y ′(0) = Y (π/2) = 0. (33.25)

Çäåñü ìû âîñïîëüçîâàëèñü òåì, ÷òî ∂n = −∂y íà íèæíåé ãðàíèöå ïðÿìîóãîëüíèêà y = 0, x ∈
[−π, π].
Ñîáèðàÿ óðàâíåíèÿ (33.22) � (33.23) è êðàåâûå óñëîâèÿ (33.24) � (33.25) âìåñòå, ïîëó÷èì äâå

çàäà÷è Øòóðìà-Ëèóâèëëÿ {
−X ′′(x) = µX(x),
X(−π) = X(π) = 0,

(33.26)
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−Y ′′(y) = νY (y),
Y ′(0) = Y (π/2) = 0,

λ = ν + µ. (33.27)

Ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå çíà÷åíèÿ çàäà÷ (33.26) è (33.27) èìåþò âèä

Xn(x) = sin
(n

2
(x+ π)

)
, µn =

n2

4
, n ∈ N, (33.28)

Yp(y) = cos((2p+ 1)y), νp = (2p+ 1)2, p = 0, 1, . . . . (33.29)

Ïîäñòàâëÿÿ (33.28) è (33.29) â (33.20), íàéäåì ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå çíà÷åíèÿ
çàäà÷è (33.18) � (33.19)

unp(x, y) = Xn(x)Yp(y) = sin
(n

2
(x+ π)

)
cos((2p+ 1)y),

λnp = µn + νp =
n2

4
+ (2p+ 1)2, n ∈ N, p = 0, 1, . . . . �

Îòâåò: λnp = n2

4
+ (2p+ 1)2, unp(x, y) = sin

(
n
2
(x+ π)

)
cos((2p+ 1)y), n ∈ N, p = 0, 1, . . ..

Äîìàøíåå çàäàíèå:

Çàäà÷à 33.6. Íàéòè ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè çàäà÷è

−∆u = λu,


∂nu = 0 ïðè x = 0, y ∈ [0, π/2],
∂nu = 0 ïðè x = π, y ∈ [0, π/2],
u = 0 ïðè y = 0, x ∈ [0, π],
u = 0 ïðè y = π/2, x ∈ [0, π].

Îòâåò: λnp = n2 + 4p2, unp(x, y) = cos(nx) sin(2py), n = 0, 1, . . ., p ∈ N.

Çàäà÷à 33.7. Íàéòè ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè çàäà÷è

−∆u = λu,


u = 0 ïðè x = 0, y ∈ [0, π/3],
∂nu = 0 ïðè x = π, y ∈ [0, π/3],
∂nu = 0 ïðè y = 0, x ∈ [0, π],
u = 0 ïðè y = π/3, x ∈ [0, π].

Îòâåò: λnp =
(
n− 1

2

)2
+
(
3p− 3

2

)2
, unp(x, y) = sin

((
n− 1

2

)
x
)

cos
((

3p− 3
2

)
y
)
, n ∈ N, p ∈ N.

Çàäà÷à 33.8. Íàéòè ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè çàäà÷è

−∆u = λu,


u = 0 ïðè x = 0, y ∈ [0, 1],
∂nu = 0 ïðè x = 3π, y ∈ [0, 1],
u = 0 ïðè y = 0, x ∈ [0, 3π],
u = 0 ïðè y = 1, x ∈ [0, 3π].

Îòâåò: λnp =
(

2n−1
6

)2
+ π2p2, unp(x, y) = sin

(
2n−1

6
x
)

sin (pπy), n ∈ N, p ∈ N.
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34. Óðàâíåíèå Ïóàññîíà â ïðÿìîóãîëüíîé îáëàñòè.

Îïðåäåëåíèå 34.1. Êðàåâîé çàäà÷åé äëÿ óðàâíåíèÿ Ïóàññîíà â ïðÿìîóãîëüíèêå íàçûâàåòñÿ
çàäà÷à î íàõîæäåíèè ôóíêöèè u(x, y), óäîâëåòâîðÿþùåé óðàâíåíèþ

∆u = f(x, y), ∆ =
∂2

∂x2
+

∂2

∂y2
, ïðè x ∈ [a, b], y ∈ [c, d], (34.1)

è êðàåâûì óñëîâèÿì 
α1u+ β1∂nu = 0 ïðè x = a, y ∈ [c, d],
α2u+ β2∂nu = 0 ïðè x = b, y ∈ [c, d],
α3u+ β3∂nu = 0 ïðè y = c, x ∈ [a, b],
α4u+ β4∂nu = 0 ïðè y = d, x ∈ [a, b].

(34.2)

Çäåñü αk è βk � çàäàííûå âåùåñòâåííûå ïàðàìåòðû, óäîâëåòâîðÿþùèå óñëîâèþ |αk|+ |βk| 6= 0
ïðè k = 1, 2, 3, 4 è ∂n � ïðîèçâîäíàÿ ïî âíåøíåé íîðìàëè.

Âîîáùå ãîâîðÿ, ðåøåíèå çàäà÷è (34.1) � (34.2) íå âñåãäà ñóùåñòâóåò è íå âñåãäà åäèíñòâåííî.
×òîáû ýòî ïîíÿòü, óäîáíî âíà÷àëå ðàññìîòðåòü ïëàí ðåøåíèÿ çàäà÷è (34.1) � (34.2) â ïðåäïî-
ëîæåíèè, ÷òî åå ðåøåíèå ñóùåñòâóåò è åäèíñòâåííî.
Ðåøåíèå çàäà÷è (34.1) � (34.2) ñòðîèòñÿ â òðè øàãà.

(1) Íàõîäèì ñîáñòâåííûå çíà÷åíèÿ λnp è ñîáñòâåííûå ôóíêöèè unp çàäà÷è

−∆u = λu,

ñ êðàåâûìè óñëîâèÿìè (34.2).
(2) Ðàñêëàäûâàåì ôóíêöèþ f â ðÿä Ôóðüå ïî ôóíêöèÿì unp

f(x, y) =
∑
n,p

fnpunp(x, y). (34.3)

Ïîñòîÿííûå fnp ìîãóò áûòü íàéäåíû ïî ôîðìóëàì

fnp =
(f, unp)

(unp, unp)
, (u, v)

def
=

b∫
a

dx

d∫
c

dy u(x, y)v(x, y).

(3) Èùåì ðåøåíèå çàäà÷è (34.1) � (34.2) â âèäå ðÿäà

u(x, y) =
∑
n,p

cnpunp(x, y), (34.4)

ãäå ïîñòîÿííûå cnp ïîäëåæàò îïðåäåëåíèþ. Òàê êàê âñå ôóíêöèè unp óäîâëåòâîðÿþò êðà-
åâûì óñëîâèÿì (34.2), òî è ðÿä (34.4) óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì (34.2). Îñòàëîñü
óäîâëåòâîðèòü óðàâíåíèþ (34.1). Ïîäñòàâèì ðÿäû (34.3) è (34.4) â óðàâíåíèå (34.1). Â
ðåçóëüòàòå ïîëó÷èì

−
∑
n,p

cnpλnpunp(x, y) =
∑
n,p

fnpunp(x, y).

Äâà ðÿäà Ôóðüå ñîâïàäàþò òîãäà è òîëüêî òîãäà, êîãäà ñîâïàäàþò êîýôôèöèåíòû ïðè
ñîîòâåòñòâóþùèõ áàçèñíûõ ôóíêöèÿõ (â äàííîì ñëó÷àå ïðè unp), ïîýòîìó

−cnpλnp = fnp ⇐⇒ cnp = −fnp
λnp

. (34.5)

◦ Îòâåò âûïèñûâàåòñÿ â âèäå ðÿäà (34.4).
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Âåðíåìñÿ ê óðàâíåíèþ (34.5)

−cnpλnp = fnp. (34.6)

Ëåãêî âèäåòü, ÷òî ðåøåíèå óðàâíåíèÿ (34.6) ñóùåñòâóåò è åäèíñòâåííî òîëüêî ïðè λnp 6= 0. Åñëè
æå λnp = 0 ïðè íåêîòîðûõ n è p, óðàâíåíèå (34.6) ìîæåò íå èìåòü ðåøåíèÿ (ïðè fnp 6= 0), ëèáî
èìåòü íå åäèíñòâåííîå ðåøåíèå (ïðè fnp = 0). Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 34.2.

• Ïóñòü λ = 0 íå ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì îïåðàòîðà Ëàïëàñà −∆ ñ êðàåâûìè
óñëîâèÿìè (34.2). Òîãäà ðåøåíèå çàäà÷è (34.1) � (34.2) ñóùåñòâóåò è åäèíñòâåííî.
• Ïóñòü λ = 0 � ñîáñòâåííîå çíà÷åíèå îïåðàòîðà Ëàïëàñà −∆ ñ êðàåâûìè óñëîâèÿìè
(34.2) è v1, ... vl � ñîáñòâåííûå ôóíêöèè, îòâå÷àþùèå λ = 0. Òîãäà
� åñëè f îðòîãîíàëüíà âñåì ñîáñòâåííûì ôóíêöèÿì v1, ... vl (ò. å. (f, vp) = 0, p =

1, . . . , l), òî ðåøåíèå çàäà÷è (34.1) � (34.2) ñóùåñòâóåò, íî íå åäèíñòâåííî.
� åñëè f íå îðòîãîíàëüíà õîòÿ áû îäíîé ñîáñòâåííîé ôóíêöèè v1, ... vl, òî ðåøåíèå
çàäà÷è (34.1) � (34.2) íå ñóùåñòâóåò.

Ïðèìåð 34.3. Ðåøèòü óðàâíåíèå Ïóàññîíà

∆u = 6 sin x sin y − 26 sin(2x) sin(3y),


u = 0 ïðè x = 0, y ∈ [0, π],
u = 0 ïðè x = π, y ∈ [0, π],
u = 0 ïðè y = 0, x ∈ [0, π],
u = 0 ïðè y = π, x ∈ [0, π].

(34.7)

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â òðè øàãà.
Øàã 1: Ðåøàåì çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè

−∆u = λu,


u = 0 ïðè x = 0, y ∈ [0, π],
u = 0 ïðè x = π, y ∈ [0, π],
u = 0 ïðè y = 0, x ∈ [0, π],
u = 0 ïðè y = π, x ∈ [0, π].

(34.8)

Ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (34.8) çàäàþòñÿ ðàâåíñòâàìè, ñì. ïðè-
ìåð 33.4 íà ñòð. 109,

unp(x, y) = sin(nx) sin(py), λnp = n2 + p2, n ∈ N, p ∈ N.

Øàã 2: Ðàñêëàäûâàåì ôóíêöèþ f(x, y) = 6 sinx sin y − 26 sin(2x) sin(3y) â ðÿä Ôóðüå ïî ñîá-
ñòâåííûì ôóíêöèÿì unp. Ýòî ðàçëîæåíèå èìååò ýëåìåíòàðíûé âèä

f(x, y) = 6u1,1(x, y)− 26u2,3(x, y). (34.9)

Øàã 3: Èùåì ðåøåíèå çàäà÷è (34.7) â âèäå êîíå÷íîãî ðÿäà Ôóðüå

u(x, y) = c1,1u1,1(x, y) + c2,3u2,3(x, y). (34.10)

Ïîäñòàâèì ðÿäû (34.9) è (34.10) â óðàâíåíèå (34.7). Â ðåçóëüòàòå ïîëó÷èì

−λ1,1c1,1u1,1(x, y)− λ2,3c2,3u2,3(x, y) = 6u1,1(x, y)− 26u2,3(x, y).

Îòñþäà íàõîäèì, ÷òî

c1,1 = − 6

λ1,1

= −6

2
= −3, c2,3 =

26

λ2,3

=
26

13
= 2. �

Îòâåò: u(x, y) = −3 sinx sin y + 2 sin(2x) sin(3y).
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Ïðèìåð 34.4. Ðåøèòü óðàâíåíèå Ïóàññîíà

∆u = 1,


u = 0 ïðè x = 0, y ∈ [0, π],
u = 0 ïðè x = π, y ∈ [0, π],
u = 0 ïðè y = 0, x ∈ [0, π],
u = 0 ïðè y = π, x ∈ [0, π].

(34.11)

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â òðè øàãà.
Øàã 1: Ðåøàåì çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè

−∆u = λu,


u = 0 ïðè x = 0, y ∈ [0, π],
u = 0 ïðè x = π, y ∈ [0, π],
u = 0 ïðè y = 0, x ∈ [0, π],
u = 0 ïðè y = π, x ∈ [0, π].

(34.12)

Ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (34.12) çàäàþòñÿ ðàâåíñòâàìè, ñì. ïðè-
ìåð 33.5 íà ñòð. 111,

unp(x, y) = sin(nx) sin(py), λnp = n2 + p2, n ∈ N, p ∈ N.

Øàã 2: Ðàñêëàäûâàåì ôóíêöèþ f(x, y) = 1 â ðÿä Ôóðüå ïî ñîáñòâåííûì ôóíêöèÿì unp. Ýòî
ðàçëîæåíèå èìååò ñëåäóþùèé âèä

f(x, y) =
∞∑
n=1

∞∑
p=1

fnpunp(x, y). (34.13)

Íàéäåì ïîñòîÿííûå fnp

(f, unp) =

∫ π

0

dx

∫ π

0

dy sin(nx) sin(py) =

∫ π

0

sin(nx) dx

∫ π

0

sin(py) dy =
(1− (−1)n)(1− (−1)p)

np
,

(unp, unp) =

∫ π

0

sin2(nx) dx

∫ π

0

sin2(py) dy =
π2

4
,

fnp =
(f, unp)

(unp, unp)
=

4

π2np
(1− (−1)n)(1− (−1)p).

Øàã 3: Èùåì ðåøåíèå çàäà÷è (34.11) â âèäå ðÿäà

u(x, y) =
∞∑
n=1

∞∑
p=1

cnpunp(x, y). (34.14)

Ïîäñòàâèì ðÿäû (34.13) è (34.14) â óðàâíåíèå (34.11). Â ðåçóëüòàòå ïîëó÷èì

−
∞∑
n=1

∞∑
p=1

λnpcnpunp(x, y) =
∞∑
n=1

∞∑
p=1

fnpunp(x, y).

Îòñþäà íàõîäèì, ÷òî

cnp = −fnp
λnp

= − 4

π2np(n2 + p2)
(1− (−1)n)(1− (−1)p). �

Îòâåò: u(x, y) = −
∞∑
n=1

∞∑
p=1

4
π2np(n2+p2)

(1− (−1)n)(1− (−1)p) sin(nx) sin(py).
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Ïðèìåð 34.5. Ðåøèòü óðàâíåíèå Ïóàññîíà

∆u = A+ 2 cos2 x,


∂nu = 0 ïðè x = 0, y ∈ [0, π],
∂nu = 0 ïðè x = π, y ∈ [0, π],
∂nu = 0 ïðè y = 0, x ∈ [0, π],
∂nu = 0 ïðè y = π, x ∈ [0, π],

A ∈ R. (34.15)

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â òðè øàãà.
Øàã 1: Ðåøàåì çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè

−∆u = λu,


∂nu = 0 ïðè x = 0, y ∈ [0, π],
∂nu = 0 ïðè x = π, y ∈ [0, π],
∂nu = 0 ïðè y = 0, x ∈ [0, π],
∂nu = 0 ïðè y = π, x ∈ [0, π].

(34.16)

Ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (34.16) çàäàþòñÿ ðàâåíñòâàìè

unp(x, y) = cos(nx) cos(py), λnp = n2 + p2, n = 0, 1, . . . , p = 0, 1, . . . .

Ëåãêî âèäåòü, ÷òî λ0,0 = 0 ñîáñòâåííîå çíà÷åíèå. Ïîýòîìó çàäà÷à (34.15) èìååò ðåøåíèå òîãäà
è òîëüêî òîãäà, êîãäà ôóíêöèÿ f(x, y) = A+2 cos2 x îðòîãîíàëüíà ñîáñòâåííîé ôóíêöèè u0,0 = 1
(ñì. òåîðåìó 34.2). Óñëîâèå îðòîãîíàëüíîñòè èìååò âèä

(f, u0,0) =

π∫
0

dx

π∫
0

dy(A+ 2 cos2 x) = Aπ2 + π2 = 0,

îòêóäà A = −1. Òàêèì îáðàçîì, çàäà÷à (34.15) ðàçðåøèìà òîëüêî ïðè A = −1.
Øàã 2: Ïîëîæèì A = −1 è ðàçëîæèì ôóíêöèþ f(x, y) = −1 + 2 cos2 x â ðÿä Ôóðüå ïî

ñîáñòâåííûì ôóíêöèÿì unp. Ýòî ðàçëîæåíèå èìååò âèä

f(x, y) = −1 + 2 cos2 x = cos(2x) = u2,0(x, y). (34.17)

Øàã 3: Ïðè A = −1 èùåì ðåøåíèå çàäà÷è (34.15) â âèäå ðÿäà

u(x, y) =
∞∑
n=0

∞∑
p=0

cnpunp(x, y). (34.18)

Ïîäñòàâèì ïðåäñòàâëåíèÿ (34.17) è (34.18) â óðàâíåíèå (34.11). Â ðåçóëüòàòå ïîëó÷èì

−
∞∑
n=0

∞∑
p=0

λnpcnpunp(x, y) = u2,0(x, y).

Îòñþäà íàõîäèì, ÷òî{
−λ2,0c2,0 = 1,

−λnpcnp = 0, ïðè n 6= 2 è p 6= 0,
⇐⇒


c2,0 = −1

4
,

0 · c0,0 = 0,

cnp = 0, ïðè n 6= 0, 2 è p 6= 0.

Î÷åâèäíî, ÷òî ðàâåíñòâî 0 · c0,0 = 0 âûïîëíåíî äëÿ ëþáîãî c0,0. Ïîýòîìó ðåøåíèå çàäà÷è (34.15)
áóäåò íå åäèíñòâåííî.
Ðåøåíèå çàäà÷è (34.15) âûïèñûâàåì â âèäå ðÿäà (34.18). �

Îòâåò: Ïðè A = −1 ðåøåíèå èìååò âèä u(x, y) = c0,0 − 1
4

cos(2x), ãäå c0,0 � ïðîèçâîëüíàÿ
ïîñòîÿííàÿ; ïðè A 6= −1 ðåøåíèå íå ñóùåñòâóåò.
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Äîìàøíåå çàäàíèå:

Çàäà÷à 34.6. Ðåøèòü óðàâíåíèå Ïóàññîíà

∆u = 20 sin(2x) cos y − 10 sinx cos(3y),


u = 0 ïðè x = 0, y ∈ [0, π/2],
u = 0 ïðè x = π, y ∈ [0, π/2],
∂nu = 0 ïðè y = 0, x ∈ [0, π],
u = 0 ïðè y = π/2, x ∈ [0, π].

Îòâåò: u(x, y) = −4 sin(2x) cos y + sinx cos(3y).

Çàäà÷à 34.7. Ðåøèòü óðàâíåíèå Ïóàññîíà

∆u = x(x− π) cos(2y),


u = 0 ïðè x = 0, y ∈ [0, π],
u = 0 ïðè x = π, y ∈ [0, π],
∂nu = 0 ïðè y = 0, x ∈ [0, π],
∂nu = 0 ïðè y = π, x ∈ [0, π].

Îòâåò: u(x, y) =
∞∑
n=1

4(1−(−1)n)
πn3(4+n2)

sin(nx) cos(2y).

Çàäà÷à 34.8. Ðåøèòü óðàâíåíèå Ïóàññîíà

∆u = xy,


u = 0 ïðè x = 0, y ∈ [0, π],
u = 0 ïðè x = π, y ∈ [0, π],
u = 0 ïðè y = 0, x ∈ [0, π],
u = 0 ïðè y = π, x ∈ [0, π].

Îòâåò: u(x, y) =
∞∑
n=1

∞∑
p=1

4(−1)n+p+1

np(n2+p2)
sin(nx) sin(py).

Çàäà÷à 34.9. Ðåøèòü óðàâíåíèå Ïóàññîíà

∆u = A sin2 x− 8 cos2 y,


∂nu = 0 ïðè x = 0, y ∈ [0, 2π],
∂nu = 0 ïðè x = π, y ∈ [0, 2π],
∂nu = 0 ïðè y = 0, x ∈ [0, π],
∂nu = 0 ïðè y = π, x ∈ [0, π],

A ∈ R.

Îòâåò: Ïðè A = 8 ðåøåíèå èìååò âèä u(x, y) = c0,0 + cos(2x) + cos(2y), ãäå c0,0 � ïðîèçâîëüíàÿ
ïîñòîÿííàÿ; ïðè A 6= 8 ðåøåíèå íå ñóùåñòâóåò.
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35. 11-àÿ êîíòðîëüíàÿ ðàáîòà (çàäà÷à: 11; 20 ìèíóò).

Âàðèàíò êîíòðîëüíîé ðàáîòû �11.

Çàäà÷à 11. Ðåøèòü êðàåâóþ çàäà÷ó

∆u = sin(2x) cos(3y) ïðè x ∈ [0, π], y ∈ [0, π],
u = 0 ïðè x = 0, y ∈ [0, π],
u = 0 ïðè x = π, y ∈ [0, π],
∂nu = 0 ïðè y = 0, x ∈ [0, π],
∂nu = 0 ïðè y = π, x ∈ [0, π].

Îòâåò: u(x, y) = − 1
13

sin(2x) cos(3y).

Âàðèàíò êîíòðîëüíîé ðàáîòû �11.

Çàäà÷à 11. Ðåøèòü êðàåâóþ çàäà÷ó

∆u = 2 cos2 x+ a cos2 y ïðè x ∈ [0, π], y ∈ [0, 2π], (35.1)
∂nu = 0 ïðè x = 0, y ∈ [0, 2π],
∂nu = 0 ïðè x = π, y ∈ [0, 2π],
∂nu = 0 ïðè y = 0, x ∈ [0, π],
∂nu = 0 ïðè y = 2π, x ∈ [0, π],

(35.2)

ãäå a � âåùåñòâåííûé ïàðàìåòð.

Îòâåò: Ïðè a = −2, u(x, y) = 1
4
(cos(2y)− cos(2x)) + c, ãäå c ∈ R. Ïðè a 6= 2 çàäà÷à (35.1), (35.2)

íå èìååò ðåøåíèÿ.
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36. Óðàâíåíèå Ëàïëàñà â ïðÿìîóãîëüíîé îáëàñòè.

Îïðåäåëåíèå 36.1. Êðàåâîé çàäà÷åé äëÿ óðàâíåíèÿ Ëàïëàñà â ïðÿìîóãîëüíèêå íàçûâàåòñÿ
çàäà÷à î íàõîæäåíèè ôóíêöèè u(x, y), óäîâëåòâîðÿþùåé óðàâíåíèþ

∆u = 0, ∆ =
∂2

∂x2
+

∂2

∂y2
, ïðè x ∈ [a, b], y ∈ [c, d], (36.1)

è êðàåâûì óñëîâèÿì 
α1u+ β1∂nu = h1(y) ïðè x = a, y ∈ [c, d],
α2u+ β2∂nu = h2(y) ïðè x = b, y ∈ [c, d],
α3u+ β3∂nu = g1(x) ïðè y = c, x ∈ [a, b],
α4u+ β4∂nu = g2(x) ïðè y = d, x ∈ [a, b].

(36.2)

Çäåñü αk è βk � çàäàííûå âåùåñòâåííûå ïàðàìåòðû, óäîâëåòâîðÿþùèå óñëîâèþ |αk|+ |βk| 6= 0
ïðè k = 1, 2, 3, 4 è ∂n � ïðîèçâîäíàÿ ïî âíåøíåé íîðìàëè.

Ðàññìîòðèì çàäà÷ó áîëåå îáùåãî âèäà

∆u = f(x, y), ïðè x ∈ [a, b], y ∈ [c, d], (36.3)
α1u+ β1∂nu = h1(y) ïðè x = a, y ∈ [c, d],
α2u+ β2∂nu = h2(y) ïðè x = b, y ∈ [c, d],
α3u+ β3∂nu = g1(x) ïðè y = c, x ∈ [a, b],
α4u+ β4∂nu = g2(x) ïðè y = d, x ∈ [a, b].

(36.4)

Êàê îòìå÷àëîñü ðàíåå, çàäà÷à âèäà (36.3) � (36.4) íå âñåãäà ðàçðåøèìà. Åñëè èçâåñòíî, ÷òî
ðåøåíèå çàäà÷è (36.3) � (36.4) ñóùåñòâóåò è åäèíñòâåííî, äëÿ åå ðåøåíèÿ óäîáíî ðàññìîòðåòü
òðè âñïîìîãàòåëüíûå çàäà÷è âèäà

∆u1 = f(x, y),


α1u1 + β1∂nu1 = 0 ïðè x = a, y ∈ [c, d],
α2u1 + β2∂nu1 = 0 ïðè x = b, y ∈ [c, d],
α3u1 + β3∂nu1 = 0 ïðè y = c, x ∈ [a, b],
α4u1 + β4∂nu1 = 0 ïðè y = d, x ∈ [a, b],

(36.5)

∆u2 = 0,


α1u2 + β1∂nu2 = h1(y) ïðè x = a, y ∈ [c, d],
α2u2 + β2∂nu2 = h2(y) ïðè x = b, y ∈ [c, d],
α3u2 + β3∂nu2 = 0 ïðè y = c, x ∈ [a, b],
α4u2 + β4∂nu2 = 0 ïðè y = d, x ∈ [a, b],

(36.6)

∆u3 = 0,


α1u3 + β1∂nu3 = 0 ïðè x = a, y ∈ [c, d],
α2u3 + β2∂nu3 = 0 ïðè x = b, y ∈ [c, d],
α3u3 + β3∂nu3 = g1(x) ïðè y = c, x ∈ [a, b],
α4u3 + β4∂nu3 = g2(x) ïðè y = d, x ∈ [a, b].

(36.7)

Ëåãêî âèäåòü, ÷òî ôóíêöèÿ

u(x, y) = u1(x, y) + u2(x, y) + u3(x, y)

ÿâëÿåòñÿ ðåøåíèåì èñõîäíîé çàäà÷è (36.3) � (36.4).
Çàäà÷à (36.5) ÿâëÿåòñÿ êðàåâîé çàäà÷åé äëÿ óðàâíåíèÿ Ïóàññîíà, êîòîðàÿ áûëà íàìè ðàñ-

ñìîòðåíà ðàíåå, ñì. ñòð. 113. Äëÿ ðåøåíèÿ çàäà÷ (36.6) è (36.7) ïðèìåíÿþò ìåòîä ðàçäåëåíèÿ
ïåðåìåííûõ. Îñòàíîâèìñÿ íà íåì ïîäðîáíåå íà ïðèìåðå ðåøåíèÿ çàäà÷è âèäà (36.7).

Ðåøåíèå çàäà÷è (36.7) ñòðîèòñÿ â òðè øàãà.
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(1) Ðàññìîòðèì âñïîìîãàòåëüíóþ çàäà÷ó

∆u = 0,

{
α1u+ β1∂nu = 0 ïðè x = a, y ∈ [c, d],
α2u+ β2∂nu = 0 ïðè x = b, y ∈ [c, d].

(36.8)

Áóäåì èñêàòü âñåâîçìîæíûå ðåøåíèÿ çàäà÷è (36.8) âèäà

u(x, y) = X(x)Y (y). (36.9)

Ïîäñòàâëÿÿ ïðåäñòàâëåíèå (36.9) â óðàâíåíèå (36.8), ïîëó÷èì

X ′′(x)Y (y) +X(x)Y ′′(y) = 0,

−X
′′(x)

X(x)
=
Y ′′(y)

Y (y)
. (36.10)

Ëåâàÿ ÷àñòü â ðàâåíñòâå (36.10) çàâèñèò òîëüêî îò ïåðåìåííîé x, â òî âðåìÿ êàê ïðàâàÿ
÷àñòü çàâèñèò òîëüêî îò ïåðåìåííîé y. Òàêîå âîçìîæíî òîëüêî åñëè îáà îòíîøåíèÿ ðàâíû
íåêîòîðîé ïîñòîÿííîé, îáîçíà÷èì åå λ. Â ðåçóëüòàòå óðàâíåíèÿ íà íåèçâåñòíûå ôóíêöèè
X è Y ðàçäåëèëèñü

−X ′′(x) = λX(x), (36.11)

Y ′′(y) = λY (y). (36.12)

Ïîäñòàâëÿÿ (36.9) â êðàåâûå óñëîâèÿ (36.8), íàéäåì{
α1X(a)− β1X

′(a) = 0,
α2X(b) + β2X

′(b) = 0.
(36.13)

Çäåñü ìû ó÷ëè, ÷òî ∂n = −∂x íà ãðàíèöå x = a è ∂n = ∂x íà ãðàíèöå x = b.
Ñîáèðàÿ óðàâíåíèå (36.11) è êðàåâûå óñëîâèÿ (36.13) âìåñòå, ïîëó÷èì ñëåäóþùóþ

çàäà÷ó Øòóðìà-Ëèóâèëëÿ −X
′′(x) = λX(x),

α1X(a)− β1X
′(a) = 0,

α2X(b) + β2X
′(b) = 0.

(36.14)

Ïóñòü λn � ñîáñòâåííûå çíà÷åíèÿ è Xn � ñîáñòâåííûå ôóíêöèè çàäà÷è Øòóðìà-Ëèóâèë-
ëÿ (36.14).
Óðàâíåíèå (36.12) ïðèíèìàåò âèä

Y ′′(y) = λnY (y). (36.15)

Îáùåå ðåøåíèå óðàâíåíèÿ (36.15) èìååò âèä

Yn(y) = An ch(
√
λn) +Bn sh(−

√
λn), ïðè λn 6= 0,

Rn(r) = An +Bny, ïðè λn = 0.
(36.16)

Òàêèì îáðàçîì, ìû íàøëè âñå ðåøåíèÿ çàäà÷è (39.3), ïðåäñòàâèìûå â âèäå (39.4). Ýòè
ðåøåíèÿ ìîæíî ïåðåïèñàòü â âèäå un(x, y) = Xn(x)Yn(y).

(2) Ðàñêëàäûâàåì ôóíêöèè g1 è g2 â ðÿä Ôóðüå ïî ñîáñòâåííûì ôóíêöèÿì Xn çàäà÷è
Øòóðìà-Ëèóâèëëÿ (36.14)

g1(x) =
∑
n

g1
nXn(x), g2(x) =

∑
n

g2
nXn(x). (36.17)
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(3) Èùåì ðåøåíèå çàäà÷è (36.7) â âèäå

u(x, y) =
∑
n

Xn(x)Yn(y). (36.18)

Ðÿä (36.18) óäîâëåòâîðÿåò óðàâíåíèþ è ïåðâîìó è âòîðîìó êðàåâîìó óñëîâèÿì çàäà÷è
(36.7). Îñòàëîñü ïîäîáðàòü ïîñòîÿííûå An è Bn (ñì. (36.16)) òàê, ÷òîáû âûïîëíÿëèñü
òðåòüå è ÷åòâåðòîå êðàåâûå óñëîâèÿ çàäà÷è (36.7).
Ïîäñòàâëÿÿ ðÿäû (36.17) è (36.18) â òðåòüå è ÷åòâåðòîå êðàåâûå óñëîâèÿ çàäà÷è (36.7),

ïîëó÷èì ∑
n

(α3Yn(c)− β3Y
′
n(c))Xn(x) =

∑
n

g1
nXn(x),∑

n

(α4Yn(d) + β4Y
′
n(d))Xn(x) =

∑
n

g2
nXn(x).

Îòñþäà {
α3Yn(c)− β3Y

′
n(c) = g1

n,
α4Yn(d) + β4Y

′
n(d) = g2

n.
(36.19)

Ñèñòåìû óðàâíåíèé (36.19) ñëóæàò äëÿ îïðåäåëåíèÿ ïîñòîÿííûõ An è Bn. Îòìåòèì, ÷òî
èñõîäíàÿ çàäà÷à (36.7) ðàçðåøèìà òîãäà è òîëüêî òîãäà, êîãäà ðàçðåøèìû âñå ñèñòåìû
óðàâíåíèé (36.19).
◦ Ðåøåíèå çàäà÷è (36.7) âûïèñûâàåòñÿ â âèäå ðÿäà (36.18).

Ïðèìåð 36.2. Ðåøèòü óðàâíåíèå Ëàïëàñà

∆u = 0 ïðè x ∈ [0, π], y ∈ [0, π], (36.20)
u = 0 ïðè x = 0, y ∈ [0, π],
u = 0 ïðè x = π, y ∈ [0, π],
u = sin(2x) ïðè y = 0, x ∈ [0, π],
u = 0 ïðè y = π, x ∈ [0, π].

(36.21)

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â òðè øàãà.
Øàã 1: Ðàññìîòðèì âñïîìîãàòåëüíóþ çàäà÷ó

∆u = 0,

{
u = 0 ïðè x = 0, y ∈ [0, π],
u = 0 ïðè x = π, y ∈ [0, π].

(36.22)

Èùåì ðåøåíèÿ çàäà÷è (36.22) âèäà

u(x, y) = X(x)Y (y). (36.23)

Ïîäñòàâëÿÿ ïðåäñòàâëåíèå (36.23) â óðàâíåíèå (36.22), ïîëó÷èì

−X
′′(x)

X(x)
=
Y ′′(y)

Y (y)
= λ.

Îòñþäà

−X ′′(x) = λX(x), (36.24)

Y ′′(y) = λY (y). (36.25)

Ïîäñòàâëÿÿ (36.23) â êðàåâûå óñëîâèÿ (36.22), íàéäåì

X(0) = X(π) = 0. (36.26)
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Ñîáèðàÿ óðàâíåíèå (36.24) è êðàåâûå óñëîâèÿ (36.26) âìåñòå, ïîëó÷èì ñëåäóþùóþ çàäà÷ó
Øòóðìà-Ëèóâèëëÿ {

−X ′′(x) = λX(x),
X(0) = X(π) = 0.

(36.27)

Ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (36.27) èìåþò âèä Xn(x) = sin(nx), λn =
n2, n ∈ N.
Óðàâíåíèå (36.25) ïðèíèìàåò âèä

Y ′′(y) = n2Y (y). (36.28)

Îáùåå ðåøåíèå óðàâíåíèÿ (36.28) óäîáíî çàïèñàòü â âèäå

Yn(y) = An sh(ny) +Bn ch(ny).

Òàêèì îáðàçîì, ðåøåíèÿ çàäà÷è (36.22), ïðåäñòàâèìûå â âèäå (36.23), ìîæíî çàïèñàòü â âèäå

un(x, y) = (An sh(ny) +Bn ch(ny)) sin(nx). (36.29)

Øàã 2: Ðàñêëàäûâàåì ôóíêöèþ sin(2x) â ðÿä Ôóðüå ïî ñîáñòâåííûì ôóíêöèÿì Xn(x) çàäà÷è
Øòóðìà-Ëèóâèëëÿ (36.27). Äàííîå ðàçëîæåíèå èìååò ýëåìåíòàðíûé âèä

sin(2x) = X2(x). (36.30)

Øàã 3: Èùåì ðåøåíèå çàäà÷è (36.20) � (36.21) â âèäå êîíå÷íîãî ðÿäà Ôóðüå u(x, y) =∑
n un(x, y). Ïðè ýòîì ðàçëîæåíèå âåäåì òîëüêî ïî òåì ñîáñòâåííûì ôóíêöèÿì, êîòîðûå ó÷àñò-

âóþò â ðàçëîæåíèè (36.30), ò. å. ïî X2,

u(x, y) = (A2 sh(2y) +B2 ch(2y)) sin(2x). (36.31)

Ïîäñòàâëÿÿ ðÿäû (36.30) è (36.31) â òðåòüå è ÷åòâåðòîå óðàâíåíèÿ êðàåâîãî óñëîâèÿ (36.21),
ïîëó÷èì

B2 sin(2x) = sin(2x),

(A2 sh(2π) +B2 ch(2π)) sin(2x) = 0.

Îòñþäà {
B2 = 1,
A2 sh(2π) +B2 ch(2π) = 0.

(36.32)

Ðåøàÿ ñèñòåìó (36.32), íàéäåì {
A2 = − cth(2π),
B2 = 1,

Ðåøåíèå çàäà÷è (36.20), (36.21) èìååò âèä (36.31). �

Îòâåò: u(x, y) = (ch(2y)− cth(2π) sh(2y)) sin(2x).

Ïðèìåð 36.3. Ðåøèòü óðàâíåíèå Ëàïëàñà

∆u = 0 ïðè x ∈ [0, 1], y ∈
[
0,
π

2

]
, (36.33)

u = cos y ïðè x = 0, y ∈ [0, π
2
],

∂nu = 0 ïðè x = π
2
, y ∈ [0, π

2
],

∂nu = sinx ïðè y = 0, x ∈ [0, π
2
],

u = sin(3x) ïðè y = π
2
, x ∈ [0, π

2
].

(36.34)
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Ðåøåíèå. Ñâåäåì çàäà÷ó (36.33) � (36.34) ê äâóì áîëåå ïðîñòûì. Ïóñòü u1 è u2 ðåøåíèÿ äâóõ
ñëåäóþùèõ çàäà÷

u1 − ðåøåíèå çàäà÷è: ∆u = 0,


u = 0 ïðè x = 0, y ∈ [0, π

2
],

∂nu = 0 ïðè x = π
2
, y ∈ [0, π

2
],

∂nu = sinx ïðè y = 0, x ∈ [0, π
2
],

u = sin(3x) ïðè y = π
2
, x ∈ [0, π

2
],

(36.35)

u2 − ðåøåíèå çàäà÷è: ∆u = 0,


u = cos y ïðè x = 0, y ∈ [0, π

2
],

∂nu = 0 ïðè x = π
2
, y ∈ [0, π

2
],

∂nu = 0 ïðè y = 0, x ∈ [0, π
2
],

u = 0 ïðè y = π
2
, x ∈ [0, π

2
].

(36.36)

Ïðÿìîé ïîäñòàíîâêè íåñëîæíî óáåäèòüñÿ, ÷òî ôóíêöèÿ

u = u1 + u2 (36.37)

ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (36.33) � (36.34).
Ðåøèì çàäà÷ó (36.35). Ðåøåíèå ïðîâîäèì â òðè øàãà.
Øàã 1: Ðàññìîòðèì âñïîìîãàòåëüíóþ çàäà÷ó

∆u = 0,

{
u = 0, ïðè x = 0, y ∈ [0, π

2
],

∂nu = 0, ïðè x = π
2
, y ∈ [0, π

2
].

(36.38)

Èùåì ðåøåíèÿ çàäà÷è (36.38) âèäà

u(x, y) = X(x)Y (y). (36.39)

Ïîäñòàâëÿÿ ïðåäñòàâëåíèå (36.39) â óðàâíåíèå (36.38), ïîëó÷èì

−X
′′(x)

X(x)
=
Y ′′(y)

Y (y)
= λ.

Îòñþäà
−X ′′(x) = λX(x), (36.40)

Y ′′(y) = λY (y). (36.41)

Ïîäñòàâëÿÿ (36.39) â êðàåâûå óñëîâèÿ (36.38), íàéäåì

X(0) = X ′
(π

2

)
= 0. (36.42)

Ñîáèðàÿ óðàâíåíèå (36.40) è êðàåâûå óñëîâèÿ (36.42) âìåñòå, ïîëó÷èì ñëåäóþùóþ çàäà÷ó
Øòóðìà-Ëèóâèëëÿ {

−X ′′(x) = λX(x),
X(0) = X ′

(
π
2

)
= 0.

(36.43)

Ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (36.43) èìåþò âèä Xn(x) = sin((2n+1)x),
λn = (2n+ 1)2, n = 0, 1, . . ..
Óðàâíåíèå (36.41) ïðèíèìàåò âèä

Y ′′(y) = (2n+ 1)2Y (y). (36.44)

Îáùåå ðåøåíèå óðàâíåíèÿ (36.44) óäîáíî çàïèñàòü â âèäå

Yn(y) = An sh((2n+ 1)y) +Bn ch((2n+ 1)y).

Òàêèì îáðàçîì, ðåøåíèÿ çàäà÷è (36.38), ïðåäñòàâèìûå â âèäå (36.39), ìîæíî çàïèñàòü â âèäå

un(x, y) = (An sh((2n+ 1)y) +Bn ch((2n+ 1)y)) sin((2n+ 1)x).
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Øàã 2: Ðàñêëàäûâàåì ôóíêöèè sinx è sin(3x) â ðÿäû Ôóðüå ïî ñîáñòâåííûì ôóíêöèÿì Xn(x)
çàäà÷è Øòóðìà-Ëèóâèëëÿ (36.43). Ýòè ðàçëîæåíèÿ èìåþò ýëåìåíòàðíûé âèä

sinx = X0(x), sin(3x) = X1(x). (36.45)

Øàã 3: Èùåì ðåøåíèå çàäà÷è (36.35) â âèäå êîíå÷íîãî ðÿäà Ôóðüå u(x, y) =
∑

n un(x, y). Ïðè
ýòîì ðàçëîæåíèå âåäåì òîëüêî ïî òåì ñîáñòâåííûì ôóíêöèÿì, êîòîðûå ó÷àñòâóþò â ðàçëîæå-
íèÿõ (36.45), ò. å. ïî X0 è X1,

u(x, y) = (A0 sh y +B0 ch y) sinx+ (A1 sh(3y) +B1 ch(3y)) sin(3x). (36.46)

Ïîäñòàâëÿÿ ðÿäû (36.45) è (36.46) â òðåòüå è ÷åòâåðòîå óðàâíåíèÿ êðàåâîãî óñëîâèÿ (36.35), è
ó÷èòûâàÿ, ÷òî ∂nu = −∂yu íà ãðàíèöå y = 0, ïîëó÷èì

A0 sinx+ 3A1 sin(3x) = − sinx,(
A0 sh

(π
2

)
+B0 ch

(π
2

))
sinx+

(
A1 sh

(
3π

2

)
+B1 ch

(
3π

2

))
sin(3x) = sin(3x).

Îòñþäà {
A0 = −1,
A0 sh

(
π
2

)
+B0 ch

(
π
2

)
= 0,

(36.47){
3A1 = 0,
A1 sh

(
3π
2

)
+B1 ch

(
3π
2

)
= 1.

(36.48)

Ðåøàÿ ñèñòåìû (36.47) è (36.48), íàéäåì{
A0 = −1,
B0 = th

(
π
2

)
,

{
A1 = 0,

B1 =
(
ch
(

3π
2

))−1
.

Îòñþäà, ó÷èòûâàÿ ôîðìóëó (36.46), íàéäåì ðåøåíèå u1 çàäà÷è (36.35)

u1(x, y) =
(

th
(π

2

)
ch y − sh y

)
sinx+

(
ch

(
3π

2

))−1

ch(3y) sin(3x).

Ðåøèì çàäà÷ó (36.36). Ðåøåíèå ïðîâîäèì â òðè øàãà.
Øàã 1: Ðàññìîòðèì âñïîìîãàòåëüíóþ çàäà÷ó

∆u = 0,

{
∂nu = 0 ïðè y = 0, x ∈ [0, π

2
],

u = 0 ïðè y = π
2
, x ∈ [0, π

2
].

(36.49)

Èùåì ðåøåíèÿ çàäà÷è (36.49) âèäà

u(x, y) = X(x)Y (y). (36.50)

Ïîäñòàâëÿÿ ïðåäñòàâëåíèå (36.50) â óðàâíåíèå (36.49), ïîëó÷èì

X ′′(x)

X(x)
= −Y

′′(y)

Y (y)
= λ.

Îòñþäà

−Y ′′(y) = λY (y). (36.51)

X ′′(x) = λX(x), (36.52)

Ïîäñòàâëÿÿ (36.50) â êðàåâûå óñëîâèÿ (36.49), íàéäåì

Y ′(0) = Y
(π

2

)
= 0. (36.53)
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Ñîáèðàÿ óðàâíåíèå (36.51) è êðàåâûå óñëîâèÿ (36.53) âìåñòå, ïîëó÷èì ñëåäóþùóþ çàäà÷ó
Øòóðìà-Ëèóâèëëÿ {

−Y ′′(y) = λY (y),
Y ′(0) = Y

(
π
2

)
= 0.

(36.54)

Ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (36.54) èìåþò âèä Yn(y) = cos((2n+1)y),
λn = (2n+ 1)2, n = 0, 1, . . ..
Óðàâíåíèå (36.52) ïðèíèìàåò âèä

X ′′(x) = (2n+ 1)2X(x). (36.55)

Îáùåå ðåøåíèå óðàâíåíèÿ (36.55) óäîáíî çàïèñàòü â âèäå

Xn(x) = An sh((2n+ 1)x) +Bn ch((2n+ 1)x).

Òàêèì îáðàçîì, ðåøåíèÿ çàäà÷è (36.49), ïðåäñòàâèìûå â âèäå (36.50), ìîæíî çàïèñàòü â âèäå

un(x, y) = (An sh((2n+ 1)x) +Bn ch((2n+ 1)x)) cos((2n+ 1)y).

Øàã 2: Ðàñêëàäûâàåì ôóíêöèþ cos y â ðÿä Ôóðüå ïî ñîáñòâåííûì ôóíêöèÿì Yn(y) çàäà÷è
Øòóðìà-Ëèóâèëëÿ (36.54). Äàííîå ðàçëîæåíèå èìååò ýëåìåíòàðíûé âèä

cos y = Y0(y). (36.56)

Øàã 3: Èùåì ðåøåíèå çàäà÷è (36.36) â âèäå êîíå÷íîãî ðÿäà Ôóðüå u(x, y) =
∑

n un(x, y). Ïðè
ýòîì ðàçëîæåíèå âåäåì òîëüêî ïî òåì ñîáñòâåííûì ôóíêöèÿì, êîòîðûå ó÷àñòâóþò â ðàçëîæåíèè
(36.56), ò. å. ïî Y0,

u(x, y) = (A0 shx+B0 chx) cos y. (36.57)

Ïîäñòàâëÿÿ ðÿäû (36.56) è (36.57) â òðåòüå è ÷åòâåðòîå óðàâíåíèÿ êðàåâîãî óñëîâèÿ (36.36),
ïîëó÷èì

B0 cos y = cos y,(
A0 ch

(π
2

)
+B0 sh

(π
2

))
cos y = 0.

Îòñþäà {
B0 = 1,
A0 ch

(
π
2

)
+B0 sh

(
π
2

)
= 0.

(36.58)

Ðåøàÿ ñèñòåìó (36.58), íàéäåì {
A0 = − th

(
π
2

)
,

B0 = 1.

Îòñþäà, ó÷èòûâàÿ ôîðìóëó (36.57), íàéäåì ðåøåíèå u2 çàäà÷è (36.36)

u2(x, y) =
(

chx− th
(π

2

)
shx

)
cos y.

Òåïåðü ðåøåíèå çàäà÷è (36.33) � (36.34) ìîæíî íàéòè ñ ïîìîùüþ ôîðìóëû (36.37). �

Îòâåò: u(x, y) =
(
th
(
π
2

)
ch y − sh y

)
sinx+

(
ch
(

3π
2

))−1
ch(3y) sin(3x) +

(
chx− th

(
π
2

)
shx

)
cos y.

Ïðèìåð 36.4. Ðåøèòü óðàâíåíèå Ïóàññîíà

∆u = 6 sin x sin y − 26 sin(2x) sin(3y) ïðè x ∈ [0, π], y ∈ [0, π], (36.59)
u = 0 ïðè x = 0, y ∈ [0, π],
u = 0 ïðè x = π, y ∈ [0, π],
u = sin(2x) ïðè y = 0, x ∈ [0, π],
u = 0 ïðè y = π, x ∈ [0, π].

(36.60)
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Ðåøåíèå. Ñâåäåì çàäà÷ó (36.59) � (36.60) ê äâóì áîëåå ïðîñòûì. Ïóñòü u1 è u2 ðåøåíèÿ äâóõ
ñëåäóþùèõ çàäà÷

u1 − ðåøåíèå çàäà÷è: ∆u = 0,


u = 0 ïðè x = 0, y ∈ [0, π],
u = 0 ïðè x = π, y ∈ [0, π],
u = sin(2x) ïðè y = 0, x ∈ [0, π],
u = 0 ïðè y = π, x ∈ [0, π],

(36.61)

u2 − ðåøåíèå çàäà÷è:
∆u = 6 sin x sin y −
− 26 sin(2x) sin(3y),


u = 0 ïðè x = 0, y ∈ [0, π],
u = 0 ïðè x = π, y ∈ [0, π],
u = 0 ïðè y = 0, x ∈ [0, π],
u = 0 ïðè y = π, x ∈ [0, π].

(36.62)

Ñ ïîìîùüþ ïðÿìîé ïîäñòàíîâêè íåñëîæíî óáåäèòüñÿ, ÷òî ôóíêöèÿ

u = u1 + u2 (36.63)

ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (36.59) � (36.60).
Îñòàëîñü âñïîìíèòü, ÷òî çàäà÷à (36.61) ðåøåíà â ïðèìåðå 36.2 íà ñòð. 121

u1(x, y) = (ch(2y)− cth(2π) sh(2y)) sin(2x),

à çàäà÷à (36.62) ðåøåíà â ïðèìåðå 34.3 íà ñòð. 114

u2(x, y) = −3 sinx sin y + 2 sin(2x) sin(3y).

Ïîäñòàâëÿÿ u1 è u2 â ôîðìóëó (36.63), íàéäåì ðåøåíèå èñõîäíîé çàäà÷è (36.59) � (36.60). �

Îòâåò: u(x, y) = (ch(2y)− cth(2π) sh(2y)) sin(2x)− 3 sinx sin y + 2 sin(2x) sin(3y).

Äîìàøíåå çàäàíèå:

Çàäà÷à 36.5. Ðåøèòü óðàâíåíèå Ëàïëàñà

∆u = 0,


u = 0 ïðè x = 0, y ∈ [0, π],
u = 0 ïðè x = π, y ∈ [0, π],
u = 0 ïðè y = 0, x ∈ [0, π],
u = sinx ïðè y = π, x ∈ [0, π].

Îòâåò: u(x, y) = sinx sh y
shπ

.

Çàäà÷à 36.6. Ðåøèòü óðàâíåíèå Ëàïëàñà

∆u = 0,


u = sin(2y) ïðè x = 0, y ∈ [0, π],

∂nu = 0 ïðè x = π
2
, y ∈ [0, π],

u = sinx ïðè y = 0, x ∈ [0, π
2
],

u = 0 ïðè y = π, x ∈ [0, π
2
].

Îòâåò: u(x, y) = sin x (ch y − sh y cthπ) + (ch(2x)− sh(2x) thπ) sin(2y).

Çàäà÷à 36.7. Ðåøèòü óðàâíåíèå Ïóàññîíà

∆u = sin(3x) sin y,


u = sin(2y) ïðè x = 0, y ∈ [0, π],
u = 0 ïðè x = π, y ∈ [0, π],
u = 0 ïðè y = 0, x ∈ [0, π],
u = 0 ïðè y = π, x ∈ [0, π].
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Îòâåò: u(x, y) = − 1
10

sin(3x) sin y + (ch(2x)− cth(2π) sh(2x)) sin(2y).

Çàäà÷à 36.8. Ðåøèòü óðàâíåíèå Ïóàññîíà

∆u = sinx sin y,


u = 0 ïðè x = 0, y ∈ [0, π],
u = 0 ïðè x = π, y ∈ [0, π],
u = sin(2x) ïðè y = 0, x ∈ [0, π],
u = 0 ïðè y = π, x ∈ [0, π].

Îòâåò: u(x, y) = −1
2

sinx sin y + (ch(2y)− cth(2π) sh(2y)) sin(2x).

Çàäà÷à 36.9. Ðåøèòü óðàâíåíèå Ïóàññîíà

∆u = sin(2x) sin(3y),


u = 0 ïðè x = 0, y ∈ [0, π],
u = 0 ïðè x = π, y ∈ [0, π],
u = 0 ïðè y = 0, x ∈ [0, π],
u = sinx ïðè y = π, x ∈ [0, π].

Îòâåò: u(x, y) = − 1
13

sin(2x) sin(3y) + 1
shπ

sh y sinx.

Çàäà÷à 36.10. Ðåøèòü óðàâíåíèå Ïóàññîíà

∆u = sinx,


u = 0 ïðè x = 0, y ∈ [0, π],
u = 0 ïðè x = 2π, y ∈ [0, π],
u = 0 ïðè y = 0, x ∈ [0, 2π],
u = sin(2x) ïðè y = π, x ∈ [0, 2π].

Îòâåò: u(x, y) = ch(2y)
2 sh(2π)

sin(2x)− sinx.
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37. Óðàâíåíèå Ïóàññîíà â îãðàíè÷åííîé îáëàñòè.

Îïðåäåëåíèå 37.1. Êðàåâîé çàäà÷åé äëÿ óðàâíåíèÿ Ïóàññîíà â îãðàíè÷åííîé îáëàñòè D ñ
êóñî÷íî ãëàäêîé ãðàíèöåé ∂D íàçûâàåòñÿ çàäà÷à î íàõîæäåíèè ôóíêöèè u(x, y), óäîâëåòâîðÿ-
þùåé óðàâíåíèþ

∆u(x, y) = f(x, y) ïðè (x, y) ∈ D, (37.1)

è êðàåâîìó óñëîâèþ

α(x, y)u(x, y) + β(x, y)∂nu(x, y) = g(x, y) ïðè (x, y) ∈ ∂D. (37.2)

Çäåñü α, β, f è g � çàäàííûå ãëàäêèå âåùåñòâåííûå ôóíêöèè, óäîâëåòâîðÿþùèå óñëîâèþ
|α(x, y)|+ |β(x, y)| 6= 0 ïðè (x, y) ∈ ∂D, è ∂n � ïðîèçâîäíàÿ ïî âíåøíåé íîðìàëè ê ∂D.

Ñôîðìóëèðóåì íåñêîëüêî âàæíûõ óòâåðæäåíèé.

Òåîðåìà 37.2.

• Ïóñòü λ = 0 íå ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì çàäà÷è{ −∆u(x, y) = λu(x, y) ïðè (x, y) ∈ D,
α(x, y)u(x, y) + β(x, y)∂nu(x, y) = 0 ïðè (x, y) ∈ ∂D.

(37.3)

Òîãäà ðåøåíèå çàäà÷è (37.1) � (37.2) ñóùåñòâóåò è åäèíñòâåííî.
• Ïóñòü λ = 0 � ñîáñòâåííîå çíà÷åíèå çàäà÷è (37.3). Òîãäà ðåøåíèå çàäà÷è (37.1) � (37.2)
ëèáî íå ñóùåñòâóåò, ëèáî ñóùåñòâóåò, íî íå åäèíñòâåííî.

Òåîðåìà 37.3. Ðåøåíèå çàäà÷è Äèðèõëå{
∆u(x, y) = f(x, y) ïðè (x, y) ∈ D,
u(x, y) = g(x, y) ïðè (x, y) ∈ ∂D

ñóùåñòâóåò è åäèíñòâåííî.

Òåîðåìà 37.4. Ðåøåíèå çàäà÷è Íåéìàíà
∆u(x, y) = f(x, y) ïðè (x, y) ∈ D,
∂u(x, y)

∂n
= g(x, y) ïðè (x, y) ∈ ∂D

ñóùåñòâóåò òîãäà è òîëüêî òîãäà, êîãäà âûïîëíåíî óñëîâèå∫∫
D

f(x, y) dx dy −
∫
∂D

g(x, y) dl = 0. (37.4)

Åñëè ðåøåíèå çàäà÷è Íåéìàíà ñóùåñòâóåò, òî îíî îïðåäåëåíî ñ òî÷íîñòüþ äî ïðèáàâëåíèÿ
ïðîèçâîëüíîé ïîñòîÿííîé.

Ïðèìåð 37.5. Ðåøèòü çàäà÷ó Íåéìàíà
∆u(x, y) = A ïðè (x, y) ∈ D,
∂u(x, y)

∂n
= 2 ïðè (x, y) ∈ ∂D,

(37.5)

ãäå D � ïðÿìîóãîëüíèê {(x, y) : x ∈ [0, 2], y ∈ [0, 4]} è A � íåêîòîðàÿ âåùåñòâåííàÿ ïîñòîÿííàÿ.
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Ðåøåíèå. Óñëîâèå ðàçðåøèìîñòè çàäà÷è (37.5) èìååò âèä (37.4), ãäå f = A è g = 2. Âû÷èñëèì
èíòåãðàëû, âõîäÿùèå â (37.4),∫∫

D

f(x, y) dx dy = 8A,

∫
∂D

g(x, y) dl = 24.

Òàêèì îáðàçîì, çàäà÷à (37.5) ðàçðåøèìà òîãäà è òîëüêî òîãäà, êîãäà (ñì. òåîðåìó 37.4)∫∫
D

f(x, y) dx dy −
∫
∂D

g(x, y) dl = 0⇐⇒ A = 3.

Ðåøèì òåïåðü çàäà÷ó (37.5), ïîëàãàÿ A = 3. Äëÿ ðåøåíèÿ çàäà÷è (37.5) åñòåñòâåííî ïîïû-
òàòüñÿ ïðèìåíèòü ìåòîä, èñïîëüçîâàííûé äëÿ ðåøåíèÿ çàäà÷è âèäà (36.3) � (36.4). Äëÿ ýòîãî
íàì áû ïðèøëîñü ðàññìîòðåòü äâå âñïîìîãàòåëüíûå çàäà÷è âèäà

∆u1(x, y) = 3 ïðè (x, y) ∈ D,
∂u1(x, y)

∂n
= 0 ïðè (x, y) ∈ ∂D,


∆u2(x, y) = 0 ïðè (x, y) ∈ D,
∂u2(x, y)

∂n
= 2 ïðè (x, y) ∈ ∂D.

(37.6)

Åñëè ðåøåíèÿ u1 è u2 çàäà÷ (37.6) ñóùåñòâóþò, òî ðåøåíèå çàäà÷è (37.5) ìîæíî íàéòè â âèäå u =
u1 +u2. Îäíàêî, êàê ëåãêî âèäåòü, äëÿ çàäà÷ (37.6) óñëîâèå ðàçðåøèìîñòè (37.4) íå âûïîëíÿåòñÿ
è ïîýòîìó ðåøåíèÿ u1 è u2 íå ñóùåñòâóþò. Ïî ýòîé ïðè÷èíå ìû íå ìîæåì ñâåñòè èñõîäíóþ
çàäà÷ó (37.5) ê äâóì çàäà÷àì âèäà (37.6).
×òîáû îáîéòè óêàçàííóþ òðóäíîñòü, ïîñòóïèì ñëåäóþùèì îáðàçîì. Íàéäåì ïðîèçâîëüíóþ

ôóíêöèþ v, óäîâëåòâîðÿþùóþ êðàåâîìó óñëîâèþ

∂v(x, y)

∂n
= 2 ïðè (x, y) ∈ ∂D.

Íàïðèìåð, â êà÷åñòâå òàêîé ôóíêöèè v ìîæíî âçÿòü

v(x, y) = (x− 1)2 +
1

2
(y − 2)2. (37.7)

Òåïåðü èùåì ðåøåíèå çàäà÷è (37.5) â âèäå

u(x, y) = w(x, y) + v(x, y), (37.8)

ãäå w � íîâàÿ íåèçâåñòíàÿ ôóíêöèÿ. Ïîäñòàâëÿÿ (37.8) â (37.5), ïîëó÷èì çàäà÷ó äëÿ w
∆w(x, y) = 3−∆v(x, y) ïðè (x, y) ∈ D,

∂w(x, y)

∂n
= 0 ïðè (x, y) ∈ ∂D.

(37.9)

Êàê áûëî ïîêàçàíî ðàíåå, çàäà÷à (37.5) ïðè A = 3 ðàçðåøèìà. Ñëåäîâàòåëüíî, ðàçðåøèìà
è çàäà÷à (37.9). Äëÿ åå ðåøåíèÿ ìîæíî ïðèìåíèòü ìåòîä, èçëîæåííûé äëÿ ðåøåíèÿ çàäà÷è
Ïóàññîíà âèäà (34.1) � (34.2).
Ïîäñòàâëÿÿ (37.7) â (37.9), ïîëó÷èì

∆w(x, y) = 0 ïðè (x, y) ∈ D,
∂w(x, y)

∂n
= 0 ïðè (x, y) ∈ ∂D.

(37.10)

Îáùåå ðåøåíèå çàäà÷è (37.10) èìååò âèä w(x, y) = C, ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
Îêîí÷àòåëüíî, ðåøåíèå çàäà÷è (37.5) èìååò âèä (37.8).

Îòâåò: Ïðè A 6= 3 çàäà÷à (37.5) íå ðàçðåøèìà; ïðè A = 3 îáùåå ðåøåíèå çàäà÷è (37.5) èìååò
âèä u(x, y) = (x− 1)2 + 1

2
(y − 2)2 + C, ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
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Äîìàøíåå çàäàíèå:

Çàäà÷à 37.6. Íàéòè ñîîòíîøåíèå ìåæäó ïîñòîÿííûìè A è B, ïðè êîòîðîì áóäåò ðàçðåøè-
ìà çàäà÷à Íåéìàíà

∆u = Axy,


∂nu = 0 ïðè x = 0, y ∈ [−1, 2],
∂nu = B ïðè x = 1, y ∈ [−1, 2],
∂nu = 1 ïðè y = −1, x ∈ [0, 1],
∂nu = 0 ïðè y = 2, x ∈ [0, 1].

Îòâåò: 3A− 12B = 4.

Çàäà÷à 37.7. Íàéòè ïîñòîÿííóþ A, ïðè êîòîðîé áóäåò ðàçðåøèìà çàäà÷à Íåéìàíà{
∆u = A ïðè (x, y) ∈ D
∂nu = Bxy ïðè (x, y) ∈ ∂D,

ãäå D � òðåóãîëüíèê ñ âåðøèíàìè â òî÷êàõ (0, 0), (1, 0) è (0, 2).

Îòâåò: A =
√

5
3
B.

Çàäà÷à 37.8. Ðåøèòü çàäà÷ó Íåéìàíà äëÿ óðàâíåíèÿ Ïóàññîíà

∆u = 4 cos2 x,


∂nu = A cos2 y ïðè x = 0, y ∈ [0, π],
∂nu = 0 ïðè x = π, y ∈ [0, π],
∂nu = 0 ïðè y = 0, x ∈ [0, π],
∂nu = 0 ïðè y = π, x ∈ [0, π].

Îòâåò: Ïðè A = 4π ðåøåíèå èìååò âèä u(x, y) = c0,0 + (x − π)2 − 1
2

cosx + π(cth(2π) ch(2x) −
sh(2x)) cos(2y), ãäå c0,0 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ; ïðè A 6= 4π ðåøåíèå íå ñóùåñòâóåò.
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38. 12-àÿ êîíòðîëüíàÿ ðàáîòà (çàäà÷à: 12; 10 ìèíóò).

Âàðèàíò êîíòðîëüíîé ðàáîòû �12.

Çàäà÷à 12. Íàéòè ñîîòíîøåíèå ìåæäó ïîñòîÿííûìè A è B, ïðè êîòîðîì áóäåò ðàçðåøèìà
çàäà÷à Íåéìàíà

∆u = Ax,


∂nu = By2 ïðè x = 0, y ∈ [0, 1],
∂nu = 0 ïðè x = 1, y ∈ [0, 1],
∂nu = 0 ïðè y = 0, x ∈ [0, 1],
∂nu = 0 ïðè y = 1, x ∈ [0, 1].

Îòâåò: 3A = 2B.

Âàðèàíò êîíòðîëüíîé ðàáîòû �12.

Çàäà÷à 12. Íàéòè ïîñòîÿííóþ A, ïðè êîòîðîé áóäåò ðàçðåøèìà çàäà÷à Íåéìàíà{
∆u = A ïðè (x, y) ∈ D
∂nu = B ïðè (x, y) ∈ ∂D,

ãäå D = {(x, y) | x2 + y2 < 1}.
Îòâåò: A = 2B.
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39. Óðàâíåíèå Ëàïëàñà â êîëüöåâîé îáëàñòè.

Ðàññìîòðèì îáëàñòü D, êîòîðàÿ èìååò ôîðìó ïåðåñå÷åíèÿ êîëüöà è ñåêòîðà. Ïóñòü r1, r2 �
ðàäèóñû âíóòðåííåé è âíåøíåé îêðóæíîñòåé êîëüöà è ϕ1, ϕ2 � ñîîòâåòñòâóþùèå óãëû ñåêòîðà.
Íà ðèñóíêå 17 èçîáðàæåí ïðèìåð îáëàñòè D è óêàçàíû ââåäåííûå îáîçíà÷åíèÿ. Íàïîìíèì, ÷òî

Ðèñ. 17. Îáëàñòü D âûäåëåíà æåëòûì öâåòîì.

äåêàðòîâû êîîðäèíàòû (x, y) ñâÿçàíû ñ ïîëÿðíûìè (r, ϕ) ôîðìóëàìè âèäà

x = r cosϕ, y = r sinϕ.

Îïåðàòîð Ëàïëàñà â ïîëÿðíûõ êîîðäèíàòàõ ïðèíèìàåò âèä

∆v =
1

r

∂

∂r

(
r
∂v

∂r

)
+

1

r2

∂2v

∂ϕ2
.

Îïðåäåëåíèå 39.1. Êðàåâîé çàäà÷åé äëÿ óðàâíåíèÿ Ëàïëàñà â êîëüöåâîé îáëàñòè íàçûâàåòñÿ
çàäà÷à î íàõîæäåíèè ôóíêöèè v, óäîâëåòâîðÿþùåé óðàâíåíèþ

∆v = 0 ïðè (x, y) ∈ D, (39.1)

è êðàåâûì óñëîâèÿì 
α1v + β1∂nv = h(ϕ) ïðè r = r1, ϕ ∈ [ϕ1, ϕ2],
α2v + β2∂nv = q(ϕ) ïðè r = r2, ϕ ∈ [ϕ1, ϕ2],
α3v + β3r∂nv = 0 ïðè ϕ = ϕ1, r ∈ [r1, r2],
α4v + β4r∂nv = 0 ïðè ϕ = ϕ2, r ∈ [r1, r2].

(39.2)

Çäåñü αk è βk � çàäàííûå âåùåñòâåííûå ïàðàìåòðû, óäîâëåòâîðÿþùèå óñëîâèþ |αk|+ |βk| 6= 0
ïðè k = 1, 2, 3, 4 è ∂n � ïðîèçâîäíàÿ ïî âíåøíåé íîðìàëè.

Çäåñü ìû ïîçâîëèëè ñåáå äàòü óïðîùåííîå îïðåäåëåíèå. Áîëåå òî÷íî, â ïðàâîé ÷àñòè òðåòüåãî
è ÷åòâåðòîãî óðàâíåíèé êðàåâîãî óñëîâèÿ (39.2) ìîæíî áûëî íàïèñàòü ïðîèçâîëüíûå ôóíêöèè,
çàâèñÿùèå îò r. Îäíàêî, ðàäè óïðîùåíèÿ èçëîæåíèÿ, ìû ïîçâîëèì ñåáå íå îñòàíàâëèâàòüñÿ íà
ýòîì ñëó÷àå.
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Êàê îòìå÷àëîñü ðàíåå, çàäà÷à (39.1) � (39.2) íå âñåãäà ðàçðåøèìà. Åñëè èçâåñòíî, ÷òî çàäà÷à
(39.1) � (39.2) ðàçðåøèìà, äëÿ åå ðåøåíèÿ ïðèìåíÿþò ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ.
Ðåøåíèå ñòðîèòñÿ â òðè øàãà.

(1) Ðàññìîòðèì âñïîìîãàòåëüíóþ çàäà÷ó

∆v(r, ϕ) = 0,

{
α3v + β3r∂nv = 0 ïðè ϕ = ϕ1, r ∈ [r1, r2],
α4v + β4r∂nv = 0 ïðè ϕ = ϕ2, r ∈ [r1, r2].

(39.3)

Áóäåì èñêàòü âñåâîçìîæíûå ðåøåíèÿ çàäà÷è (39.3) âèäà

v(r, ϕ) = R(r)Φ(ϕ). (39.4)

Ïîäñòàâëÿÿ ïðåäñòàâëåíèå (39.4) â óðàâíåíèå (39.3), ïîëó÷èì

1

r
(rR′(r))

′
Φ(ϕ) +

1

r2
R(r)Φ′′(ϕ) = 0,

r2R′′(r) + rR′(r)

R(r)
= −Φ′′(ϕ)

Φ(ϕ)
. (39.5)

Ëåâàÿ ÷àñòü â ðàâåíñòâå (39.5) çàâèñèò òîëüêî îò ïåðåìåííîé r, â òî âðåìÿ êàê ïðàâàÿ
÷àñòü çàâèñèò òîëüêî îò ïåðåìåííîé ϕ. Òàêîå âîçìîæíî òîëüêî åñëè îáà îòíîøåíèÿ
ðàâíû íåêîòîðîé ïîñòîÿííîé, îáîçíà÷èì åå λ. Â ðåçóëüòàòå óðàâíåíèÿ íà íåèçâåñòíûå
ôóíêöèè R è Φ ðàçäåëèëèñü

−Φ′′(ϕ) = λΦ(ϕ), (39.6)

r2R′′(r) + rR′(r) = λR(r). (39.7)

Ïîäñòàâëÿÿ (39.4) â êðàåâûå óñëîâèÿ (39.3), íàéäåì{
α3Φ(ϕ1)− β3Φ′(ϕ1) = 0,
α4Φ(ϕ2) + β4Φ′(ϕ2) = 0.

(39.8)

Çäåñü ìû ó÷ëè, ÷òî ∂n = −r−1∂ϕ íà ãðàíèöå ϕ = ϕ1 è ∂n = r−1∂ϕ íà ãðàíèöå ϕ = ϕ2.
Ñîáèðàÿ óðàâíåíèå (39.6) è êðàåâûå óñëîâèÿ (39.8) âìåñòå, ïîëó÷èì ñëåäóþùóþ çàäà÷ó

Øòóðìà-Ëèóâèëëÿ −Φ′′(ϕ) = λΦ(ϕ),
α3Φ(ϕ1)− β3Φ′(ϕ1) = 0,
α4Φ(ϕ2) + β4Φ′(ϕ2) = 0.

(39.9)

Ïóñòü λn � ñîáñòâåííûå çíà÷åíèÿ è Φn � ñîáñòâåííûå ôóíêöèè çàäà÷è Øòóðìà-Ëèóâèë-
ëÿ (39.9).
Óðàâíåíèå (39.7) ïðèíèìàåò âèä

r2R′′(r) + rR′(r) = λnR(r). (39.10)

Îáùåå ðåøåíèå óðàâíåíèÿ (39.10) èìååò âèä11

Rn(r) = Anr
√
λn +Bnr

−
√
λn , ïðè λn 6= 0,

Rn(r) = An +Bn ln(r), ïðè λn = 0.
(39.11)

Òàêèì îáðàçîì, ìû íàøëè âñå ðåøåíèÿ çàäà÷è (39.3), ïðåäñòàâèìûå â âèäå (39.4). Ýòè
ðåøåíèÿ ìîæíî ïåðåïèñàòü â âèäå vn(r, ϕ) = Rn(r)Φn(ϕ).

11(39.10) � óðàâíåíèå Ýéëåðà.
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(2) Ðàñêëàäûâàåì ôóíêöèè h è q â ðÿä Ôóðüå ïî ñîáñòâåííûì ôóíêöèÿì Φn(ϕ) çàäà÷è
Øòóðìà-Ëèóâèëëÿ (39.9)

h(ϕ) =
∑
n

hnΦn(ϕ), q(ϕ) =
∑
n

qnΦn(ϕ). (39.12)

(3) Èùåì ðåøåíèå çàäà÷è (39.1) � (39.2) â âèäå

v(r, ϕ) =
∑
n

Rn(r)Φn(ϕ). (39.13)

Ðÿä (39.13) óäîâëåòâîðÿåò óðàâíåíèþ (39.1) è òðåòüåìó è ÷åòâåðòîìó óðàâíåíèÿì êðà-
åâîãî óñëîâèÿ (39.2). Îñòàëîñü ïîäîáðàòü ïîñòîÿííûå An è Bn (ñì. (39.11)) òàê, ÷òîáû
âûïîëíÿëèñü ïåðâîå è âòîðîå óðàâíåíèÿ êðàåâîãî óñëîâèÿ (39.2).
Ïîäñòàâëÿÿ ðÿäû (39.12) è (39.13) â ïåðâîå è âòîðîå óðàâíåíèÿ êðàåâîãî óñëîâèÿ (39.2),

ïîëó÷èì ∑
n

(α1Rn(r1)− β1R
′
n(r1)) Φn(ϕ) =

∑
n

hnΦn(ϕ),∑
n

(α2Rn(r2) + β2R
′
n(r2)) Φn(ϕ) =

∑
n

qnΦn(ϕ).

Îòñþäà {
α1Rn(r1)− β1R

′
n(r1) = hn,

α2Rn(r2) + β2R
′
n(r2) = qn.

(39.14)

Ñèñòåìû óðàâíåíèé (39.14) ñëóæàò äëÿ îïðåäåëåíèÿ ïîñòîÿííûõ An è Bn. Îòìåòèì, ÷òî
èñõîäíàÿ çàäà÷à (39.1) � (39.2) ðàçðåøèìà òîãäà è òîëüêî òîãäà, êîãäà ðàçðåøèìû âñå
ñèñòåìû óðàâíåíèé (39.14).
◦ Ðåøåíèå çàäà÷è (39.1) � (39.2) âûïèñûâàåòñÿ â âèäå ðÿäà (39.13).

Ïðèìåð 39.2. Ðåøèòü óðàâíåíèå Ëàïëàñà

∆v = 0 ïðè 1 6 r 6 2, 0 6 ϕ 6 π, (39.15)
v = sin(2ϕ) ïðè r = 1, ϕ ∈ [0, π],
v = sinϕ ïðè r = 2, ϕ ∈ [0, π],
v = 0 ïðè ϕ = 0, r ∈ [1, 2],
v = 0 ïðè ϕ = π, r ∈ [1, 2].

(39.16)

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â òðè øàãà.
Øàã 1: Ðàññìîòðèì âñïîìîãàòåëüíóþ çàäà÷ó

∆v = 0,

{
v = 0 ïðè ϕ = 0, r ∈ [1, 2],
v = 0 ïðè ϕ = π, r ∈ [1, 2].

(39.17)

Èùåì ðåøåíèÿ çàäà÷è (39.17) âèäà

v(r, ϕ) = R(r)Φ(ϕ). (39.18)

Ïîäñòàâëÿÿ ïðåäñòàâëåíèå (39.18) â óðàâíåíèå (39.17), ïîëó÷èì

r2R′′(r) + rR′(r)

R(r)
= −Φ′′(ϕ)

Φ(ϕ)
= λ. (39.19)

Îòñþäà
−Φ′′(ϕ) = λΦ(ϕ), (39.20)

r2R′′(r) + rR′(r) = λR(r). (39.21)
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Ïîäñòàâëÿÿ (39.18) â êðàåâûå óñëîâèÿ (39.17), íàéäåì

Φ(0) = Φ(π) = 0. (39.22)

Ñîáèðàÿ óðàâíåíèå (39.20) è êðàåâûå óñëîâèÿ (39.22) âìåñòå, ïîëó÷èì ñëåäóþùóþ çàäà÷ó
Øòóðìà-Ëèóâèëëÿ {

−Φ′′(ϕ) = λΦ(ϕ),

Φ(0) = Φ(π) = 0.
(39.23)

Ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (39.23) èìåþò âèä Φn(ϕ) = sin(nϕ), λn =
n2, n ∈ N.
Óðàâíåíèå (39.21) ïðèíèìàåò âèä

r2R′′(r) + rR′(r) = n2R(r). (39.24)

Îáùåå ðåøåíèå óðàâíåíèÿ (39.24) ìîæíî çàïèñàòü â âèäå

Rn(r) = Anr
n +Bnr

−n.

Òàêèì îáðàçîì, ðåøåíèÿ çàäà÷è (39.17), ïðåäñòàâèìûå â âèäå (39.18), ìîæíî çàïèñàòü â âèäå

vn(r, ϕ) = (Anr
n +Bnr

−n) sin(nϕ). (39.25)

Øàã 2: Ðàñêëàäûâàåì ôóíêöèè h(ϕ) = sin(2ϕ) è q(ϕ) = sinϕ â ðÿä Ôóðüå ïî ñîáñòâåííûì
ôóíêöèÿì Φn(ϕ) çàäà÷è Øòóðìà-Ëèóâèëëÿ (39.23). Äàííîå ðàçëîæåíèå èìååò ýëåìåíòàðíûé
âèä

h(ϕ) = sin(2ϕ) = Φ2(ϕ), q(ϕ) = sinϕ = Φ1(ϕ). (39.26)

Øàã 3: Èùåì ðåøåíèå çàäà÷è (39.15) � (39.16) â âèäå êîíå÷íîãî ðÿäà Ôóðüå. Ïðè ýòîì ðàçëî-
æåíèå âåäåì òîëüêî ïî òåì ñîáñòâåííûì ôóíêöèÿì, êîòîðûå ó÷àñòâóþò â ðàçëîæåíèÿõ (39.26),
ò. å. ïî Φ1 è Φ2,

v(r, ϕ) = (A1r +B1r
−1) sinϕ+ (A2r

2 +B2r
−2) sin(2ϕ). (39.27)

Ïîäñòàâëÿÿ ðÿäû (39.26) è (39.27) â ïåðâîå è âòîðîå óðàâíåíèÿ êðàåâîãî óñëîâèÿ (39.16), ïîëó-
÷èì

(A1 +B1) sinϕ+ (A2 +B2) sin(2ϕ) = sin(2ϕ),(
2A1 +

1

2
B1

)
sinϕ+

(
4A2 +

1

4
B2

)
sin(2ϕ) = sinϕ.

Îòñþäà {
A1 +B1 = 0,
2A1 + 1

2
B1 = 1,

(39.28){
A2 +B2 = 1,
4A2 + 1

4
B2 = 0.

(39.29)

Ðåøàÿ ñèñòåìû (39.28) è (39.29), íàéäåì{
A1 = 2

3
,

B1 = −2
3
,

{
A2 = − 1

15
,

B2 = 16
15
.

Ðåøåíèå çàäà÷è (39.15), (39.16) èìååò âèä (39.27). �

Îòâåò: v(r, ϕ) =
(

2r
3
− 2

3r

)
sinϕ+

(
16

15r2
− r2

15

)
sin(2ϕ).



136 À. À. Ïîæàðñêèé

Ïðèìåð 39.3. Ðåøèòü óðàâíåíèå Ëàïëàñà

∆v = 0 ïðè
1

2
6 r 6 1, 0 6 ϕ 6

π

2
, (39.30)

v = 3 sinϕ+ sin(3ϕ) ïðè r = 1
2
, ϕ ∈ [0, π

2
],

∂nv = sinϕ ïðè r = 1, ϕ ∈ [0, π
2
],

v = 0 ïðè ϕ = 0, r ∈ [1
2
, 1],

∂nv = 0 ïðè ϕ = π
2
, r ∈ [1

2
, 1].

(39.31)

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â òðè øàãà.
Øàã 1: Ðàññìîòðèì âñïîìîãàòåëüíóþ çàäà÷ó

∆v = 0,

{
v = 0 ïðè ϕ = 0, r ∈ [1

2
, 1],

∂nv = 0 ïðè ϕ = π
2
, r ∈ [1

2
, 1].

(39.32)

Èùåì ðåøåíèÿ çàäà÷è (39.32) âèäà

v(r, ϕ) = R(r)Φ(ϕ). (39.33)

Ïîäñòàâëÿÿ ïðåäñòàâëåíèå (39.33) â óðàâíåíèå (39.32), ïîëó÷èì

r2R′′(r) + rR′(r)

R(r)
= −Φ′′(ϕ)

Φ(ϕ)
= λ. (39.34)

Îòñþäà

−Φ′′(ϕ) = λΦ(ϕ), (39.35)

r2R′′(r) + rR′(r) = λR(r). (39.36)

Ïîäñòàâëÿÿ (39.33) â êðàåâûå óñëîâèÿ (39.32), íàéäåì

Φ(0) = Φ′(π/2) = 0. (39.37)

Ñîáèðàÿ óðàâíåíèå (39.35) è êðàåâûå óñëîâèÿ (39.37) âìåñòå, ïîëó÷èì ñëåäóþùóþ çàäà÷ó
Øòóðìà-Ëèóâèëëÿ {

−Φ′′(ϕ) = λΦ(ϕ),

Φ(0) = Φ′(π/2) = 0.
(39.38)

Ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (39.38) èìåþò âèä Φn(ϕ) = sin((2n+1)ϕ),
λn = (2n+ 1)2, n = 0, 1, . . ..
Óðàâíåíèå (39.36) ïðèíèìàåò âèä

r2R′′(r) + rR′(r) = (2n+ 1)2R(r). (39.39)

Îáùåå ðåøåíèå óðàâíåíèÿ (39.39) ìîæíî çàïèñàòü â âèäå

Rn(r) = Anr
2n+1 +Bnr

−2n−1.

Òàêèì îáðàçîì, ðåøåíèÿ çàäà÷è (39.32), ïðåäñòàâèìûå â âèäå (39.33), ìîæíî çàïèñàòü â âèäå

vn(r, ϕ) = (Anr
2n+1 +Bnr

−2n−1) sin((2n+ 1)ϕ). (39.40)

Øàã 2: Ðàñêëàäûâàåì ôóíêöèè h(ϕ) = 3 sinϕ + sin(3ϕ) è q(ϕ) = sinϕ â ðÿä Ôóðüå ïî ñîá-
ñòâåííûì ôóíêöèÿì Φn(ϕ) çàäà÷è Øòóðìà-Ëèóâèëëÿ (39.38). Äàííîå ðàçëîæåíèå èìååò ýëå-
ìåíòàðíûé âèä

h(ϕ) = sin(2ϕ) = Φ2(ϕ), q(ϕ) = sinϕ = Φ1(ϕ). (39.41)
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Øàã 3: Èùåì ðåøåíèå çàäà÷è (39.30) � (39.31) â âèäå êîíå÷íîãî ðÿäà Ôóðüå. Ïðè ýòîì ðàçëî-
æåíèå âåäåì òîëüêî ïî òåì ñîáñòâåííûì ôóíêöèÿì, êîòîðûå ó÷àñòâóþò â ðàçëîæåíèÿõ (39.41),
ò. å. ïî Φ0 è Φ1,

v(r, ϕ) = (A1r +B1r
−1) sinϕ+ (A2r

3 +B2r
−3) sin(3ϕ). (39.42)

Ïîäñòàâëÿÿ ðÿäû (39.41) è (39.42) â ïåðâîå è âòîðîå óðàâíåíèÿ êðàåâîãî óñëîâèÿ (39.31), è
ó÷èòûâàÿ, ÷òî ∂n = ∂r íà ãðàíèöå r = 1, ïîëó÷èì(

1

2
A1 + 2B1

)
sinϕ+

(
1

8
A2 + 8B2

)
sin(3ϕ) = 3 sinϕ+ sin(3ϕ),

(A1 −B1) sinϕ+ (3A2 − 3B2) sin(3ϕ) = sinϕ.

Îòñþäà {
1
2
A1 + 2B1 = 3,
A1 −B1 = 1,

(39.43){
1
8
A2 + 8B2 = 1,

3A2 − 3B2 = 0.
(39.44)

Ðåøàÿ ñèñòåìû (39.43) è (39.44), íàéäåì{
A1 = 2,
B1 = 1,

{
A2 = 8

65
,

B2 = 8
65
.

Ðåøåíèå çàäà÷è (39.30), (39.31) èìååò âèä (39.42). �

Îòâåò: v(r, ϕ) =
(
2r + 1

r

)
sinϕ+ 8

65

(
r3 + 1

r3

)
sin(3ϕ).

Ïðèìåð 39.4. Ðåøèòü óðàâíåíèå Ëàïëàñà

∆v = 0 ïðè r 6 2, (39.45)

v = 2 sinϕ+ 3 cos(4ϕ) ïðè r = 2. (39.46)

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â òðè øàãà.
Øàã 1: Ðàññìîòðèì âñïîìîãàòåëüíóþ çàäà÷ó

∆v = 0, v(r, ϕ) = v(r, ϕ+ 2π). (39.47)

Óñëîâèå ïåðèîäè÷íîñòè ïî ϕ íåîáõîäèìî äëÿ òîãî, ÷òîáû ôóíêöèÿ v áûëà íåïðåðûâíà â êðóãå
r 6 2.12 Èùåì ðåøåíèÿ çàäà÷è (39.47) âèäà

v(r, ϕ) = R(r)Φ(ϕ). (39.48)

Ïîäñòàâëÿÿ ïðåäñòàâëåíèå (39.48) â óðàâíåíèå (39.47), ïîëó÷èì

r2R′′(r) + rR′(r)

R(r)
= −Φ′′(ϕ)

Φ(ϕ)
= λ. (39.49)

Îòñþäà

−Φ′′(ϕ) = λΦ(ϕ), (39.50)

r2R′′(r) + rR′(r) = λR(r). (39.51)

Ïîäñòàâëÿÿ (39.48) â êðàåâûå óñëîâèÿ (39.47), íàéäåì

Φ(ϕ) = Φ(ϕ+ 2π). (39.52)

12Íàïðèìåð, ôóíêöèÿ v(ϕ) = ϕ ïðè íåïðåðûâíîì ïðîäîëæåíèè âîêðóã íà÷àëà êîîðäèíàò ïðîòèâ ÷àñîâîé
ñòðåëêè ïîëó÷àåò ïðèðàùåíèå 2π è, òàêèì îáðàçîì, íå ÿâëÿåòñÿ íåïðåðûâíîé â êðóãå r 6 2.
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Ñîáèðàÿ óðàâíåíèå (39.50) è êðàåâûå óñëîâèÿ (39.52) âìåñòå, ïîëó÷èì ñëåäóþùóþ çàäà÷ó
Øòóðìà-Ëèóâèëëÿ {

−Φ′′(ϕ) = λΦ(ϕ),

Φ(ϕ) = Φ(ϕ+ 2π).
(39.53)

Ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (39.53) èìåþò âèä Φ+
0 (ϕ) = 1, Φ+

n (ϕ) =
cos(nϕ), Φ−n (ϕ) = sin(nϕ), λ0 = 0 è λn = n2 ïðè n ∈ N.
Óðàâíåíèå (39.51) ïðèíèìàåò âèä

r2R′′(r) + rR′(r) = n2R(r). (39.54)

Îáùåå ðåøåíèå óðàâíåíèÿ (39.54) ìîæíî çàïèñàòü â âèäå

R0(r) = A0 +B0 ln r, Rn(r) = Anr
n +Bnr

−n ïðè n > 1.

Çàìåòèì, ÷òî ôóíêöèè ln r è r−n èìåþò îñîáåííîñòü â òî÷êå r = 0. Ïîýòîìó îíè íå ÿâëÿþòñÿ
íåïðåðûâíûìè â êðóãå r 6 2 è äîëæíû áûòü èñêëþ÷åíû èç ðàññìîòðåíèÿ. Òàêèì îáðàçîì,
ðåøåíèÿ çàäà÷è (39.47), ïðåäñòàâèìûå â âèäå (39.48), ìîæíî çàïèñàòü â âèäå

v0(r, ϕ) = a0, vn(r, ϕ) = rn (an cos(nϕ) + bn sin(nϕ)) ïðè n > 1. (39.55)

Øàã 2: Ðàñêëàäûâàåì ôóíêöèþ q(ϕ) = 2 sinϕ+ 3 cos(4ϕ) â ðÿä Ôóðüå ïî ñîáñòâåííûì ôóíê-
öèÿì Φ+

n (ϕ), Φ−n (ϕ) çàäà÷è Øòóðìà-Ëèóâèëëÿ (39.53). Äàííîå ðàçëîæåíèå èìååò ýëåìåíòàðíûé
âèä

q(ϕ) = 2 sinϕ+ 3 cos(4ϕ) = 2Φ−1 (ϕ) + 3Φ+
4 (ϕ). (39.56)

Øàã 3: Èùåì ðåøåíèå çàäà÷è (39.45) � (39.46) â âèäå êîíå÷íîãî ðÿäà Ôóðüå. Ïðè ýòîì ðàçëî-
æåíèå âåäåì òîëüêî ïî òåì ñîáñòâåííûì ôóíêöèÿì, êîòîðûå ó÷àñòâóþò â ðàçëîæåíèÿõ (39.41),
ò. å. ïî Φ−1 è Φ+

4 ,

v(r, ϕ) = b1r sinϕ+ a4r
4 cos(4ϕ). (39.57)

Ïîäñòàâëÿÿ ðÿäû (39.56) è (39.57) â êðàåâîå óñëîâèå (39.46), ïîëó÷èì

2b1 sinϕ+ 16a4 cos(4ϕ) = 2 sinϕ+ 3 cos(4ϕ)

Îòñþäà

b1 = 1, a4 =
3

16
.

Ðåøåíèå çàäà÷è (39.45), (39.46) èìååò âèä (39.57). �

Îòâåò: v(r, ϕ) = r sinϕ+ 3
16
r4 cos(4ϕ).

Äîìàøíåå çàäàíèå:

Çàäà÷à 39.5. Ðåøèòü óðàâíåíèå Ëàïëàñà

∆v = 0 ïðè 1 6 r 6 2, 0 6 ϕ 6
3π

2
,

∂nv = 0 ïðè r = 1, ϕ ∈ [0, 3π
2

],

v = sin(2ϕ) ïðè r = 2, ϕ ∈ [0, 3π
2

],

v = 0 ïðè ϕ = 0, r ∈ [1, 2],

v = 0 ïðè ϕ = 3π
2
, r ∈ [1, 2].

Îòâåò: v(r, ϕ) = 4
17

(
r2 + 1

r2

)
sin(2ϕ).
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Çàäà÷à 39.6. Ðåøèòü óðàâíåíèå Ëàïëàñà

∆v = 0 ïðè 1 6 r 6 2, 0 6 ϕ 6
3π

2
,

v = sin(4ϕ) ïðè r = 1, ϕ ∈ [0, 3π
2

],

∂nv = sin(2ϕ)− sin(4ϕ) ïðè r = 2, ϕ ∈ [0, 3π
2

],

v = 0 ïðè ϕ = 0, r ∈ [1, 2],

v = 0 ïðè ϕ = 3π
2
, r ∈ [1, 2].

Îòâåò: v(r, ϕ) = 4
17

(
r2 − 1

r2

)
sin(2ϕ) + 1

257

(
264
r4
− 7r4

)
sin(4ϕ).

Çàäà÷à 39.7. Ðåøèòü óðàâíåíèå Ëàïëàñà

∆v = 0 ïðè
1

2
6 r 6 1,{

v = cosϕ+ 2 sinϕ− 15 cos(2ϕ) ïðè r = 1
2
,

v = 2 cosϕ+ sinϕ ïðè r = 1.

Îòâåò: v(r, ϕ) = 2r cosϕ+ 1
r

sinϕ+ 4
(
r2 − 1

r2

)
cos(2ϕ).

Çàäà÷à 39.8. Ðåøèòü óðàâíåíèå Ëàïëàñà

∆v = 0 ïðè 1 6 r 6 3, −π 6 ϕ 6 0,
v = sin(3ϕ) ïðè r = 1, ϕ ∈ [−π, 0],

∂nv = 0 ïðè r = 3, ϕ ∈ [−π, 0],

v = 0 ïðè ϕ = −π, r ∈ [1, 3],

v = 0 ïðè ϕ = 0, r ∈ [1, 3].

Îòâåò: v(r, ϕ) = 1
730

(
r3 + 729

r3

)
sin(3ϕ).

Çàäà÷à 39.9. Ðåøèòü óðàâíåíèå Ëàïëàñà

∆v = 0 ïðè 1 6 r 6 2, 0 6 ϕ 6 π,
v = 0 ïðè r = 1, ϕ ∈ [0, π],

v = cos(2ϕ) ïðè r = 2, ϕ ∈ [0, π],

∂nv = 0 ïðè ϕ = 0, r ∈ [1, 2],

∂nv = 0 ïðè ϕ = π, r ∈ [1, 2].

Îòâåò: v(r, ϕ) = 4
15

(
r2 − 1

r2

)
cos(2ϕ).

Çàäà÷à 39.10. Ðåøèòü óðàâíåíèå Ëàïëàñà

∆v = 0 ïðè 1 6 r 6 2,{
v = 1− 7 sin(2ϕ) ïðè r = 1,

v = 2 sin(2ϕ) ïðè r = 2.

Îòâåò: v(r, ϕ) = 1− ln r
ln 2

+
(
r2 − 8

r2

)
sin(2ϕ).
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40. 13-àÿ êîíòðîëüíàÿ ðàáîòà (çàäà÷à: 13; 20 ìèíóò).

Âàðèàíò êîíòðîëüíîé ðàáîòû �13.

Çàäà÷à 13. Ðåøèòü óðàâíåíèå Ëàïëàñà

∆v = 0 ïðè r 6 2,

∂nv = 3 cosϕ+ 8 sin(2ϕ) ïðè r = 2.

Îòâåò: v(r, ϕ) = c+ 3r cosϕ+ 2r2 sin(2ϕ), c ∈ R.
Âàðèàíò êîíòðîëüíîé ðàáîòû �13.

Çàäà÷à 13. Ðåøèòü óðàâíåíèå Ëàïëàñà

∆v = 0 ïðè 1 6 r 6 2, 0 6 ϕ 6 π,
v = 3 sinϕ+ sin(2ϕ) ïðè r = 1, ϕ ∈ [0, π],

v = 4 sin(2ϕ) ïðè r = 2, ϕ ∈ [0, π],

v = 0 ïðè ϕ = 0, r ∈ [1, 2],

v = 0 ïðè ϕ = π, r ∈ [1, 2].

Îòâåò: v(r, ϕ) =
(

4
r
− r
)

sinϕ+ r2 sin(2ϕ).
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41. Óðàâíåíèå Ëàïëàñà â ñôåðè÷åñêè ñèììåòðè÷íûõ
îáëàñòÿõ â R3.

Ðàññìîòðèì ñôåðè÷åñêè ñèììåòðè÷íóþ îáëàñòü D ⊂ R3. Ïðèìåðîì òàêîé îáëàñòè ìîæåò ñëó-
æèòü øàð, âíåøíîñòü ñôåðû èëè øàðîâîé ñëîé. Íàïîìíèì, ÷òî äåêàðòîâû êîîðäèíàòû (x, y, z)
ñâÿçàíû ñî ñôåðè÷åñêèìè (r, θ, ϕ) ôîðìóëàìè âèäàx = r sin θ cosϕ,

y = r sin θ sinϕ,
z = r cos θ,

ãäå
r ∈ [0,+∞), θ ∈ [0, π], ϕ ∈ [0, 2π).

Îïåðàòîð Ëàïëàñà â ñôåðè÷åñêèõ êîîðäèíàòàõ ïðèíèìàåò âèä

∆u =
1

r2

∂

∂r

(
r2∂u

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂u

∂θ

)
+

1

r2 sin2 θ

∂2u

∂ϕ2
.

Ìû ïîçâîëèì ñåáå çäåñü ïîäðîáíî ðàññìîòðåòü òîëüêî çàäà÷è â øàðîâîì ñëîå. Ðåøåíèÿ æå
çàäà÷ â øàðå èëè âíåøíîñòè ñôåðû ïðîâîäÿòñÿ ñ î÷åâèäíûìè èçìåíåíèÿìè è áóäóò ïðèâåäåíû
òîëüêî â ïðèìåðàõ.

Îïðåäåëåíèå 41.1. Êðàåâîé çàäà÷åé äëÿ óðàâíåíèÿ Ëàïëàñà â øàðîâîì ñëîå íàçûâàåòñÿ çà-
äà÷à î íàõîæäåíèè ôóíêöèè u, óäîâëåòâîðÿþùåé óðàâíåíèþ

∆u = 0 ïðè {r1 < r < r2} (41.1)

è êðàåâûì óñëîâèÿì {
α1u+ β1∂nu = h(θ, ϕ) ïðè r = r1,
α2u+ β2∂nu = q(θ, ϕ) ïðè r = r2,

(41.2)

Çäåñü αk è βk � çàäàííûå âåùåñòâåííûå ïàðàìåòðû, óäîâëåòâîðÿþùèå óñëîâèþ |αk|+ |βk| 6= 0
ïðè k = 1, 2 è ∂n � ïðîèçâîäíàÿ ïî âíåøíåé íîðìàëè.

Êàê è â äâóìåðíîì ñëó÷àå, çàäà÷à (41.1) � (41.2) íå âñåãäà ðàçðåøèìà. Ìû ïîçâîëèì ñåáå
îáñóäèòü óñëîâèÿ ðàçðåøèìîñòè ïîçæå. Åñëè æå èçâåñòíî, ÷òî çàäà÷à (41.1) � (41.2) ðàçðåøèìà,
äëÿ åå ðåøåíèÿ ïðèìåíÿþò ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ.
Ðåøåíèå ñòðîèòñÿ â òðè øàãà.

(1) Ðàññìîòðèì âñïîìîãàòåëüíóþ çàäà÷ó

∆u(r, θ, ϕ) = 0, r1 < r < r2. (41.3)

Áóäåì èñêàòü âñåâîçìîæíûå ðåøåíèÿ çàäà÷è (41.3) âèäà

u(r, θ, ϕ) = R(r)Y (θ, ϕ). (41.4)

Ïîäñòàâëÿÿ ïðåäñòàâëåíèå (41.4) â óðàâíåíèå (41.3), ïîëó÷èì

1

r2
(r2R′(r))′Y (θ, ϕ) +

1

r2
R(r)∆θ,ϕY (θ, ϕ) = 0,

ãäå

∆θ,ϕY =
1

sin θ

∂

∂θ

(
sin θ

∂Y

∂θ

)
+

1

sin2 θ

∂2Y

∂ϕ2

Îòñþäà
r2R′′(r) + 2rR′(r)

R(r)
= −∆θ,ϕY (θ, ϕ)

Y (θ, ϕ)
. (41.5)
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Ëåâàÿ ÷àñòü â ðàâåíñòâå (41.5) çàâèñèò òîëüêî îò ïåðåìåííîé r, â òî âðåìÿ êàê ïðàâàÿ
çàâèñèò òîëüêî îò óãëîâûõ ïåðåìåííûõ θ è ϕ. Òàêîå âîçìîæíî òîëüêî åñëè îáà îòíîøåíèÿ
ðàâíû íåêîòîðîé ïîñòîÿííîé, îáîçíà÷èì åå λ. Â ðåçóëüòàòå óðàâíåíèÿ íà íåèçâåñòíûå
ôóíêöèè R è Y ðàçäåëèëèñü

−∆θ,ϕY (θ, ϕ) = λY (θ, ϕ), (41.6)

r2R′′(r) + 2rR′(r) = λR(r). (41.7)

Çàìåòèì òåïåðü, ÷òî ìû èùåì äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìûå ðåøåíèÿ çàäà÷è
(41.3). Ýòî îçíà÷àåò, ÷òî ðåøåíèå u(r, θ, ϕ) äîëæíî áûòü 2π-ïåðèîäè÷åñêèì ïî àðãóìåíòó
ϕ è îñòàâàòüñÿ îãðàíè÷åííûì ïðè θ = 0 è π. Èç ñêàçàííîãî ñëåäóåò, ÷òî óðàâíåíèå (41.6)
íåîáõîäèìî ñíàáäèòü åñòåñòâåííûìè êðàåâûìè óñëîâèÿìè âèäà{

Y (θ, ϕ+ 2π) = Y (θ, ϕ),
|Y (0, ϕ)| <∞, |Y (π, ϕ)| <∞. (41.8)

Ñîáèðàÿ óðàâíåíèå (41.6) è êðàåâûå óñëîâèÿ (41.8) âìåñòå, ïîëó÷èì ñëåäóþùóþ çàäà÷ó
íà ñîáñòâåííûå çíà÷åíèÿ−∆θ,ϕY (θ, ϕ) = λY (θ, ϕ),

Y (θ, ϕ+ 2π) = Y (θ, ϕ),
|Y (0, ϕ)| <∞, |Y (π, ϕ)| <∞.

(41.9)

Ðåøåíèå çàäà÷è (41.9) òàêæå ìîæíî íàéòè ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ. Îäíàêî,
ìû çäåñü ïîçâîëèì ñåáå íå îñòàíàâëèâàòüñÿ íà íåì. Èçâåñòíî, ÷òî çàäà÷à (41.9) èìååò
äèñêðåòíûé íàáîð ñîáñòâåííûõ çíà÷åíèé

λn = n(n+ 1), n = 0, 1, . . . (41.10)

è åå ñîáñòâåííûìè ôóíêöèÿìè ÿâëÿþòñÿ ñôåðè÷åñêèå ôóíêöèè Yn. Ïîä÷åðêíåì, ÷òî
îíè îáðàçóþò áàçèñ â ïðîñòðàíñòâå ôóíêöèé, îïðåäåëåííûõ íà ñôåðå (áîëåå òî÷íî, â
L2((0, π)× (0, 2π)) ñ ïîäõîäÿùèì âåñîì).
Ñôåðè÷åñêèå ôóíêöèè Yn îòâå÷àþùèå ñîáñòâåííîìó ÷èñëó λn = n(n + 1) ìîãóò áûòü

çàïèñàíû â âèäå

Yn(θ, ϕ) = a0Pn(cos θ) +
n∑
k=1

(ak cos kϕ+ bk sin kϕ)P (k)
n (cos θ),

ãäå Pn(t) � ïîëèíîìû Ëåæàíäðà

Pn(t) =
1

2nn!

dn(t2 − 1)n

dtn

è P
(k)
n (t) � ïðèñîåäèíåííûå ïîëèíîìû Ëåæàíäðà

P (k)
n (t) = (1− t2)k/2

dkPn(t)

dtk
, 1 6 k 6 n.

Âûïèøåì, ðàäè óäîáñòâà, íåñêîëüêî ïåðâûõ ïîëèíîìîâ â ÿâíîì âèäå

P0(cos θ) = 1, P1(cos θ) = cos θ, P2(cos θ) =
1

2
(3 cos2 θ − 1),

P
(1)
1 (cos θ) = sin θ, P

(1)
2 (cos θ) = 3 sin θ cos θ, P

(1)
3 (cos θ) = sin θ

15 cos2 θ − 3

2
,

P
(2)
2 (cos θ) = 3 sin2 θ, P

(2)
3 (cos θ) = 15 sin2 θ cos θ.
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Âåðíåìñÿ ê óðàâíåíèþ (41.7), êîòîðîå, ñ ó÷åòîì (41.10), ïðèíèìàåò âèä

r2R′′(r) + rR′(r) = n(n+ 1)R(r). (41.11)

Îáùåå ðåøåíèå óðàâíåíèÿ (41.11) èìååò âèä13

Rn(r) = Anr
n +Bnr

−n−1 ïðè n = 0, 1, . . . . (41.12)

Òàêèì îáðàçîì, ìû íàøëè âñå ðåøåíèÿ çàäà÷è (41.3), ïðåäñòàâèìûå â âèäå (41.4). Ýòè
ðåøåíèÿ ìîæíî ïåðåïèñàòü â âèäå

un(r, θ, ϕ) = rnYn(θ, ϕ) + r−n−1Ỹn(θ, ϕ), n = 0, 1, . . . . (41.13)

Îáðàòèì âíèìàíèå íà òî, ÷òî êîýôôèöèåíòû, ó÷àñòâóþùèå â îïðåäåëåíèè ñôåðè÷åñêèõ
ôóíêöèé Ỹn è Yn, âîîáùå ãîâîðÿ ðàçëè÷íû

Yn(θ, ϕ) = an0Pn(cos θ) +
∑n

k=1(ank cos kϕ+ bnk sin kϕ)P
(k)
n (cos θ),

Ỹn(θ, ϕ) = ãn0Pn(cos θ) +
∑n

k=1(ãnk cos kϕ+ b̃nk sin kϕ)P
(k)
n (cos θ).

(41.14)

(2) Ðàñêëàäûâàåì ôóíêöèè h è q â ðÿä ïî ñîáñòâåííûì ôóíêöèÿì Yn(θ, ϕ) çàäà÷è (41.9)

h(θ, ϕ) =
∑
n>0

Y (h)
n (θ, ϕ), q(θ, ϕ) =

∑
n>0

Y (q)
n (θ, ϕ). (41.15)

(3) Èùåì ðåøåíèå çàäà÷è (41.1) � (41.2) â âèäå

u(r, θ, ϕ) =
∑
n>0

un(r, θ, ϕ), (41.16)

ãäå un ïðåäñòàâëÿþòñÿ â âèäå (41.13), (41.14). Ðÿä (41.16) óäîâëåòâîðÿåò óðàâíåíèþ
(41.1). Îñòàëîñü ïîäîáðàòü ïîñòîÿííûå, ó÷àñòâóþùèå â îïðåäåëåíèè Yn è Ỹn (ñì. (41.14)),
òàê, ÷òîáû âûïîëíÿëîñü êðàåâîå óñëîâèå (41.2).
Ïîäñòàâëÿÿ ðÿäû (41.15) è (41.16) â ïåðâîå è âòîðîå óðàâíåíèÿ êðàåâîãî óñëîâèÿ (41.2),

ïîëó÷èì ñèñòåìó óðàâíåíèé âèäà∑
n>0

(α1un(r1, θ, ϕ)− β1∂run(r1, θ, ϕ)) =
∑
n>0

Y (h)
n (θ, ϕ),∑

n>0

(α2un(r2, θ, ϕ) + β2∂run(r2, θ, ϕ)) =
∑
n>0

Y (q)
n (θ, ϕ).

Îòñþäà, ïðèðàâíèâàÿ êîýôôèöèåíòû ïåðåä ôóíêöèÿìè âèäà

cos(kϕ)P (k)
n (cos θ), sin(kϕ)P (k)

n (cos θ),

ïîëó÷èì ñèñòåìó óðàâíåíèé äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ ank , ã
n
k , b

n
k è b̃

n
k . Îòìåòèì,

÷òî ïîëó÷åííûå ñèñòåìû óðàâíåíèé ðàçðåøèìû òîãäà è òîëüêî òîãäà, êîãäà ðàçðåøèìà
èñõîäíàÿ çàäà÷à (41.1) � (41.2).
◦ Ðåøåíèå çàäà÷è (41.1) � (41.2) âûïèñûâàåòñÿ â âèäå ðÿäà (41.16).
• Èíîãäà óäîáíåå íà÷èíàòü ñî âòîðîãî øàãà ðåøåíèÿ. Â ýòîì ñëó÷àå, åñëè ðÿäû äëÿ h(θ, ϕ)
è q(θ, ϕ) ïðåäñòàâëÿþòñÿ êîíå÷íûì ÷èñëîì ÷ëåíîâ, ðåøåíèå òàêæå ìîæíî èñêàòü â âèäå
êîíå÷íîãî ðÿäà.

Ïðèìåð 41.2. Ðåøèòü óðàâíåíèå Ëàïëàñà

∆u = 0 ïðè 1 < r < 2,

{
u = 3 cos θ ïðè r = 1,
u = 5− cos θ ïðè r = 2.

(41.17)

13(41.11) � óðàâíåíèå Ýéëåðà.
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Ðåøåíèå. Ðåøåíèå ïðîâîäèì â òðè øàãà.
Øàã 1: Ðàñêëàäûâàåì ôóíêöèè h(θ, ϕ) = 3 cos θ è q(θ, ϕ) = 5−cos θ â ðÿäû ïî Yn(θ, ϕ). Äàííîå

ðàçëîæåíèå èìååò ýëåìåíòàðíûé âèä

h(θ, ϕ) = 3 cos θ = 3P1(cos θ),

q(θ, ϕ) = 5− 2 cos θ = 5P0(cos θ)− P1(cos θ).
(41.18)

Øàã 2: Èç (41.18) ñëåäóåò, ÷òî â ðàçëîæåíèè (41.16), (41.13) ñëåäóåò îñòàâèòü òîëüêî ÷ëåíû,
ñîäåðæàùèå P0(cos θ) è P1(cos θ). Òàêèì îáðàçîì, ðåøåíèå çàäà÷è (41.17) áóäåì èñêàòü â âèäå

u(r, θ, ϕ) = (a+ br−1)P0(cos θ) + (cr + dr−2)P1(cos θ). (41.19)

Åùå ðàç îáðàòèì âíèìàíèå íà òî, ÷òî â ðàçëîæåíèè (41.18) ó÷àñòâóþò ïîëèíîìû Ëåæàíäðà ñ
íîìåðàìè 0 è 1, êîòîðûå ñîîòâåòñòâóþò ñôåðè÷åñêèì ôóíêöèÿì Y0 è Y1.
Øàã 3: Ïîäñòàâëÿÿ ðàçëîæåíèå (41.19) â ãðàíè÷íûå óñëîâèÿ, è ó÷èòûâàÿ (41.18), ïîëó÷èì{

u|r=1 = (a+ b)P0(cos θ) + (c+ d)P1(cos θ) = 3P1(cos θ),

u|r=2 = (a+ 2−1b)P0(cos θ) + (2c+ 4−1d)P1(cos θ) = 5P0(cos θ)− P1(cos θ).

Îòñþäà, ïðèðàâíèâàÿ êîýôôèöèåíòû ïåðåä P0(cos θ) è P1(cos θ), ïîëó÷èì

P0(cos θ) :

{
a+ b = 0,

a+ 2−1b = 5,
P1(cos θ) :

{
c+ d = 3,

2c+ 4−1d = −1.
(41.20)

Ðåøàÿ ñèñòåìû (41.20), íàéäåì {
a = 10,

b = −10,

{
c = −1,

d = 4,

îòêóäà

u(r, θ, ϕ) = 10(1− r−1)P0(cos θ) + (4r−2 − r)P1(cos θ) = 10

(
1− 1

r

)
+

(
4

r2
− r
)

cos θ. �

Îòâåò: u = 10
(
1− 1

r

)
+
(

4
r2
− r
)

cos θ.

Ïðèìåð 41.3. Ðåøèòü óðàâíåíèå Ëàïëàñà

∆u = 0 ïðè 1 < r < 3,

{
u = −2 cosϕ sin θ ïðè r = 1,
u = 26 cos θ ïðè r = 3.

(41.21)

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â òðè øàãà.
Øàã 1: Ðàñêëàäûâàåì ôóíêöèè h(θ, ϕ) = −2 cosϕ sin θ è q(θ, ϕ) = 8 cos θ â ðÿäû ïî Yn(θ, ϕ)

h(θ, ϕ) = −2 cosϕ sin θ = −2P
(1)
1 (cos θ) cosϕ,

q(θ, ϕ) = 26 cos θ = 26P1(cos θ).
(41.22)

Øàã 2: Èç (41.18) ñëåäóåò, ÷òî ðåøåíèå çàäà÷è (41.17) ìîæíî èñêàòü â âèäå

u(r, θ, ϕ) = (ar + br−2)P1(cos θ) + (cr + dr−2)P
(1)
1 (cos θ) cosϕ. (41.23)

Îáðàòèì âíèìàíèå íà òî, ÷òî îáà ïîëèíîìà Ëåæàíäðà, ó÷àñòâóþùèå â ðàçëîæåíèè (41.23), ñî-
îòâåòñòâóþò ñôåðè÷åñêîé ôóíêöèè Y1. Ïðè ýòîì, ïðè ôîðìèðîâàíèè ðàçëîæåíèÿ (41.23) êàæ-
äûé èç ýòèõ ïîëèíîìîâ áûë äîìíîæåí íà ñâîþ ôóíêöèþ R1(r) (äëÿ ïåðâîãî ÷ëåíà â êà÷åñòâå
ïðîèçâîëüíûõ êîýôôèöèåíòîâ áûëè âçÿòû a è b, äëÿ âòîðîãî � c è d).
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Øàã 3: Ïîäñòàâëÿÿ ðàçëîæåíèå (41.23) â ãðàíè÷íûå óñëîâèÿ, è ó÷èòûâàÿ (41.22), ïîëó÷èì{
u|r=1 = (a+ b)P1(cos θ) + (c+ d)P

(1)
1 (cos θ) cosϕ = −2P

(1)
1 (cos θ) cosϕ,

u|r=3 = (3a+ 9−1b)P1(cos θ) + (3c+ 9−1d)P
(1)
1 (cos θ) cosϕ = 26P1(cos θ).

Îòñþäà, ïðèðàâíèâàÿ êîýôôèöèåíòû ïåðåä P1(cos θ) è P
(1)
1 (cos θ) cosϕ, ïîëó÷èì

P1(cos θ) :

{
a+ b = 0,

3a+ 9−1b = 26,
P

(1)
1 (cos θ) cosϕ :

{
c+ d = −2,

3c+ 9−1d = 0.
(41.24)

Ðåøàÿ ñèñòåìû (41.24), íàéäåì {
a = 9,

b = −9,

{
c = 1

13
,

d = −27
13
,

îòêóäà

u(r, θ, ϕ) = 9

(
r − 1

r2

)
P1(cos θ) +

1

13

(
r − 27

r2

)
P

(1)
1 (cos θ) cosϕ. �

Îòâåò: u = 9
(
r − 1

r2

)
P1(cos θ) + 1

13

(
r − 27

r2

)
P

(1)
1 (cos θ) cosϕ.

Ïðèìåð 41.4. Ðåøèòü óðàâíåíèå Ëàïëàñà

∆u = 0 ïðè r < 1, u = 3 cos2 θ ïðè r = 1. (41.25)

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â òðè øàãà.
Øàã 1: Ðàñêëàäûâàåì ôóíêöèþ q(θ, ϕ) = 3 cos2 θ â ðÿä ïî Yn(θ, ϕ)

q(θ, ϕ) = 3 cos2 θ = 2P2(cos θ) + P0(cos θ). (41.26)

Øàã 2: Èç (41.26) ñëåäóåò, ÷òî ðåøåíèå çàäà÷è (41.25) ìîæíî èñêàòü â âèäå

u(r, θ, ϕ) = (a+ br−1)P0(cos θ) + (cr2 + dr−3)P2(cos θ). (41.27)

Çàìåòèì òåïåðü, ÷òî ìû èùåì ðåøåíèå â øàðå r < 1, êîòîðîå äîëæíî îñòàâàòüñÿ îãðàíè÷åííûì
ïðè r = 0. Ðàçëîæåíèå (41.27) áóäåò óäîâëåòâîðÿòü ýòîìó òðåáîâàíèþ, åñëè ïîëîæèòü b = 0 è
d = 0. Îêîí÷àòåëüíî, èùåì ðåøåíèå â âèäå

u(r, θ, ϕ) = aP0(cos θ) + cr2P2(cos θ). (41.28)

Øàã 3: Ïîäñòàâëÿÿ ðàçëîæåíèå (41.28) â ãðàíè÷íîå óñëîâèå, è ó÷èòûâàÿ (41.26), ïîëó÷èì

u|r=1 = aP0(cos θ) + cP2(cos θ) = 2P2(cos θ) + P0(cos θ).

Îòñþäà, ïðèðàâíèâàÿ êîýôôèöèåíòû ïåðåä P0(cos θ) è P2(cos θ), ïîëó÷èì

P1(cos θ) : a = 1, P2(cos θ) : c = 2,

u(r, θ, ϕ) = P0(cos θ) + 2r2P2(cos θ). �

Îòâåò: u = cos θ + r2(3 cos2 θ − 1).

Ïðèìåð 41.5. Ðåøèòü óðàâíåíèå Ëàïëàñà

∆u = 0 ïðè r < 2, ∂nu = A+ 3 sin 2θ cosϕ ïðè r = 2, (41.29)

ãäå A � íåêîòîðàÿ ïîñòîÿííàÿ.
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Ðåøåíèå. Ðåøåíèå ïðîâîäèì â òðè øàãà.
Øàã 1: Ðàñêëàäûâàåì ôóíêöèþ q(θ, ϕ) = A+ 3 sin 2θ cosϕ â ðÿä ïî Yn(θ, ϕ)

q(θ, ϕ) = A+ 3 sin 2θ cosϕ = AP0(cos θ) + 2P
(1)
2 (cos θ) cosϕ. (41.30)

Øàã 2: Èç (41.30) ñëåäóåò, ÷òî ðåøåíèå çàäà÷è (41.29) ìîæíî èñêàòü â âèäå

u(r, θ, ϕ) = (a+ br−1)P0(cos θ) + (cr2 + dr−3)P
(1)
2 (cos θ) cosϕ. (41.31)

Äëÿ òîãî, ÷òîáû ðåøåíèå îñòàâàëîñü îãðàíè÷åííûì ïðè r = 0, íåîáõîäèìî ïîëîæèòü b = 0 è
d = 0. Îêîí÷àòåëüíî, èùåì ðåøåíèå â âèäå

u(r, θ, ϕ) = aP0(cos θ) + cr2P
(1)
2 (cos θ) cosϕ. (41.32)

Øàã 3: Ïîäñòàâëÿÿ ðàçëîæåíèå (41.32) â ãðàíè÷íîå óñëîâèå, è ó÷èòûâàÿ (41.30), ïîëó÷èì

∂nu|r=2 = ∂ru|r=2 = 4cP
(1)
2 (cos θ) cosϕ = AP0(cos θ) + 2P

(1)
2 (cos θ) cosϕ.

Îòñþäà, ïðèðàâíèâàÿ êîýôôèöèåíòû ïåðåä P0(cos θ) è P
(1)
2 (cos θ) cosϕ, ïîëó÷èì

P0(cos θ) : A = 0, P
(1)
2 (cos θ) cosϕ : c =

1

2
.

Òàêèì îáðàçîì, çàäà÷à (41.29) ðàçðåøèìà òîëüêî ïðè A = 0. Ïðè ýòîì ðåøåíèå îêàçûâàåòñÿ íå
åäèíñòâåííî: ïîñòîÿííàÿ a ìîæåò áûòü âûáðàíà ïðîèçâîëüíûì îáðàçîì

u(r, θ, ϕ) = aP0(cos θ) +
1

2
r2P

(1)
2 (cos θ) cosϕ. �

Îòâåò: A = 0, u = a+ 3
4
r2 sin 2θ cosϕ, a ∈ R.

Äîìàøíåå çàäàíèå:

Çàäà÷à 41.6. Ðåøèòü óðàâíåíèå Ëàïëàñà

∆u = 0 ïðè
1

3
< r < 1,

{
u = 0 ïðè r = 1

3
,

u = 2 cos θ ïðè r = 1.

Îòâåò: u =
(
3− 1

r

)
cos θ.

Çàäà÷à 41.7. Ðåøèòü óðàâíåíèå Ëàïëàñà

∆u = 0 ïðè r <
1

2
, u = 3 cos 2θ + cos θ ïðè r =

1

2
.

Îòâåò: u = −1 + 2r cos θ + 8r2(3 cos2 θ − 1).

Çàäà÷à 41.8. Ðåøèòü óðàâíåíèå Ëàïëàñà

∆u = 0 ïðè 1 < r < 2,

{
u = sin 2θ sinϕ ïðè r = 1,
∂nu = sin2 θ sin 2ϕ ïðè r = 2.

Îòâåò: u = 16
67

(
r2 − 1

r3

)
sin2 θ sin 2ϕ+ 1

67

(
3r2 + 64

r3

)
sin 2θ sinϕ.

Çàäà÷à 41.9. Ðåøèòü óðàâíåíèå Ëàïëàñà

∆u = 0 ïðè r < 3, u− ∂nu = 4 sin θ cosϕ ïðè r = 3.

Îòâåò: u = 2r sin θ cosϕ + r3Y3(θ, ϕ), ãäå Y3(θ, ϕ) � ñôåðè÷åñêàÿ ôóíêöèÿ ñ ïðîèçâîëüíûìè
êîýôôèöèåíòàìè.
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Çàäà÷à 41.10. Íàéòè óáûâàþùåå íà áåñêîíå÷íîñòè ðåøåíèå óðàâíåíèÿ Ëàïëàñà

∆u = 0 ïðè r > 3, 2u+ 3∂nu = 1 + 4 cos θ ïðè r = 3.

Îòâåò: u = 1
r

+ 9
r2

cos θ.
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42. 14-àÿ êîíòðîëüíàÿ ðàáîòà (çàäà÷à: 14; 20 ìèíóò).

Âàðèàíò êîíòðîëüíîé ðàáîòû �14.

Çàäà÷à 14. Ðåøèòü óðàâíåíèå Ëàïëàñà{
∆u = 0 ïðè r 6 2,
u = 5 cos3 θ ïðè r = 2.

Ïîëèíîìû Ëåæàíäðà: P0(x) = 1, P1(x) = x, P2(x) = 1
2
(3x2 − 1), P3(x) = 1

2
(5x3 − 3x).

Îòâåò:

5 cos3 θ = 2P3(cos θ) + 3P1(cos θ), u =
3

2
rP1(cos θ) +

1

4
r3P3(cos θ).

Âàðèàíò êîíòðîëüíîé ðàáîòû �14.

Çàäà÷à 14. Ðåøèòü óðàâíåíèå Ëàïëàñà{
∆u = 0 ïðè r 6 2,
u = 4− cos(2θ) ïðè r = 2.

Ïîëèíîìû Ëåæàíäðà: P0(x) = 1, P1(x) = x, P2(x) = 1
2
(3x2 − 1), P3(x) = 1

2
(5x3 − 3x).

Îòâåò:

4− cos(2θ) =
13

3
P0 −

4

3
P2(cos θ), u =

13

3
P0(cos θ)− 1

3
r2P2(cos θ).

Âàðèàíò êîíòðîëüíîé ðàáîòû �14.

Çàäà÷à 14. Ðåøèòü óðàâíåíèå Ëàïëàñà{
∆u = 0 ïðè r > 1,
u = sin2 θ ïðè r = 1,

|u| <∞ ïðè r →∞.

Ïîëèíîìû Ëåæàíäðà: P0(x) = 1, P1(x) = x, P2(x) = 1
2
(3x2 − 1), P3(x) = 1

2
(5x3 − 3x).

Îòâåò:

sin2 θ =
2

3
(P0 − P2(cos θ)), u =

(
2

3
− a+

a

r

)
P0(cos θ)− 2

3r3
P2(cos θ).
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43. Îïåðàòîð Ëàïëàñà â öèëèíäðè÷åñêîé îáëàñòè.

Íàïîìíèì, ÷òî äåêàðòîâû êîîðäèíàòû (x, y, z) ñâÿçàíû ñî öèëèíäðè÷åñêèìè (h, ρ, ϕ) ôîðìó-
ëàìè âèäà x = ρ cosϕ,

y = ρ sinϕ,
z = h,

ãäå

ρ ∈ [0,+∞), h ∈ R, ϕ ∈ [0, 2π).

Îïåðàòîð Ëàïëàñà â öèëèíäðè÷åñêèõ êîîðäèíàòàõ èìååò âèä

∆u =
1

ρ

∂

∂ρ

(
ρ
∂u

∂ρ

)
+

1

ρ2

∂2u

∂ϕ2
+
∂2u

∂h2
.

Ïðèìåð 43.1. Íàéòè ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè çàäà÷è

−∆u = λu, {(x, y, z) | x2 + y2 < 4, z ∈ (0, 1)} (43.1) ∂nu = 0 ïðè z = 0, x2 + y2 < 4,
∂nu = 0 ïðè z = 1, x2 + y2 < 4,
u = 0 ïðè z ∈ (0, 1), x2 + y2 = 4.

(43.2)

Ðåøåíèå. Áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ (43.1) â âèäå

u(ρ, ϕ, h) = R(ρ)Φ(ϕ)H(h). (43.3)

Ïîäñòàâëÿÿ (43.3) â óðàâíåíèå (43.1), ïîëó÷èì

−1

ρ
Φ(ϕ) (ρR′(ρ))

′
H(h)− 1

ρ2
R(ρ)Φ′′(ϕ)H(h)−R(ρ)Φ(ϕ)H ′′(h) = λR(ρ)Φ(ϕ)H(h).

Îòñþäà, óìíîæàÿ íà ρ2

R(ρ)Φ(ϕ)H(h)
, íàéäåì

−ρ (ρR′(ρ))′

R(ρ)
− Φ′′(ϕ)

Φ(ϕ)
− H ′′(h)

H(h)
ρ2 = λρ2.

Ïåðåïèøåì ïîñëåäíåå ðàâåíñòâî â âèäå

−Φ′′(ϕ)

Φ(ϕ)
=
ρ (ρR′(ρ))′

R(ρ)
+ λρ2 +

H ′′(h)

H(h)
ρ2. (43.4)

Ïîñêîëüêó âûðàæåíèå ëåâàÿ ÷àñòü â ðàâåíñòâå (43.4) çàâèñèò òîëüêî îò ïåðåìåííîé ϕ, à ïðàâàÿ
òîëüêî îò ïåðåìåííûõ ρ è h, òî îáà îòíîøåíèÿ ðàâíû íåêîòîðîé ïîñòîÿííîé, êîòîðóþ óäîáíî
îáîçíà÷èòü ÷åðåç µ. Â ðåçóëüòàòå, ïîëó÷èì

−Φ′′(ϕ) = µΦ(ϕ), (43.5)

ρ (ρR′(ρ))′

R(ρ)
+
H ′′(h)

H(h)
ρ2 + λρ2 = µ. (43.6)

Ïåðåïèøåì óðàâíåíèå (43.6) â âèäå

(ρR′(ρ))′

ρR(ρ)
+
λρ2 − µ
ρ2

= −H
′′(h)

H(h)
. (43.7)
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Âûðàæåíèå â ëåâîé ÷àñòè ðàâåíñòâà (43.7) çàâèñèò òîëüêî îò ïåðåìåííîé ρ, à â ïðàâîé � òîëüêî
îò h. Ñëåäîâàòåëüíî, îáà âûðàæåíèÿ ðàâíû íåêîòîðîé ïîñòîÿííîé, êîòîðóþ ìû îáîçíà÷èì ν.
Â ðåçóëüòàòå, ïîëó÷èì

−H ′′(h) = νH(h), (43.8)

(ρR′(ρ))′

ρ
+
λρ2 − µ
ρ2

R(ρ) = νR(ρ). (43.9)

Ó÷èòûâàÿ ãðàíè÷íûå óñëîâèÿ, íàéäåì çàäà÷ó Øòóðìà-Ëèóâèëëÿ äëÿ ôóíêöèè Φ{
−Φ′′(ϕ) = µΦ(ϕ),
Φ(ϕ+ 2π) = Φ(ϕ).

(43.10)

Ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (43.10) èìåþò âèä,

Φm(x) = eimϕ, µm = m2, m ∈ Z. (43.11)

Çàäà÷à Øòóðìà-Ëèóâèëëÿ äëÿ ôóíêöèè H èìååò âèä{
−H ′′(h) = νH(h),
H ′(0) = H ′(1) = 0.

(43.12)

Ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (43.12) èìåþò âèä

Hn(h) = cos(πnh), νn = (πn)2, n ∈ Z+. (43.13)

Ïîäñòàâëÿÿ (43.11) è (43.11) â (43.9), ïîëó÷èì ñèíãóëÿðíóþ çàäà÷ó Øòóðìà-Ëèóâèëëÿ äëÿ
ôóíêöèè R {

ρ (ρR′(ρ))′ + (αρ2 −m2)R(ρ) = 0,
|R(0)| <∞, R(2) = 0,

(43.14)

ãäå α = λ−(πn)2, n ∈ Z+ èm ∈ Z. Îáùåå ðåøåíèå óðàâíåíèÿ (43.14), óäîâëåòâîðÿþùåå óñëîâèþ
|R(0)| <∞ èìååò âèä

R(ρ) = J|m|
(√

α ρ
)
.

Îòñþäà ñëåäóåò, ÷òî ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (43.14) èìåþò âèä

Rmk(ρ) = J|m|

(
µ

(|m|)
k

2
ρ

)
, αk =

(
µ

(|m|)
k

2

)2

, k ∈ N, (43.15)

ãäå µ
(|m|)
k � ïîëîæèòåëüíûå ðåøåíèÿ óðàâíåíèÿ J|m|(µ) = 0.

Ñîáèðàÿ ôîðìóëû (43.3), (43.11), (43.13) è (43.15) âìåñòå, ïîëó÷èì, ÷òî ñîáñòâåííûå ôóíêöèè
è ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (43.1), (43.2) èìåþò âèä

unmk = J|m|

(
µ

(|m|)
k

2
ρ

)
cos(πnz)eimϕ, λnmk =

(
µ

(|m|)
k

2

)2

+ (πn)2, n ∈ Z+, m ∈ Z, k ∈ N. �

Îòâåò:

unmk = J|m|

(
µ

(|m|)
k

2
ρ

)
cos(πnz)eimϕ, λnmk =

(
µ

(|m|)
k

2

)2

+ (πn)2, n ∈ Z+, m ∈ Z, k ∈ N,

ãäå µ = µ
(|m|)
k � ïîëîæèòåëüíûå ðåøåíèÿ óðàâíåíèÿ J|m| (µ) = 0 è J|m| � ôóíêöèÿ Áåññåëÿ.
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Äîìàøíåå çàäàíèå:

Çàäà÷à 43.2. Íàéòè ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè çàäà÷è

−∆u = λu, {(x, y, z) | x2 + y2 < 1, z ∈ (0, π)}u = 0 ïðè z = 0, x2 + y2 < 1,
u = 0 ïðè z = π, x2 + y2 < 1,
∂u = 0 ïðè z ∈ (0, π), x2 + y2 = 1.

Îòâåò:

Çàäà÷à 43.3. Íàéòè ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè çàäà÷è

−∆u = λu, {(x, y, z) | x2 + y2 < 1, y > 0, z ∈ (0, π)}
u = 0 ïðè z = 0, x2 + y2 < 1, y > 0,
u = 0 ïðè z = π, x2 + y2 < 1, y > 0,
u = 0 ïðè z ∈ (0, π), x2 + y2 = 1, y > 0,
u = 0 ïðè z ∈ (0, π), x ∈ (−1, 1), y = 0.

Îòâåò:

Çàäà÷à 43.4. Íàéòè ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè çàäà÷è

−∆u = λu, {(x, y, z) | x2 + y2 < 1, y > 0, z ∈ (0, π)}
u = 0 ïðè z = 0, x2 + y2 < 1, y > 0,
∂u = 0 ïðè z = π, x2 + y2 < 1, y > 0,
u = 0 ïðè z ∈ (0, π), x2 + y2 = 1, y > 0,
∂u = 0 ïðè z ∈ (0, π), x ∈ (−1, 1), y = 0.

Îòâåò:
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44. 15-àÿ êîíòðîëüíàÿ ðàáîòà (çàäà÷à: 15; 20 ìèíóò).

Âàðèàíò êîíòðîëüíîé ðàáîòû �15.

Çàäà÷à 15. Íàéòè ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè îïåðàòîðà Ëàïëàñà â öèëèí-
äðå

−∆u = λu, (x, y, z) ∈ {(x, y, z) | ρ < 1, z ∈ (0, 1)},u = 0 ïðè z = 0, ρ ∈ [0, 1],
u = 0 ïðè z = 1, ρ ∈ [0, 1],
u = 0 ïðè ρ = 1, z ∈ [0, 1].

Ðàçëîæèòü ãëàäêóþ ôóíêöèþ f â ðÿä Ôóðüå ïî íàéäåííûì ñîáñòâåííûì ôóíêöèÿì.

Îòâåò:

unmk = J|m|

(
µ

(|m|)
k ρ

)
sin(πnz)eimϕ,

λnmk =
(
µ

(|m|)
k

)2

+ (πn)2, n ∈ N, m ∈ Z, k ∈ N,

ãäå µ = µ
(|m|)
k � ïîëîæèòåëüíûå ðåøåíèÿ óðàâíåíèÿ J|m| (µ) = 0 è J|m| � ôóíêöèÿ Áåññåëÿ.

f(x, y, z) =
+∞∑
n=1

+∞∑
m=−∞

+∞∑
k=1

fnmkunmk(x, y, z),

ãäå

fnmk =
(f, unmk)

‖unmk‖2
, (f, g) =

1∫
0

ρ dρ

1∫
0

dz

2π∫
0

dϕ f g.

Âàðèàíò êîíòðîëüíîé ðàáîòû �15.

Çàäà÷à 15. Íàéòè ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè îïåðàòîðà Ëàïëàñà â öèëèí-
äðå

−∆u = λu, (x, y, z) ∈ {(x, y, z) | ρ < 2, z ∈ (0, 1)}, ∂nu = 0 ïðè z = 0, ρ ∈ [0, 2],
u = 0 ïðè z = 1, ρ ∈ [0, 2],
u+ ∂nu = 0 ïðè ρ = 2, z ∈ [0, 1].

Ðàçëîæèòü ãëàäêóþ ôóíêöèþ f â ðÿä Ôóðüå ïî íàéäåííûì ñîáñòâåííûì ôóíêöèÿì.

Îòâåò:

unmk = J|m|

(
µ

(|m|)
k ρ

)
cos(αnz)eimϕ, αn = π

(
n− 1

2

)
,

λnmk =
(
µ

(|m|)
k

)2

+ α2
n, n ∈ N, m ∈ Z, k ∈ N,

ãäå µ = µ
(|m|)
k � ïîëîæèòåëüíûå ðåøåíèÿ óðàâíåíèÿ µJ ′|m| (2µ) + J|m| (2µ) = 0 è J|m| � ôóíêöèÿ

Áåññåëÿ.

f(x, y, z) =
+∞∑
n=1

+∞∑
m=−∞

+∞∑
k=1

fnmkunmk(x, y, z),

ãäå

fnmk =
(f, unmk)

‖unmk‖2
, (f, g) =

2∫
0

ρ dρ

1∫
0

dz

2π∫
0

dϕ f g.
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45. Îïåðàòîð Ëàïëàñà â øàðå â R3.

Íàïîìíèì, ÷òî äåêàðòîâû êîîðäèíàòû (x, y, z) ñâÿçàíû ñî öèëèíäðè÷åñêèìè (r, ϕ, θ) ôîðìó-
ëàìè âèäà x = r cosϕ sin θ,

y = r sinϕ sin θ,
z = r cos θ,

ãäå
r ∈ [0,+∞), ϕ ∈ [0, 2π), θ ∈ [0, π], .

Îïåðàòîð Ëàïëàñà â ñôåðè÷åñêèõ êîîðäèíàòàõ èìååò âèä

∆u =
1

r2

∂

∂r

(
r2∂u

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂u

∂θ

)
+

1

r2 sin2 θ

∂2u

∂ϕ2
.

Äîìàøíåå çàäàíèå:

Çàäà÷à 45.1. Íàéòè ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè îïåðàòîðà Ëàïëàñà â
òðåõìåðíîì øàðå {

−∆u = λu, r < 1,
∂nu = 0, r = 1.

Îòâåò:

Çàäà÷à 45.2. Íàéòè ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè îïåðàòîðà Ëàïëàñà â
òðåõìåðíîì øàðå {

−∆u = λu, r < 3,
u+ ∂nu = 0, r = 3.

Îòâåò:

Çàäà÷à 45.3. Íàéòè ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè îïåðàòîðà Ëàïëàñà â
òðåõìåðíîì øàðå {

−∆u = λu, r < 4,
u− 2∂nu = 0, r = 4.

Îòâåò:
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46. 16-àÿ êîíòðîëüíàÿ ðàáîòà (çàäà÷à: 16; 20 ìèíóò).

Âàðèàíò êîíòðîëüíîé ðàáîòû �16.

Çàäà÷à 16. Íàéòè ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè îïåðàòîðà Ëàïëàñà â òðåõ-
ìåðíîì øàðå {

−∆u = λu, r < 2,
u = 0, r = 2.

Ðàçëîæèòü ãëàäêóþ ôóíêöèþ f â ðÿä Ôóðüå ïî íàéäåííûì ñîáñòâåííûì ôóíêöèÿì.

Îòâåò:

ulmk =
1√
r
Jl+1/2

(
µ

(l+1/2)
k r

)
Y m
l (θ, ϕ),

λlmk =
(
µ

(l+1/2)
k

)2

, l ∈ Z+, m = 0,±1, . . . ,±l, k ∈ N,

ãäå µ = µ
(l+1/2)
k � ïîëîæèòåëüíûå ðåøåíèÿ óðàâíåíèÿ Jl+1/2 (2µ) = 0 è Jl+1/2 � ôóíêöèÿ Áåññåëÿ.

f(x, y, z) =
+∞∑
l=0

l∑
m=−l

+∞∑
k=1

flmkulmk(x, y, z),

ãäå

flmk =
(f, ulmk)

‖ulmk‖2
, (f, g) =

2∫
0

r2 dr

2π∫
0

dϕ

π∫
0

sin θ dθ f g.

Âàðèàíò êîíòðîëüíîé ðàáîòû �16.

Çàäà÷à 16.
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47. Óðàâíåíèå òåïëîïðîâîäíîñòè íà îòðåçêå.

Îïðåäåëåíèå 47.1. Çàäà÷åé Êîøè äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè íà îòðåçêå ñ îäíîðîäíû-
ìè êðàåâûìè óñëîâèÿìè íàçûâàåòñÿ çàäà÷à î íàõîæäåíèè ôóíêöèè u(x, t), óäîâëåòâîðÿþùåé
ïðè t > 0 óðàâíåíèþ

ut = a2uxx + f(x, t), (47.1)

êðàåâûì óñëîâèÿì {
α1u+ β1ux|x=a = 0,
α2u+ β2ux|x=b = 0,

(47.2)

è íà÷àëüíîìó óñëîâèþ

u|t=0 = ϕ(x). (47.3)

Çäåñü f è ϕ � çàäàííûå ôóíêöèè, αk è βk � çàäàííûå âåùåñòâåííûå ïàðàìåòðû, óäîâëåòâîðÿ-
þùèå óñëîâèþ |αk|+ |βk| 6= 0 ïðè k = 1, 2 è a � ïîëîæèòåëüíàÿ ïîñòîÿííàÿ.

Ïðè íåêîòîðûõ óñëîâèÿõ íà ãëàäêîñòü ôóíêöèé f è ϕ, êîòîðûå ìû ïîçâîëèì ñåáå çäåñü íå
îáñóæäàòü, ðåøåíèå çàäà÷è Êîøè (47.1) � (47.3) ñóùåñòâóåò è åäèíñòâåííî.
Ðåøåíèå çàäà÷è (47.1) � (47.3) ñòðîèòñÿ â òðè øàãà.

(1) Íàõîäèì ñîáñòâåííûå çíà÷åíèÿ λn è ñîáñòâåííûå ôóíêöèè un çàäà÷è Øòóðìà-Ëèóâèëëÿ

−uxx = λu,

{
α1u+ β1ux|x=a = 0,
α2u+ β2ux|x=b = 0.

(47.4)

(2) Ðàñêëàäûâàåì ôóíêöèè f(x, t) è ϕ(x) â ðÿäû Ôóðüå ïî ñîáñòâåííûì ôóíêöèÿì çàäà÷è
Øòóðìà-Ëèóâèëëÿ (47.4)

f(x, t) =
∑
n

fn(t)un(x), ϕ(x) =
∑
n

ϕnun(x). (47.5)

ãäå ôóíêöèÿ fn è ïîñòîÿííûå ϕn ìîãóò áûòü íàéäåíû ïî ôîðìóëàì, ñì. ïðèìåð 31.7, íà
ñòð. 107

fn(t) =
(f, un)

(un, un)
, ϕn =

(ϕ, un)

(un, un)
, (u, v)

def
=

∫ b

a

u(x)v(x) dx.

(3) Èùåì ðåøåíèå çàäà÷è (47.1) � (47.3) â âèäå ðÿäà

u(x, t) =
∑
n

Tn(t)un(x), (47.6)

ãäå ôóíêöèè Tn ïîäëåæàò îïðåäåëåíèþ. Òàê êàê âñå ôóíêöèè un óäîâëåòâîðÿþò êðàåâûì
óñëîâèÿì (47.2), òî è ðÿä (47.6) óäîâëåòâîðÿåò óñëîâèÿì (47.2). Îñòàëîñü óäîâëåòâîðèòü
óðàâíåíèþ (47.1) è íà÷àëüíîìó óñëîâèþ (47.3). Ïîäñòàâèì ðÿäû (47.5) è (47.6) â óðàâ-
íåíèå (47.1) è íà÷àëüíîå óñëîâèå (47.3). Â ðåçóëüòàòå ïîëó÷èì∑

n

T ′n(t)un(x) = −a2
∑
n

λnTn(t)un(x) +
∑
n

fn(t)un(x),∑
n

Tn(0)un(x) =
∑
n

ϕnun(x).
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Îòñþäà íàõîäèì, ÷òî ôóíêöèè Tn îáÿçàíû óäîâëåòâîðÿòü ñëåäóþùåé çàäà÷å Êîøè14{
T ′n(t) = −a2λnTn(t) + fn(t),
Tn(0) = ϕn.

(47.7)

Ðåøåíèå çàäà÷è Êîøè (47.7) ñóùåñòâóåò è åäèíñòâåííî.
◦ Îòâåò âûïèñûâàåòñÿ â âèäå ðÿäà (47.6).

Ïðèìåð 47.2. Ðåøèòü çàäà÷ó Êîøèut = uxx,
u|x=0 = u|x=π = 0,
u|t=0 = 1.

(47.8)

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â òðè øàãà.
Øàã 1: Ðåøàåì çàäà÷ó Øòóðìà-Ëèóâèëëÿ

−uxx = λu, u|x=0 = u|x=π = 0.

Ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå ÷èñëà çàäàþòñÿ ðàâåíñòâàìè, ñì. ïðèìåð 31.4 íà ñòð. 104,

un(x) = sin(nx), λn = n2, n ∈ N.
Øàã 2: Ðàñêëàäûâàåì ôóíêöèþ ϕ(x) = 1 â ðÿä Ôóðüå ïî ñîáñòâåííûì ôóíêöèÿì un. Ýòî

ðàçëîæåíèå èìååò âèä, ñì. ïðèìåð 31.7 íà ñòð. 107,

ϕ(x) =
∞∑
n=1

ϕnun(x), ϕn =
2

π

1− (−1)n

n
. (47.9)

Øàã 3: Èùåì ðåøåíèå çàäà÷è (47.8) â âèäå ðÿäà

u(x, t) =
∞∑
n=1

Tn(t)un(x). (47.10)

Ïîäñòàâèì ðÿäû (47.9) è (47.10) â óðàâíåíèå (47.8). Â ðåçóëüòàòå ïîëó÷èì
∞∑
n=1

T ′n(t)un(x) =
∞∑
n=1

Tn(t)u′′n(x) = −
∞∑
n=1

n2Tn(t)un(x),

∞∑
n=1

Tn(0)un(x) =
∞∑
n=1

ϕnun(x).

Îòñþäà íàõîäèì óðàâíåíèÿ íà Tn

T ′n(t) = −n2Tn(t), (47.11)

Tn(0) = ϕn. (47.12)

Îáùåå ðåøåíèå óðàâíåíèÿ (47.11) èìååò âèä15 Ane
−n2t, ãäå An ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Ïî-

ñòîÿííàÿ An íàõîäèòñÿ èç íà÷àëüíîãî óñëîâèÿ (47.12)

Tn(0) = An e
−n2t

∣∣∣
t=0

= An = ϕn.

Îêîí÷àòåëüíî,

Tn(t) = ϕne
−n2t =

2

π

1− (−1)n

n
e−n

2t. (47.13)

14Ïðè ïîëó÷åíèè óðàâíåíèé íà T , ìû ïîëüçóåìñÿ òåì ôàêòîì, ÷òî äâà ðÿäà Ôóðüå ñîâïàäàþò òîëüêî åñëè
ñîâïàäàþò êîýôôèöèåíòû ïðè ñîîòâåòñòâóþùèõ áàçèñíûõ ôóíêöèÿõ (â äàííîì ñëó÷àå ïðè un).

15Îáùåå ðåøåíèå óðàâíåíèÿ (47.11) ìîæíî èñêàòü â âèäå eαt.
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Ïîäñòàâëÿÿ (47.13) â ðàçëîæåíèå (47.10), ïîëó÷èì ðåøåíèå çàäà÷è (47.8). �

Îòâåò: u(x, t) = 2
π

∞∑
n=1

1−(−1)n

n
e−n

2t sin(nx).

Ïðèìåð 47.3. Ðåøèòü çàäà÷ó Êîøèut = uxx + 2t sin(x),
u|x=0 = ux|x=π/2 = 0,
u|t=0 = 3 sin 3x.

(47.14)

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â òðè øàãà.
Øàã 1: Ðåøàåì çàäà÷ó Øòóðìà-Ëèóâèëëÿ

−uxx = λu, u|x=0 = ux|x=π/2 = 0.

Ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå ÷èñëà çàäàþòñÿ ðàâåíñòâàìè, ñì. çàäà÷ó 31.8 íà ñòð. 107,

un(x) = sin ((2n+ 1)x) , λn = (2n+ 1)2, n = 0, 1, . . . .

Øàã 2: Ðàñêëàäûâàåì ôóíêöèè f(x, t) = 2t2 sin(x) è ϕ(x) = 3 sin(3x) â ðÿä Ôóðüå ïî ñîáñòâåí-
íûì ôóíêöèÿì un. Ýòè ðàçëîæåíèÿ èìåþò ýëåìåíòàðíûé âèä

f(x, t) = 2tu0(x), ϕ(x) = 3u1(x). (47.15)

Øàã 3: Èùåì ðåøåíèå çàäà÷è (47.14) â âèäå ðÿäà

u(x, t) =
∞∑
n=0

Tn(t)un(x). (47.16)

Ïîäñòàâèì ðÿäû (47.15) è (47.16) â óðàâíåíèå (47.14). Â ðåçóëüòàòå ïîëó÷èì
∞∑
n=0

T ′n(t)un(x) = −
∞∑
n=0

λnTn(t)un(x) + 2tu0(x),

∞∑
n=0

Tn(0)un(x) = 3u1(x).

Îòñþäà íàõîäèì óðàâíåíèÿ íà Tn{
T ′0(t) + T0(t) = 2t,
T0(0) = 0,

(47.17){
T ′1(t) + 9T1(t) = 0,
T1(0) = 3,

(47.18){
T ′n(t) + λnTn(t) = 0,
Tn(0) = 0,

ïðè n = 2, 3, . . . . (47.19)

Íàéäåì ðåøåíèå çàäà÷è (47.17). ×àñòíîå ðåøåíèå óðàâíåíèÿ (47.17) ìîæíî íàéòè â âèäå
ïîëèíîìà ïåðâîãî ïîðÿäêà. Ïîäñòàâëÿÿ âûðàæåíèå at+ b â óðàâíåíèå (47.17), ïîëó÷èì

a+ at+ b = 2t⇐⇒
{
a+ b = 0,
a = 2

⇐⇒
{
a = 2,
b = −2.

Îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ T ′0(t) +T0(t) = 0 èìååò âèä T0(t) = A0e
−t. Â èòîãå îáùåå

ðåøåíèå óðàâíåíèÿ (47.17) èìååò âèä

T0(t) = A0e
−t + 2t− 2.
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Ïîñòîÿííàÿ A0 íàõîäèòñÿ èç íà÷àëüíîãî óñëîâèÿ T0(0) = 0, îòêóäà

T0(0) = A0 − 2 = 0⇐⇒ A0 = 2.

Îòñþäà

T0(t) = 2(e−t − 1 + t).

Íàéäåì ðåøåíèå çàäà÷è (47.18). Îáùåå ðåøåíèå óðàâíåíèÿ (47.18) èìååò âèä

T1(t) = A1e
−9t.

Ïîñòîÿííàÿ A1 íàõîäèòñÿ èç íà÷àëüíîãî óñëîâèÿ T1(0) = 3, îòêóäà

T1(0) = A1 = 3.

Îòñþäà

T1(t) = 3e−9t.

Íàéäåì ðåøåíèå çàäà÷è (47.19). Îáùåå ðåøåíèå óðàâíåíèÿ (47.19) èìååò âèä

Tn(t) = Ane
−λt.

Ïîñòîÿííàÿ An íàõîäèòñÿ èç íà÷àëüíîãî óñëîâèÿ Tn(0) = 0, îòêóäà

Tn(0) = An = 0.

Îòñþäà

Tn(t) = 0.

Íàêîíåö, ðåøåíèå çàäà÷è (47.14) âûïèñûâàåòñÿ â âèäå ðÿäà (47.16). �

Îòâåò: u(x, t) = 2(e−t − 1 + t) sinx+ 3e−9t sin(3x).

Çàìå÷àíèå 47.4. Îòìåòèì, ÷òî ðåøåíèå u áûëî ïîëó÷åíî â âèäå êîíå÷íîãî ðÿäà áëàãîäàðÿ
òîìó, ÷òî ðàçëîæåíèÿ ôóíêöèé f è ϕ â ðÿäû Ôóðüå òàêæå ñîäåðæàëè ëèøü êîíå÷íîå ÷èñëî
÷ëåíîâ. Áîëåå òîãî, ðàçëîæåíèå äëÿ ðåøåíèÿ u âåëîñü òîëüêî ïî òåì ñîáñòâåííûì ôóíêöèÿì
un, êîòîðûå ó÷àñòâîâàëè â ðàçëîæåíèÿõ äëÿ f è ϕ.

Ïðèìåð 47.5. Ðåøèòü çàäà÷ó Êîøèut = uxx + 2 sin t cosx,
ux|x=0 = u|x=π/2 = 0,
u|t=0 = cosx− cos(5x).

(47.20)

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â òðè øàãà.
Øàã 1: ðåøàåì çàäà÷ó Øòóðìà-Ëèóâèëëÿ

−uxx = λu, ux|x=0 = u|x=π/2 = 0.

Ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå ÷èñëà çàäàþòñÿ ðàâåíñòâàìè, ñì. çàäà÷ó 31.11 íà ñòð. 107,

un(x) = cos ((2n+ 1)x) , λn = (2n+ 1)2, n = 0, 1, . . . .

Øàã 2: Ðàñêëàäûâàåì ôóíêöèè f(x, t) = 2 sin t cosx è ϕ(x) = cosx − cos(5x) â ðÿä Ôóðüå ïî
ñîáñòâåííûì ôóíêöèÿì un. Ýòè ðàçëîæåíèÿ èìåþò âèä

f(x, t) = 2 sin(t)u0(x), ϕ(x) = u0(x)− u2(x). (47.21)

Øàã 3: Òàê êàê â ðàçëîæåíèÿõ (47.21) ó÷àñòâóþò òîëüêî ôóíêöèè u0 è u2, òî ðåøåíèå çàäà-
÷è (47.20) ìîæíî èñêàòü â âèäå, ñì. çàìå÷àíèå 47.4,

u(x, t) = T0(t)u0(x) + T2(t)u2(x) = T0(t) cosx+ T2(t) cos(5x). (47.22)
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Ïîäñòàâèì ðÿäû (47.21) è (47.22) â óðàâíåíèå (47.20). Â ðåçóëüòàòå ïîëó÷èì

T ′0(t) cosx+ T ′2(t) cos(5x) = −T0(t) cosx− 25T2(t) cos(5x) + 2 sin t cosx,

T0(0) cosx+ T2(0) cos(5x) = cos x− cos(5x).

Îòñþäà íàõîäèì óðàâíåíèÿ íà T0 è T2{
T ′0(t) + T0(t) = 2 sin t,
T0(0) = 1,

(47.23){
T ′2(t) + 25T2(t) = 0,
T2(0) = −1.

(47.24)

Íàéäåì ðåøåíèå çàäà÷è (47.23). ×àñòíîå ðåøåíèå óðàâíåíèÿ (47.23) ìîæíî íàéòè â âèäå
a sin t+ b cos t. Ïîäñòàâëÿÿ ýòî âûðàæåíèå â óðàâíåíèå (47.23), ïîëó÷èì

a cos t− b sin t+ a sin t+ b cos t = 2 sin t⇐⇒
{
a+ b = 0,
a− b = 2

⇐⇒
{
a = 1,
b = −1.

Îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ T ′0(t) +T0(t) = 0 èìååò âèä T0(t) = A0e
−t. Â èòîãå îáùåå

ðåøåíèå óðàâíåíèÿ (47.23) èìååò âèä

T0(t) = A0e
−t + sin t− cos t.

Ïîñòîÿííàÿ A0 íàõîäèòñÿ èç íà÷àëüíîãî óñëîâèÿ T0(0) = 1

T0(0) = A0 − 1 = 1⇐⇒ A0 = 2.

Îòñþäà
T0(t) = 2e−t + sin t− cos t.

Íàéäåì ðåøåíèå çàäà÷è (47.24). Îáùåå ðåøåíèå óðàâíåíèÿ (47.24) èìååò âèä

T2(t) = A2e
−25t.

Ïîñòîÿííàÿ A2 íàõîäèòñÿ èç íà÷àëüíîãî óñëîâèÿ T2(0) = −1

T2(0) = A2 = −1.

Îòñþäà
T2(t) = −e−25t.

Íàêîíåö, ðåøåíèå çàäà÷è (47.14) âûïèñûâàåòñÿ â âèäå ðÿäà (47.22). �

Îòâåò: u(x, t) = (2e−t + sin t− cos t) cosx− e−25t cos(5x).

Äîìàøíåå çàäàíèå:

Çàäà÷à 47.6. Ðåøèòü çàäà÷ó Êîøèut = uxx,
u|x=0 = u|x=2π = 0,
u|t=0 = 2 sin(3x).

Îòâåò: u(x, t) = 2e−9t sin(3x).

Çàäà÷à 47.7. Ðåøèòü çàäà÷ó Êîøèut = 4uxx − sinx,
u|x=0 = u|x=π = 0,
u|t=0 = sinx+ 2 sin(2x).
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Îòâåò: u(x, t) = 1
4

(5e−4t − 1) sinx+ 2e−16t sin(2x).

Çàäà÷à 47.8. Ðåøèòü çàäà÷ó Êîøèut = uxx + e−t cosx,
ux|x=−π = ux|x=π = 0,
u|t=0 = cos 2x.

Îòâåò: u(x, t) = te−t cosx+ e−4t cos(2x).

Çàäà÷à 47.9. Ðåøèòü çàäà÷ó Êîøèut = uxx + t,
u|x=0 = u|x=π = 0,
u|t=0 = sinx.

Îòâåò: u(x, t) = e−t sinx+ 2
π

∞∑
n=1

1−(−1)n

n5

(
e−n

2t − 1 + n2t
)

sin(nx).
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48. Óðàâíåíèå êîëåáàíèÿ îãðàíè÷åííîé ñòðóíû.

Îïðåäåëåíèå 48.1. Çàäà÷åé Êîøè äëÿ óðàâíåíèÿ êîëåáàíèÿ ñòðóíû íà îòðåçêå ñ îäíîðîäíûìè
êðàåâûìè óñëîâèÿìè íàçûâàåòñÿ çàäà÷à î íàõîæäåíèè ôóíêöèè u(x, t), óäîâëåòâîðÿþùåé ïðè
t > 0 óðàâíåíèþ

utt = a2uxx + f(x, t), (48.1)

êðàåâûì óñëîâèÿì {
α1u+ β1ux|x=a = 0,
α2u+ β2ux|x=b = 0,

(48.2)

è íà÷àëüíûì óñëîâèÿì {
u|t=0 = ϕ(x),
ut|t=0 = ψ(x).

(48.3)

Çäåñü f , ϕ è ψ � çàäàííûå ôóíêöèè, αk è βk � çàäàííûå âåùåñòâåííûå ïàðàìåòðû, óäîâëåòâî-
ðÿþùèå óñëîâèþ |αk|+ |βk| 6= 0 ïðè k = 1, 2 è a � ïîëîæèòåëüíàÿ ïîñòîÿííàÿ.

Ïðè íåêîòîðûõ óñëîâèÿõ íà ãëàäêîñòü ôóíêöèé f , ϕ è ψ, êîòîðûå ìû ïîçâîëèì ñåáå çäåñü
íå îáñóæäàòü, ðåøåíèå çàäà÷è Êîøè (47.1) � (47.3) ñóùåñòâóåò è åäèíñòâåííî. Çàäà÷à (48.1)
� (48.3) ðåøàåòñÿ âïîëíå àíàëîãè÷íî çàäà÷å (47.1) � (47.3) äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè.
Íàïîìíèì îñíîâíûå èäåè.
Ðåøåíèå çàäà÷è (48.1) � (48.3) ñòðîèòñÿ â òðè øàãà.

(1) Íàõîäèì ñîáñòâåííûå çíà÷åíèÿ λn è ñîáñòâåííûå ôóíêöèè un çàäà÷è Øòóðìà-Ëèóâèëëÿ

−uxx = λu,

{
α1u+ β1ux|x=a = 0,
α2u+ β2ux|x=b = 0.

(48.4)

(2) Ðàñêëàäûâàåì ôóíêöèè f(x, t), ϕ(x) è ψ(x) â ðÿäû Ôóðüå ïî ñîáñòâåííûì ôóíêöèÿì
çàäà÷è Øòóðìà-Ëèóâèëëÿ (48.4)

f(x, t) =
∑
n

fn(t)un(x), ϕ(x) =
∑
n

ϕnun(x), ψ(x) =
∑
n

ψnun(x). (48.5)

ãäå ôóíêöèÿ fn è ïîñòîÿííûå ϕn è ψn ìîãóò áûòü íàéäåíû ïî ôîðìóëàì, ñì. ïðèìåð 31.7
íà ñòð. 107

fn(t) =
(f, un)

(un, un)
, ϕn =

(ϕ, un)

(un, un)
, ψn =

(ψ, un)

(un, un)
, (u, v)

def
=

∫ b

a

u(x)v(x) dx.

(3) Èùåì ðåøåíèå çàäà÷è (48.1) � (48.3) â âèäå ðÿäà

u(x, t) =
∑
n

Tn(t)un(x), (48.6)

ãäå ôóíêöèè Tn ïîäëåæàò îïðåäåëåíèþ. Ïîäñòàâèì ðÿäû (48.5) è (48.6) â óðàâíåíèå (48.1)
è íà÷àëüíîå óñëîâèå (48.3). Â ðåçóëüòàòå ïîëó÷èì∑

n

T ′n(t)un(x) = −a2
∑
n

λnTn(t)un(x) +
∑
n

fn(t)un(x),∑
n

Tn(0)un(x) =
∑
n

ϕnun(x),∑
n

T ′n(0)un(x) =
∑
n

ψnun(x).
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Îòñþäà íàõîäèì, ÷òî ôóíêöèè Tn îáÿçàíû óäîâëåòâîðÿòü ñëåäóþùåé çàäà÷å ÊîøèT ′n(t) = −a2λnTn(t) + fn(t),
Tn(0) = ϕn,
T ′n(0) = ψn.

(48.7)

Ðåøåíèå çàäà÷è (48.7) ñóùåñòâóåò è åäèíñòâåííî.
◦ Îòâåò âûïèñûâàåòñÿ â âèäå ðÿäà (48.6).

Ïðèìåð 48.2. Ðåøèòü çàäà÷ó Êîøè
utt = uxx + 3 sin 2t sinx,
u|x=0 = u|x=π = 0,
u|t=0 = sinx− sin(2x),
ut|t=0 = 2 sin(2x).

(48.8)

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â òðè øàãà.
Øàã 1: Ðåøàåì çàäà÷ó Øòóðìà-Ëèóâèëëÿ

−uxx = λu, u|x=0 = u|x=π = 0.

Ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå ÷èñëà çàäàþòñÿ ðàâåíñòâàìè, ñì. çàäà÷ó 31.4 íà ñòð. 104,

un(x) = sin(nx), λn = n2, n = 1, 2, . . . .

Øàã 2: Ðàñêëàäûâàåì ôóíêöèè f(x, t) = 3 sin 2t sinx, ϕ(x) = sin x− sin(2x) è ψ(x) = 2 sin(2x)
â ðÿä Ôóðüå ïî ñîáñòâåííûì ôóíêöèÿì un. Ýòè ðàçëîæåíèÿ èìåþò âèä

f(x, t) = 3 sin(2t)u1(x), ϕ(x) = u1(x)− u2(x), ψ(x) = 2u2(x). (48.9)

Øàã 3: Òàê êàê â ðàçëîæåíèÿõ (48.9) ó÷àñòâóþò òîëüêî ôóíêöèè u1 è u2, òî ðåøåíèå çàäà-
÷è (48.8) ìîæíî èñêàòü â âèäå

u(x, t) = T1(t)u1(x) + T2(t)u2(x) = T1(t) sinx+ T2(t) sin(2x). (48.10)

Ïîäñòàâèì ðÿäû (48.9) è (48.10) â óðàâíåíèå (48.8). Â ðåçóëüòàòå ïîëó÷èì

T ′′1 (t) sinx+ T ′′2 (t) sin(2x) = −T1(t) sinx− 4T2(t) sin(2x) + 3 sin(2t) sinx,

T1(0) sinx+ T2(0) sin(2x) = sinx− sin(2x),

T ′1(0) sinx+ T ′2(0) sin(2x) = 2 sin(2x).

Îòñþäà íàõîäèì óðàâíåíèÿ íà T1 è T2T ′′1 (t) + T1(t) = 3 sin(2t),
T1(0) = 1,
T ′1(0) = 0,

(48.11)

T ′′2 (t) + 4T2(t) = 0,
T2(0) = −1,
T ′2(0) = 2.

(48.12)

Íàéäåì ðåøåíèå çàäà÷è (48.11). ×àñòíîå ðåøåíèå óðàâíåíèÿ (48.11) ìîæíî íàéòè â âèäå
a sin(2t) + b cos(2t). Ïîäñòàâëÿÿ ýòî âûðàæåíèå â óðàâíåíèå (48.11), ïîëó÷èì

−4a sin(2t)− 4b cos(2t) + a sin(2t) + b cos(2t) = 3 sin(2t)⇐⇒
{
a = −1,
b = 0.

Îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ T ′′1 (t) + T1(t) = 0 èìååò âèä T1(t) = A1 sin t+ B1 cos t. Â
èòîãå îáùåå ðåøåíèå óðàâíåíèÿ (48.11) èìååò âèä

T1(t) = A1 sin t+B1 cos t− sin(2t).
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Ïîñòîÿííûå A1 è B1 íàõîäèòñÿ èç íà÷àëüíûõ óñëîâèé T1(0) = 1 è T ′1(0) = 0{
T1(0) = B1 = 1,
T ′1(0) = A1 − 2 = 0,

⇐⇒
{
B1 = 1,
A1 = 2.

Îòñþäà, ðåøåíèå çàäà÷è (48.11) èìååò âèä

T1(t) = 2 sin t+ cos t− sin(2t).

Íàéäåì ðåøåíèå çàäà÷è (48.12). Îáùåå ðåøåíèå óðàâíåíèÿ (48.12) èìååò âèä

T2(t) = A2 sin(2t) +B2 cos(2t).

Ïîñòîÿííûå A2 è B2 íàõîäèòñÿ èç íà÷àëüíûõ óñëîâèé T2(0) = −1 è T ′2(0) = 2{
T2(0) = B2 = −1,
T ′2(0) = 2A2 = 2,

⇐⇒
{
B2 = −1,
A2 = 1.

Îòñþäà

T2(t) = sin(2t)− cos(2t).

Îêîí÷àòåëüíî, ðåøåíèå çàäà÷è (48.8) âûïèñûâàåòñÿ â âèäå ðÿäà (48.10). �

Îòâåò: u(x, t) = [2 sin t+ cos t− sin(2t)] sinx+ [sin(2t)− cos(2t)] sin(2x).

Ïðèìåð 48.3. Ðåøèòü çàäà÷ó Êîøè
utt = uxx + t2 − e−t cosx,
ux|x=0 = ux|x=π = 0,
u|t=0 = 1,
ut|t=0 = cosx.

(48.13)

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â òðè øàãà.
Øàã 1: ðåøàåì çàäà÷ó Øòóðìà-Ëèóâèëëÿ

−uxx = λu, ux|x=0 = ux|x=π = 0.

Ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå ÷èñëà çàäàþòñÿ ðàâåíñòâàìè, ñì. çàäà÷ó 31.5 íà ñòð. 105,

un(x) = cos(nx), λn = n2, n = 0, 1, . . . .

Øàã 2: Ðàñêëàäûâàåì ôóíêöèè f(x, t) = t2 − e−t cosx, ϕ(x) = 1 è ψ(x) = cos x â ðÿä Ôóðüå
ïî ñîáñòâåííûì ôóíêöèÿì un. Ýòè ðàçëîæåíèÿ èìåþò âèä

f(x, t) = t2u0(x)− e−tu1(x), ϕ(x) = u0(x), ψ(x) = u1(x). (48.14)

Øàã 3: Òàê êàê â ðàçëîæåíèÿõ (48.14) ó÷àñòâóþò òîëüêî ôóíêöèè u0 è u1, òî ðåøåíèå çàäà-
÷è (48.13) ìîæíî èñêàòü â âèäå

u(x, t) = T0(t)u0(x) + T1(t)u1(x) = T0(t) + T1(t) cosx. (48.15)

Ïîäñòàâèì ðÿäû (48.14) è (48.15) â óðàâíåíèå (48.13). Â ðåçóëüòàòå ïîëó÷èì

T ′′0 (t) + T ′′1 (t) cosx = −T1(t) cosx+ t2 − e−t cosx,

T0(0) + T1(0) cosx = 1,

T ′0(0) + T ′1(0) cosx = cosx.
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Îòñþäà íàõîäèì óðàâíåíèÿ íà T0 è T1T ′′0 (t) = t2,
T0(0) = 1,
T ′0(0) = 0,

(48.16)

T ′′1 (t) + T1(t) = −e−t,
T1(0) = 0,
T ′1(0) = 1.

(48.17)

Íàéäåì ðåøåíèå çàäà÷è (48.16). ×àñòíîå ðåøåíèå óðàâíåíèÿ (48.16) ìîæíî íàéòè â âèäå at4.
Ïîäñòàâëÿÿ ýòî âûðàæåíèå â óðàâíåíèå (48.16), ïîëó÷èì

12at2 = t2 ⇐⇒ a =
1

12
t2.

Îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ T ′′0 (t) = 0 èìååò âèä T1(t) = A0 + B0t. Â èòîãå îáùåå
ðåøåíèå óðàâíåíèÿ (48.16) èìååò âèä

T0(t) = A0 +B0t+
1

12
t2.

Ïîñòîÿííûå A0 è B0 íàõîäèòñÿ èç íà÷àëüíûõ óñëîâèé T0(0) = 1 è T ′0(0) = 0{
T0(0) = A0 = 1,
T ′0(0) = B0 = 0.

Îòñþäà íàéäåì, ÷òî ðåøåíèå çàäà÷è (48.16) èìååò âèä

T0(t) = 1 +
1

12
t2.

Íàéäåì ðåøåíèå çàäà÷è (48.17). ×àñòíîå ðåøåíèå óðàâíåíèÿ (48.17) ìîæíî íàéòè â âèäå be−t.
Ïîäñòàâëÿÿ ýòî âûðàæåíèå â óðàâíåíèå (48.17), ïîëó÷èì

2be−t = −e−t ⇐⇒ b = −1

2
.

Îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ T ′′1 (t) + T1(t) = 0 èìååò âèä T1(t) = A1 sin t+ B1 cos t. Â
èòîãå îáùåå ðåøåíèå óðàâíåíèÿ (48.17) èìååò âèä

T1(t) = A1 sin t+B1 cos t− 1

2
e−t.

Ïîñòîÿííûå A1 è B1 íàõîäèòñÿ èç íà÷àëüíûõ óñëîâèé T1(0) = 0 è T ′1(0) = 1{
T1(0) = B1 − 1

2
= 0,

T ′1(0) = A1 + 1
2

= 1,
⇐⇒

{
B1 = 1

2
,

A1 = 1
2
.

Îòñþäà

T1(t) =
1

2
sin t+

1

2
cos t− 1

2
e−t.

Îêîí÷àòåëüíî, ðåøåíèå çàäà÷è (48.13) âûïèñûâàåòñÿ â âèäå ðÿäà (48.15). �

Îòâåò: u(x, t) = 1 + 1
12
t2 + 1

2
(sin t+ cos t− e−t) cosx.
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Äîìàøíåå çàäàíèå:

Çàäà÷à 48.4. Ðåøèòü çàäà÷ó Êîøè
utt = 4uxx + sin(3x),
u|x=0 = u|x=2π = 0,
u|t=0 = 0,
ut|t=0 = 6 sin x.

Îòâåò: u(x, t) = 3 sin(2t) sinx+ 1
36

(1− cos(6t)) sin(3x).

Çàäà÷à 48.5. Ðåøèòü çàäà÷ó Êîøè
utt = uxx + sin t sinx,
u|x=0 = ux|x=π/2 = 0,
u|t=0 = sinx,
ut|t=0 = 0.

Îòâåò: u(x, t) = 1
2
(sin t+ 2 cos t− t cos t) sinx.

Çàäà÷à 48.6. Ðåøèòü çàäà÷ó Êîøè
utt + 2ut = uxx + 2e−t sinx,
u|x=0 = u|x=4π = 0,
u|t=0 = sin(2x),
ut|t=0 = sinx.

Îòâåò: u(x, t) = (t+ t2)e−t sinx+
(

cos(
√

3t) + 1√
3

sin(
√

3t)
)
e−t sin(2x).

Çàäà÷à 48.7. Ðåøèòü çàäà÷ó Êîøè
utt = uxx + t,
u|x=0 = u|x=π = 0,
u|t=0 = 0,
ut|t=0 = 3 sin(2x).

Îòâåò: u(x, t) = 3
2

sin(2t) sin(2x) + 2
π

∞∑
n=1

1−(−1)n

n4 (nt− sin(nt)) sin(nx).
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49. Çàâèñèìîñòü îò âðåìåíè â êðàåâûõ óñëîâèÿõ
(ôàêóëüòàòèâ).

Îïðåäåëåíèå 49.1. Çàäà÷åé Êîøè äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè íà îòðåçêå ñ íåîäíîðîä-
íûìè êðàåâûìè óñëîâèÿìè íàçûâàåòñÿ çàäà÷à î íàõîæäåíèè ôóíêöèè u(x, t), óäîâëåòâîðÿþ-
ùåé ïðè t > 0 óðàâíåíèþ

ut = a2uxx + f(x, t), (49.1)

êðàåâûì óñëîâèÿì {
α1u+ β1ux|x=a = g(t),
α2u+ β2ux|x=b = h(t),

(49.2)

è íà÷àëüíîìó óñëîâèþ

u|t=0 = ϕ(x). (49.3)

Çäåñü f , g, h è ϕ � çàäàííûå ôóíêöèè, αk è βk � çàäàííûå âåùåñòâåííûå ïàðàìåòðû, óäîâëå-
òâîðÿþùèå óñëîâèþ |αk|+ |βk| 6= 0 ïðè k = 1, 2 è a � ïîëîæèòåëüíàÿ ïîñòîÿííàÿ.

Ðåøåíèå çàäà÷è (49.1) � (49.3) ñòðîèòñÿ â äâà øàãà.

(1) Íàõîäèì êàêóþ-íèáóäü ôóíêöèþ w, óäîâëåòâîðÿþùóþ êðàåâûì óñëîâèÿì (49.2). Îòìå-
òèì, ÷òî òàêèõ ôóíêöèé ñóùåñòâóåò äîâîëüíî ìíîãî. Ôóíêöèþ w ìîæíî èñêàòü ðàçëè÷-
íûìè ñïîñîáàìè, íàïðèìåð, åå ìîæíî èñêàòü â îäíîì èç óêàçàííûõ íèæå âèäîâ

w(x, t) = C1(t) sin(d1(x− a)) + C2(t) cos(d1(x− a)) +

+ C3(t) sin(d2(x− b)) + C4(t) cos(d2(x− b)),
w(x, t) = C1(t) + C2(t)x+ C3(t)x2.

(2) Èùåì ðåøåíèå çàäà÷è (49.1) � (49.3) â âèäå

u(x, t) = v(x, t) + w(x, t), (49.4)

ãäå v � íîâàÿ íåèçâåñòíàÿ ôóíêöèÿ. Ïîäñòàâëÿÿ âûðàæåíèå (49.4) â (49.1) � (49.3), ïî-
ëó÷èì çàäà÷ó íà ôóíêöèþ v

vt = a2vxx + f(x, t) + a2wxx(x, t)− wt(x, t), (49.5){
α1v + β1vx|x=a = 0,
α2v + β2vx|x=b = 0,

(49.6)

v|t=0 = ϕ(x)− w(x, 0). (49.7)

Çàäà÷à Êîøè (49.5) � (49.7) èìååò îäíîðîäíûå êðàåâûå óñëîâèÿ (49.6), ïîýòîìó åå ìîæíî
ðåøàòü èçëîæåííûìè ðàíåå ìåòîäàìè, ñì. çàäà÷ó (47.1) � (47.3) íà ñòð. 155.
◦ Îòâåò âûïèñûâàåòñÿ â âèäå ñóììû (49.4).

Ïðèìåð 49.2. Ðåøèòü çàäà÷ó Êîøèut = uxx,
u|x=0 = u|x=π = −1,
u|t=0 = 0.

(49.8)

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â äâà øàãà.
Øàã 1: Íàéäåì ôóíêöèþ w, óäîâëåòâîðÿþùóþ êðàåâûì óñëîâèÿì w|x=0 = w|x=π = −1. Â

êà÷åñòâå òàêîé ôóíêöèè óäîáíî âçÿòü

w(x, t) = −1.
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Øàã 2: Èùåì ðåøåíèå çàäà÷è (49.8) â âèäå

u(x, t) = v(x, t) + w(x, t) = v(x, t)− 1. (49.9)

Ïîäñòàâëÿÿ âûðàæåíèå (49.9) â (49.8), ïîëó÷èì çàäà÷ó íà ôóíêöèþ v vt = vxx,
v|x=0 = v|x=π = 0,
v|t=0 = 1.

(49.10)

Ðåøåíèå çàäà÷è (49.10) íàéäåíî â ïðèìåðå 47.2 íà ñòð. 156, îòêóäà

v(x, t) =
2

π

∞∑
n=1

1− (−1)n

n
e−n

2t sin(nx).

Ðåøåíèå çàäà÷è (49.8) âûïèñûâàåì â âèäå (49.9). �

Îòâåò: u(x, t) = −1 + 2
π

∞∑
n=1

1−(−1)n

n
e−n

2t sin(nx).

Ïðèìåð 49.3. Ðåøèòü çàäà÷ó Êîøèut = uxx,
ux|x=0 = 0, u|x=π = t2,
u|t=0 = 0.

(49.11)

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â äâà øàãà.
Øàã 1: Íàéäåì ôóíêöèþ w, óäîâëåòâîðÿþùóþ êðàåâûì óñëîâèÿì wx|x=0 = 0, w|x=π = t2. Åå

ìîæíî èñêàòü, íàïðèìåð, â âèäå w(x, t) = A(t) + xB(t), îòêóäà

w(x, t) = t2.

Øàã 2: Èùåì ðåøåíèå çàäà÷è (49.11) â âèäå

u(x, t) = v(x, t) + w(x, t) = v(x, t) + t2. (49.12)

Ïîäñòàâëÿÿ âûðàæåíèå (49.12) â (49.11), ïîëó÷èì çàäà÷ó íà ôóíêöèþ v vt = vxx − 2t,
vx|x=0 = 0, v|x=π = 0,
v|t=0 = 0.

(49.13)

Ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå çíà÷åíèÿ çàäà÷è Øòóðìà-Ëèóâèëëÿ{
−vxx = λv,
vx|x=0 = 0, v|x=π = 0,

(49.14)

èìåþò âèä

vn(x) = cos

(
2n+ 1

2
x

)
, λn =

(
2n+ 1

2

)2

, n = 0, 1, . . . .

Ðàçëîæåíèå ôóíêöèè −2t â ðÿä Ôóðüå ïî ñîáñòâåííûì ôóíêöèÿì çàäà÷è Øòóðìà-Ëèóâèëëÿ
(49.14) èìååò âèä

−2t = t
∞∑
n=0

anvn(x), an =
8(−1)n+1

π(2n+ 1)
. (49.15)

Ðåøåíèå çàäà÷è (49.13) èùåì â âèäå ðàçëîæåíèÿ

v(x, t) =
∞∑
n=0

Tn(t)vn(x). (49.16)
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Ïîäñòàâëÿÿ ðàçëîæåíèÿ (49.15) è (49.16) â óðàâíåíèå (49.13), ïîëó÷èì

∞∑
n=0

T ′n(t)vn(x) = −
∞∑
n=0

λnTn(t)vn(x) + t

∞∑
n=0

anvn(x),

∞∑
n=0

Tn(0)vn(x) = 0.

Îòñþäà íàõîäèì çàäà÷ó Êîøè íà ôóíêöèþ Tn{
T ′n(t) + λnTn(t) = ant,
Tn(0) = 0.

(49.17)

×àñòíîå ðåøåíèå óðàâíåíèÿ (49.17) ìîæíî íàéòè â âèäå ëèíåéíîãî ïîëèíîìà. Ïîäñòàâëÿÿ ïðåä-
ñòàâëåíèå Tn(t) = An +Bnt â óðàâíåíèå (49.17), ïîëó÷èì

Bn + λnAn + λnBnt = ant⇐⇒
{
Bn + λnAn = 0,
λnBn = an

⇐⇒
{
An = − an

λ2n
,

Bn = an
λn
.

Îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ T ′n(t) + λnTn(t) = 0 èìååò âèä Tn(t) = Cne
−λnt. Â èòîãå

îáùåå ðåøåíèå óðàâíåíèÿ (49.17) ìîæíî çàïèñàòü â âèäå

Tn(t) =
an
λ2
n

(−1 + λnt) + Cne
−λnt. (49.18)

Èç íà÷àëüíîãî óñëîâèÿ Tn(0) = 0 íàõîäèì Cn = an/λ
2
n. Ïîäñòàâëÿÿ âûðàæåíèå (49.18) â ôîð-

ìóëó (49.16), íàéäåì ðåøåíèå çàäà÷è (49.13)

v(x, t) =
∞∑
n=0

an
λ2
n

(
e−λnt − 1 + λnt

)
vn(x).

Ðåøåíèå çàäà÷è (49.11) âûïèñûâàåì â âèäå (49.12). �

Îòâåò: u(x, t) = t2 +
∞∑
n=0

27(−1)n+1

π(2n+1)5

(
e−λnt − 1 + λnt

)
cos
(

2n+1
2
x
)
.

Îïðåäåëåíèå 49.4. Çàäà÷åé Êîøè äëÿ óðàâíåíèÿ êîëåáàíèÿ ñòðóíû íà îòðåçêå ñ íåîäíîðîä-
íûìè êðàåâûìè óñëîâèÿìè íàçûâàåòñÿ çàäà÷à î íàõîæäåíèè ôóíêöèè u(x, t), óäîâëåòâîðÿþ-
ùåé ïðè t > 0 óðàâíåíèþ

utt = a2uxx + f(x, t), (49.19)

êðàåâûì óñëîâèÿì {
α1u+ β1ux|x=a = g(t),
α2u+ β2ux|x=b = h(t),

(49.20)

è íà÷àëüíûì óñëîâèÿì {
u|t=0 = ϕ(x),
ut|t=0 = ψ(x).

(49.21)

Çäåñü f , g, h, ϕ è ψ � çàäàííûå ôóíêöèè, αk è βk � çàäàííûå âåùåñòâåííûå ïàðàìåòðû, óäî-
âëåòâîðÿþùèå óñëîâèþ |αk|+ |βk| 6= 0 ïðè k = 1, 2 è a � ïîëîæèòåëüíàÿ ïîñòîÿííàÿ.

Ðåøåíèå çàäà÷è (49.19) � (49.21) ñòðîèòñÿ â äâà øàãà.

(1) Íàõîäèì êàêóþ-íèáóäü ôóíêöèþ w, óäîâëåòâîðÿþùóþ êðàåâûì óñëîâèÿì (49.20).
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(2) Èùåì ðåøåíèå çàäà÷è (49.19) � (49.21) â âèäå

u(x, t) = v(x, t) + w(x, t), (49.22)

ãäå v � íîâàÿ íåèçâåñòíàÿ ôóíêöèÿ. Ïîäñòàâëÿÿ âûðàæåíèå (49.22) â (49.19) � (49.21),
ïîëó÷èì çàäà÷ó íà ôóíêöèþ v

vtt = a2vxx + f(x, t) + a2wxx(x, t)− wtt(x, t), (49.23){
α1v + β1vx|x=a = 0,
α2v + β2vx|x=b = 0,

(49.24){
v|t=0 = ϕ(x)− w(x, 0),
vt|t=0 = ψ(x)− wt(x, 0).

(49.25)

Çàäà÷à Êîøè (49.23) � (49.25) èìååò îäíîðîäíûå êðàåâûå óñëîâèÿ (49.24), ïîýòîìó åå
ìîæíî ðåøàòü èçëîæåííûìè ðàíåå ìåòîäàìè, ñì. çàäà÷ó (48.1) � (48.3) íà ñòð. 161.
◦ Îòâåò âûïèñûâàåòñÿ â âèäå ñóììû (49.22).

Ïðèìåð 49.5. Ðåøèòü çàäà÷ó Êîøèutt = uxx,
ux|x=0 = 1, u|x=π = π,
u|t=0 = 0, ut|t=0 = 0.

(49.26)

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â äâà øàãà.
Øàã 1: Íàéäåì ôóíêöèþ w, óäîâëåòâîðÿþùóþ êðàåâûì óñëîâèÿì wx|x=0 = 1, w|x=π = π. Åå

ìîæíî èñêàòü, íàïðèìåð, â âèäå w(x, t) = A+Bx, îòêóäà

w(x, t) = x.

Øàã 2: Èùåì ðåøåíèå çàäà÷è (49.26) â âèäå

u(x, t) = v(x, t) + w(x, t) = v(x, t) + x. (49.27)

Ïîäñòàâëÿÿ âûðàæåíèå (49.27) â (49.26), ïîëó÷èì çàäà÷ó íà ôóíêöèþ v vtt = vxx,
vx|x=0 = 0, v|x=π = 0,
v|t=0 = −x, vt|t=0 = 0.

(49.28)

Ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå çíà÷åíèÿ çàäà÷è Øòóðìà-Ëèóâèëëÿ{
−vxx = λv,
vx|x=0 = 0, v|x=π = 0,

(49.29)

èìåþò âèä

vn(x) = cos

(
2n+ 1

2
x

)
, λn =

(
2n+ 1

2

)2

, n = 0, 1, . . . .

Ðàçëîæåíèå ôóíêöèè −x â ðÿä Ôóðüå ïî ñîáñòâåííûì ôóíêöèÿì çàäà÷è Øòóðìà-Ëèóâèëëÿ
(49.29) èìååò âèä

−x =
∞∑
n=0

anvn(x), an =
4(−1)n+1

2n+ 1
+

8

π(2n+ 1)2
. (49.30)

Ðåøåíèå çàäà÷è (49.28) èùåì â âèäå ðàçëîæåíèÿ

v(x, t) =
∞∑
n=0

Tn(t)vn(x). (49.31)
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Ïîäñòàâëÿÿ ðàçëîæåíèÿ (49.30) è (49.31) â óðàâíåíèå (49.28), ïîëó÷èì
∞∑
n=0

T ′′n (t)vn(x) = −
∞∑
n=0

λnTn(t)vn(x) + t
∞∑
n=0

anvn(x),

∞∑
n=0

Tn(0)vn(x) = 0,

∞∑
n=0

T ′n(0)vn(x) = 0.

Îòñþäà íàõîäèì çàäà÷ó Êîøè íà ôóíêöèþ TnT ′′n (t) + λnTn(t) = 0,
Tn(0) = an,
T ′n(0) = 0.

(49.32)

Îáùåå ðåøåíèå óðàâíåíèÿ (49.32) èìååò âèä

Tn(t) = Cn sin

(
2n+ 1

2
t

)
+Dn cos

(
2n+ 1

2
t

)
. (49.33)

Èç íà÷àëüíûõ óñëîâèé çàäà÷è (49.28) íàõîäèì, ÷òî Cn = 0, Dn = an. Ïîäñòàâëÿÿ âûðàæå-
íèå (49.33) â ôîðìóëó (49.31), íàéäåì ðåøåíèå çàäà÷è (49.28)

v(x, t) =
∞∑
n=0

an cos

(
2n+ 1

2
t

)
cos

(
2n+ 1

2
x

)
.

Ðåøåíèå çàäà÷è (49.26) âûïèñûâàåì â âèäå (49.27). �

Îòâåò: u(x, t) = x+
∞∑
n=0

[
4(−1)n+1

2n+1
+ 8

π(2n+1)2

]
cos
(

2n+1
2
t
)

cos
(

2n+1
2
x
)
.

Ïðèìåð 49.6. Ðåøèòü çàäà÷ó Êîøèutt = uxx,
ux|x=0 = 0, ux|x=π/2 = sin t,
u|t=0 = ut|t=0 = 0.

(49.34)

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â äâà øàãà.
Øàã 1: Íàéäåì ôóíêöèþ w, óäîâëåòâîðÿþùóþ êðàåâûì óñëîâèÿì wx|x=0 = 0, w|x=π/2 = sin t.

Åå ìîæíî èñêàòü, íàïðèìåð, â âèäå w(x, t) = A(t) cos(αx) +B(t) sin(αx), îòêóäà{
B(t)α = 0,
−A(t)α sin(απ/2) +B(t)α cos(απ/2) = sin t.

Âûáèðàÿ α = 1, A(t) = − sin t è B(t) = 0, ïîëó÷èì

w(x, t) = − cosx sin t.

Øàã 2: Èùåì ðåøåíèå çàäà÷è (49.34) â âèäå

u(x, t) = v(x, t) + w(x, t) = v(x, t)− cosx sin t. (49.35)

Ïîäñòàâëÿÿ âûðàæåíèå (49.35) â (49.34), ïîëó÷èì çàäà÷ó íà ôóíêöèþ v vtt = vxx,
vx|x=0 = 0, vx|x=π/2 = 0,
v|t=0 = 0, vt|t=0 = cosx.

(49.36)
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Ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå çíà÷åíèÿ çàäà÷è Øòóðìà-Ëèóâèëëÿ{
−vxx = λv,
vx|x=0 = 0, vx|x=π/2 = 0,

(49.37)

èìåþò âèä

vn(x) = cos(2nx), λn = 4n2, n = 0, 1, . . . .

Ðàçëîæåíèå ôóíêöèè cosx â ðÿä Ôóðüå ïî ñîáñòâåííûì ôóíêöèÿì çàäà÷è Øòóðìà-Ëèóâèëëÿ
(49.37) èìååò âèä

cosx =
∞∑
n=0

anvn(x), an =
4(−1)n

π(1− 4n2)
, n = 1, 2, . . . , a0 =

2

π
. (49.38)

Ðåøåíèå çàäà÷è (49.36) èùåì â âèäå ðàçëîæåíèÿ

v(x, t) =
∞∑
n=0

Tn(t)vn(x). (49.39)

Ïîäñòàâëÿÿ ðàçëîæåíèÿ (49.38) è (49.39) â óðàâíåíèå (49.36), ïîëó÷èì

∞∑
n=0

T ′′n (t)vn(x) = −
∞∑
n=0

λnTn(t)vn(x),

∞∑
n=0

Tn(0)vn(x) = 0,

∞∑
n=0

T ′n(0)vn(x) =
∞∑
n=0

anvn(x).

Îòñþäà íàõîäèì çàäà÷ó Êîøè íà ôóíêöèþ TnT ′′n (t) + 4n2Tn(t) = 0,
Tn(0) = 0,
T ′n(0) = an.

(49.40)

Îáùåå ðåøåíèå óðàâíåíèÿ (49.40) èìååò âèä

Tn(t) = Cn sin(2nt) +Dn cos(2nt), n = 1, 2, . . . , (49.41)

T0(t) = C0t+D0. (49.42)

Èç íà÷àëüíûõ óñëîâèé íàõîäèì (49.36), ÷òî Cn = an/(2n), Dn = 0 ïðè n = 1, 2, . . . è C0 = a0,
D0 = 0. Ïîäñòàâëÿÿ âûðàæåíèÿ (49.41) è (49.42) â ôîðìóëó (49.39), íàéäåì ðåøåíèå çàäà-
÷è (49.36)

v(x, t) = a0t+
∞∑
n=1

an
2n

sin(2nt) cos(2nx).

Ðåøåíèå çàäà÷è (49.34) âûïèñûâàåì â âèäå (49.35). �

Îòâåò: u(x, t) = − sin t cosx+ 2t
π

+
∞∑
n=1

2(−1)n

πn(1−4n2)
sin(2nt) cos(2nx).

Ðàññìîòðèì åùå îäèí ïðèìåð çàäà÷è, â êîòîðîé ïëàí ðåøåíèÿ îñòàåòñÿ ïðåæíèì.
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Ïðèìåð 49.7. Ðåøèòü çàäà÷ó Êîøè
utt − 2ut = uxx − cosx+ sinx
ux|x=0 = u|x=π/2 = 1,
u|t=0 = sinx,
ut|t=0 = 2 cos x.

(49.43)

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â äâà øàãà.
Øàã 1: Íàéäåì ôóíêöèþ w, óäîâëåòâîðÿþùóþ êðàåâûì óñëîâèÿì wx|x=0 = w|x=π/2 = 1. Åå

ìîæíî èñêàòü, íàïðèìåð, â âèäå w(x, t) = A cos(αx) +B sin(αx), îòêóäà{
Bα = 1,
A cos(απ/2) +B sin(απ/2) = 1.

Âûáèðàÿ α = 1, A = 0 è B = 1, ïîëó÷èì

w(x, t) = sinx.

Øàã 2: Èùåì ðåøåíèå çàäà÷è (49.43) â âèäå

u(x, t) = v(x, t) + w(x, t) = v(x, t) + sin x. (49.44)

Ïîäñòàâëÿÿ âûðàæåíèå (49.44) â (49.43), ïîëó÷èì çàäà÷ó íà ôóíêöèþ v vtt − 2vt = vxx − cosx,
vx|x=0 = 0, v|x=π/2 = 0,
v|t=0 = 0, vt|t=0 = 2 cos x.

(49.45)

Ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå çíà÷åíèÿ çàäà÷è Øòóðìà-Ëèóâèëëÿ{
−vxx = λv,
vx|x=0 = 0, v|x=π/2 = 0,

(49.46)

èìåþò âèä

vn(x) = cos((2n+ 1)x), λn = (2n+ 1)2, n = 0, 1, . . . .

Ðàçëîæåíèå ôóíêöèè cosx â ðÿä Ôóðüå ïî ñîáñòâåííûì ôóíêöèÿì çàäà÷è Øòóðìà-Ëèóâèëëÿ
(49.46) èìååò ýëåìåíòàðíûé âèä

cosx = v0(x). (49.47)

Ðåøåíèå çàäà÷è (49.45) èùåì â âèäå

v(x, t) = T0(t)v0(x). (49.48)

Ïîäñòàâëÿÿ ðàçëîæåíèÿ (49.47) è (49.48) â óðàâíåíèå (49.45), ïîëó÷èì

T ′′0 (t)v0(x)− 2T ′0(t)v0(x) = −λ0T0(t)v0(x)− v0(x),

T0(0)v0(x) = 0,

T ′0(0)v0(x) = 2v0(x).

Îòñþäà íàõîäèì çàäà÷ó Êîøè íà ôóíêöèþ T0T ′′0 (t)− 2T ′0(t) + T0(t) = −1,
Tn(0) = 0,
T ′n(0) = 2.

(49.49)
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×àñòíîå ðåøåíèå óðàâíåíèÿ (49.49) ìîæíî íàéòè â âèäå ïîñòîÿííîé ôóíêöèè. Ïîäñòàâëÿÿ
ïðåäñòàâëåíèå T0(t) = C â óðàâíåíèå (49.49), ïîëó÷èì C = −1. Îáùåå ðåøåíèå îäíîðîäíî-
ãî óðàâíåíèÿ T ′′0 (t) − 2T ′0(t) + T0(t) = 0 èìååò âèä T0(t) = Aet + Btet. Â èòîãå îáùåå ðåøåíèå
óðàâíåíèÿ (49.49) ìîæíî çàïèñàòü â âèäå

T0(t) = Aet +Btet − 1. (49.50)

Èç íà÷àëüíûõ óñëîâèé çàäà÷è (49.36) íàõîäèì{
A− 1 = 0,
A+B = 2

⇐⇒
{
A = 1,
B = 1.

Ïîäñòàâëÿÿ âûðàæåíèå (49.50) â ôîðìóëó (49.48), íàéäåì ðåøåíèå çàäà÷è (49.45)

v(x, t) = (et + tet − 1)v0(x).

Ðåøåíèå çàäà÷è (49.43) âûïèñûâàåì â âèäå (49.44). �

Îòâåò: u(x, t) = sinx+ (et + tet − 1) cosx.

Äîìàøíåå çàäàíèå:

Çàäà÷à 49.8. Ðåøèòü çàäà÷ó Êîøèut = uxx + e−t cos(x) + 5et sin(2x),
ux|x=0 = 2et, u|x=π/2 = 0,
u|t=0 = sin(2x).

(49.51)

Îòâåò: u(x, t) = et sin(2x) + te−t cosx.

Çàäà÷à 49.9. Ðåøèòü çàäà÷ó Êîøèut = uxx + 1 + e−2t sin(x),
u|x=0 = u|x=π = t,
u|t=0 = 0.

(49.52)

Îòâåò: u(x, t) = t+ (e−t − e−2t) sinx.

Çàäà÷à 49.10. Ðåøèòü çàäà÷ó Êîøèut = uxx + 2 cos t cos(x),
ux|x=0 = ux|x=π = 3,
u|t=0 = 3x.

(49.53)

Îòâåò: u(x, t) = 3x+ (sin t+ cos t− e−t) cosx.

Çàäà÷à 49.11. Ðåøèòü çàäà÷ó Êîøèut = uxx − t sin(x),
u|x=0 = u|x=π = 2,
u|t=0 = 2.

(49.54)

Îòâåò: u(x, t) = 2 + (1− t− e−t) sinx.

Çàäà÷à 49.12. Ðåøèòü çàäà÷ó Êîøèutt = uxx,
u|x=0 = 0, u|x=π = πt,
u|t=0 = sin(2x), ut|t=0 = 0.

(49.55)
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Îòâåò: u(x, t) = xt+ cos(2t) sin(2x) +
∞∑
n=1

2(−1)n

n2 sin(nt) sin(nx).

Çàäà÷à 49.13. Ðåøèòü çàäà÷ó Êîøèutt + 4ut = 4uxx + 4 sinx,
u|x=0 = 0, ux|x=π/2 = 1,
u|t=0 = x, ut|t=0 = sin(3x).

(49.56)

Îòâåò: u(x, t) = x+ (1− e−2t − 2te−2t) sinx+ 1√
32
e−t sin(

√
32 t) sin(3x).
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50. Óðàâíåíèå òåïëîïðîâîäíîñòè â ïðÿìîóãîëüíîé îáëàñòè.

Îïðåäåëåíèå 50.1. Çàäà÷åé Êîøè äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè â ïðÿìîóãîëüíîé îáëà-
ñòè ñ îäíîðîäíûìè êðàåâûìè óñëîâèÿìè íàçûâàåòñÿ çàäà÷à î íàõîæäåíèè ôóíêöèè u(x, y, t),
óäîâëåòâîðÿþùåé ïðè t > 0 óðàâíåíèþ

ut = a2∆u+ f(x, t), ∆ =
∂2

∂x2
+

∂2

∂y2
, (50.1)

êðàåâûì óñëîâèÿì 
α1u+ β1∂nu = 0 ïðè x = a, y ∈ [c, d],
α2u+ β2∂nu = 0 ïðè x = b, y ∈ [c, d],
α3u+ β3∂nu = 0 ïðè y = c, x ∈ [a, b],
α4u+ β4∂nu = 0 ïðè y = d, x ∈ [a, b].

(50.2)

è íà÷àëüíûì óñëîâèÿì {
u|t=0 = ϕ(x). (50.3)

Çäåñü f , ϕ è ψ � çàäàííûå ôóíêöèè, αk è βk � çàäàííûå âåùåñòâåííûå ïàðàìåòðû, óäîâëå-
òâîðÿþùèå óñëîâèþ |αk| + |βk| 6= 0 ïðè k = 1, 2, 3, 4, a � ïîëîæèòåëüíàÿ ïîñòîÿííàÿ è ∂n �
ïðîèçâîäíàÿ ïî âíåøíåé íîðìàëè.

Ïðè íåêîòîðûõ óñëîâèÿõ íà ãëàäêîñòü ôóíêöèé f , ϕ è ψ, êîòîðûå ìû ïîçâîëèì ñåáå çäåñü
íå îáñóæäàòü, ðåøåíèå çàäà÷è Êîøè (50.1) � (50.3) ñóùåñòâóåò è åäèíñòâåííî. Çàäà÷à (50.1)
� (50.3) ðåøàåòñÿ âïîëíå àíàëîãè÷íî çàäà÷å Êîøè äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè (47.1) �
(47.3) èëè çàäà÷å Êîøè äëÿ óðàâíåíèÿ êîëåáàíèÿ ñòðóíû (48.1) � (48.3). Íàïîìíèì îñíîâíûå
èäåè.
Ðåøåíèå ñòðîèòñÿ â òðè øàãà.

(1) Íàõîäèì ñîáñòâåííûå çíà÷åíèÿ λnp è ñîáñòâåííûå ôóíêöèè unp çàäà÷è

−∆u = λu,

ñ êðàåâûìè óñëîâèÿìè (50.2).
(2) Ðàñêëàäûâàåì ôóíêöèè f è ϕ â ðÿäû Ôóðüå ïî ñîáñòâåííûì ôóíêöèÿì unp

f(x, y, t) =
∑
n,p

fnp(t)unp(x, y), (50.4)

ϕ(x, y) =
∑
n,p

ϕnpunp(x, y). (50.5)

ãäå ôóíêöèè fnp è ïîñòîÿííûå ϕnp ìîãóò áûòü íàéäåíû ïî ôîðìóëàì

fnp(t) =
(f, unp)

(unp, unp)
, ϕnp =

(ϕ, unp)

(unp, unp)
,

(u, v)
def
=

b∫
a

dx

d∫
c

dy u(x, y)v(x, y).

(3) Èùåì ðåøåíèå çàäà÷è (50.1) � (50.3) â âèäå ðÿäà

u(x, y, t) =
∑
n,p

Tnp(t)unp(x, y), (50.6)



176 À. À. Ïîæàðñêèé

ãäå ôóíêöèè Tnp ïîäëåæàò îïðåäåëåíèþ. Ïîäñòàâèì ðÿäû (50.4) � (50.6) â óðàâíåíèå (50.1)
è íà÷àëüíîå óñëîâèå (50.3). Â ðåçóëüòàòå ïîëó÷èì∑

n,p

T ′np(t)unp(x, y) = −a2
∑
n,p

λnpTnp(t)unp(x, y) +
∑
n,p

fnp(t)unp(x, y),∑
n,p

Tnp(0)unp(x, y) =
∑
n,p

ϕnpunp(x, y).

Îòñþäà íàõîäèì, ÷òî ôóíêöèè Tnp îáÿçàíû óäîâëåòâîðÿòü ñëåäóþùåé çàäà÷å Êîøè{
T ′np(t) + a2λnpTnp(t) = fnp(t),
Tnp(0) = ϕnp.

(50.7)

Ðåøåíèå çàäà÷è (50.7) ñóùåñòâóåò è åäèíñòâåííî.
◦ Îòâåò âûïèñûâàåòñÿ â âèäå ðÿäà (50.6).

Ïðèìåð 50.2. Ðåøèòü çàäà÷ó Êîøè

ut = ∆u+ t sinx sin y, (50.8)
u = 0 ïðè x = 0, y ∈ [0, π],
u = 0 ïðè x = π, y ∈ [0, π],
u = 0 ïðè y = 0, x ∈ [0, π],
u = 0 ïðè y = π, x ∈ [0, π],

(50.9)

{
u|t=0 = sin(4x) sin(3y). (50.10)

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â òðè øàãà.
Øàã 1: Ðåøàåì çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè

−∆u = λu

ñ êðàåâûìè óñëîâèÿìè (50.9). Ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå çíà÷åíèÿ çàäàþòñÿ ðàâåí-
ñòâàìè, ñì. ïðèìåð 33.4 íà ñòð. 109,

unp(x, y) = sin(nx) sin(py), λnp = n2 + p2, n ∈ N, p ∈ N.

Øàã 2: Ðàñêëàäûâàåì ôóíêöèè f(x, t) = t sinx sin y è ψ(x) = sinx sin y â ðÿäû Ôóðüå ïî
ñîáñòâåííûì ôóíêöèÿì unp. Ýòè ðàçëîæåíèÿ èìåþò âèä

f(x, y, t) = 2tu1,1(x, y), ϕ(x, y) = u4,3(x, y). (50.11)

Øàã 3: Ðåøåíèå çàäà÷è (50.8) � (50.10) èùåì â âèäå

u(x, y, t) = T1,1(t)u1,1(x, y) + T4,3(t)u4,3(x, y). (50.12)

Ïîäñòàâèì ðÿäû (50.11) è (50.12) â óðàâíåíèÿ (50.8) � (50.10). Â ðåçóëüòàòå ïîëó÷èì

T ′1,1(t)u1,1(x, y) + T ′4,3(t)u4,3(x, y) = −λ1,1T1,1(t)u1,1(x, y)− λ4,3T4,3(t)u4,3(x, y) + 2tu1,1(x, y),

T1,1(0)u1,1(x, y) + T4,3(0)u4,3(x, y) = u4,3(x, y),

Îòñþäà íàõîäèì óðàâíåíèÿ íà T1,1 è T4,3{
T ′1,1(t) + 2T1,1(t) = 2t,
T1,1(0) = 0,

(50.13){
T ′4,3(t) + 25T4,3(t) = 0,
T4,3(0) = 1.

(50.14)
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Íàéäåì ðåøåíèå çàäà÷è (50.13). Îáùåå ðåøåíèå óðàâíåíèÿ (50.13) èìååò âèä

T1,1(t) = Ae−2t + t− 1

2
.

Èç íà÷àëüíîãî óñëîâèÿ T1,1(0) = 0 íàéäåì ïîñòîÿííóþ A

A =
1

2
.

Îòñþäà íàõîäèì ðåøåíèå çàäà÷è (50.13)

T1,1(t) =
1

2
e−2t + t− 1

2
.

Íàéäåì ðåøåíèå çàäà÷è (50.14). Îáùåå ðåøåíèå óðàâíåíèÿ (50.14) èìååò âèä

T4,3(t) = Be−25t.

Èç íà÷àëüíîãî óñëîâèÿ T4,3(0) = 1 íàéäåì ïîñòîÿííóþ B

B = 1.

Îòñþäà íàõîäèì ðåøåíèå çàäà÷è (50.14)

T4,3(t) = e−25t.

Íàêîíåö, ðåøåíèå çàäà÷è (50.8) � (50.10) èìååò âèä (50.12). �

Îòâåò: u(x, y, t) =
(

1
2
e−2t + t− 1

2

)
sinx sin y + e−25t sin(4x) sin(3y).

Äîìàøíåå çàäàíèå:

Çàäà÷à 50.3. Ðåøèòü çàäà÷ó Êîøè äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè

ut = ∆u,


u = 0 ïðè x = 0, y ∈ [0, π],
u = 0 ïðè x = π, y ∈ [0, π],
u = 0 ïðè y = 0, x ∈ [0, π],
u = 0 ïðè y = π, x ∈ [0, π],

u|t=0 = 1.

Îòâåò: u(x, y, t) =
∞∑
n=1

∞∑
p=1

4
π2np

(1− (−1)n)(1− (−1)p)e−(n2+p2)t sin(nx) sin(py).
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51. Óðàâíåíèå êîëåáàíèÿ ïðÿìîóãîëüíîé ìåìáðàíû.

Îïðåäåëåíèå 51.1. Çàäà÷åé Êîøè äëÿ óðàâíåíèÿ êîëåáàíèÿ ïðÿìîóãîëüíîé ìåìáðàíû ñ îäíî-
ðîäíûìè êðàåâûìè óñëîâèÿìè íàçûâàåòñÿ çàäà÷à î íàõîæäåíèè ôóíêöèè u(x, y, t), óäîâëåòâî-
ðÿþùåé ïðè t > 0 óðàâíåíèþ

utt = a2∆u+ f(x, t), ∆ =
∂2

∂x2
+

∂2

∂y2
, (51.1)

êðàåâûì óñëîâèÿì 
α1u+ β1∂nu = 0 ïðè x = a, y ∈ [c, d],
α2u+ β2∂nu = 0 ïðè x = b, y ∈ [c, d],
α3u+ β3∂nu = 0 ïðè y = c, x ∈ [a, b],
α4u+ β4∂nu = 0 ïðè y = d, x ∈ [a, b].

(51.2)

è íà÷àëüíûì óñëîâèÿì {
u|t=0 = ϕ(x),
ut|t=0 = ψ(x).

(51.3)

Çäåñü f , ϕ è ψ � çàäàííûå ôóíêöèè, αk è βk � çàäàííûå âåùåñòâåííûå ïàðàìåòðû, óäîâëå-
òâîðÿþùèå óñëîâèþ |αk| + |βk| 6= 0 ïðè k = 1, 2, 3, 4, a � ïîëîæèòåëüíàÿ ïîñòîÿííàÿ è ∂n �
ïðîèçâîäíàÿ ïî âíåøíåé íîðìàëè.

Ïðè íåêîòîðûõ óñëîâèÿõ íà ãëàäêîñòü ôóíêöèé f , ϕ è ψ, êîòîðûå ìû ïîçâîëèì ñåáå çäåñü
íå îáñóæäàòü, ðåøåíèå çàäà÷è Êîøè (51.1) � (51.3) ñóùåñòâóåò è åäèíñòâåííî. Çàäà÷à (51.1)
� (51.3) ðåøàåòñÿ âïîëíå àíàëîãè÷íî çàäà÷å Êîøè äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè (47.1) �
(47.3) èëè çàäà÷å Êîøè äëÿ óðàâíåíèÿ êîëåáàíèÿ ñòðóíû (48.1) � (48.3). Íàïîìíèì îñíîâíûå
èäåè.
Ðåøåíèå ñòðîèòñÿ â òðè øàãà.

(1) Íàõîäèì ñîáñòâåííûå çíà÷åíèÿ λnp è ñîáñòâåííûå ôóíêöèè unp çàäà÷è

−∆u = λu,

ñ êðàåâûìè óñëîâèÿìè (51.2).
(2) Ðàñêëàäûâàåì ôóíêöèè f , ϕ è ψ â ðÿäû Ôóðüå ïî ñîáñòâåííûì ôóíêöèÿì unp

f(x, y, t) =
∑
n,p

fnp(t)unp(x, y), (51.4)

ϕ(x, y) =
∑
n,p

ϕnpunp(x, y), ψ(x, y) =
∑
n,p

ψnpunp(x, y). (51.5)

ãäå ôóíêöèè fnp è ïîñòîÿííûå ϕnp è ψnp ìîãóò áûòü íàéäåíû ïî ôîðìóëàì

fnp(t) =
(f, unp)

(unp, unp)
, ϕnp =

(ϕ, unp)

(unp, unp)
, ψnp =

(ψ, unp)

(unp, unp)
,

(u, v)
def
=

∫ b

a

dx

∫ d

c

dy u(x, y)v(x, y).

(3) Èùåì ðåøåíèå çàäà÷è (51.1) � (51.3) â âèäå ðÿäà

u(x, y, t) =
∑
n,p

Tnp(t)unp(x, y), (51.6)
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ãäå ôóíêöèè Tnp ïîäëåæàò îïðåäåëåíèþ. Ïîäñòàâèì ðÿäû (51.4) � (51.6) â óðàâíåíèå (51.1)
è íà÷àëüíîå óñëîâèå (51.3). Â ðåçóëüòàòå ïîëó÷èì∑

n,p

T ′′np(t)unp(x, y) = −a2
∑
n,p

λnpTnp(t)unp(x, y) +
∑
n,p

fnp(t)unp(x, y),∑
n,p

Tnp(0)unp(x, y) =
∑
n,p

ϕnpunp(x, y),∑
n,p

T ′np(0)unp(x, y) =
∑
n,p

ψnpunp(x, y).

Îòñþäà íàõîäèì, ÷òî ôóíêöèè Tnp îáÿçàíû óäîâëåòâîðÿòü ñëåäóþùåé çàäà÷å ÊîøèT ′′np(t) + a2λnpTnp(t) = fnp(t),
Tnp(0) = ϕnp,
T ′np(0) = ψnp.

(51.7)

Ðåøåíèå çàäà÷è (51.7) ñóùåñòâóåò è åäèíñòâåííî.
◦ Îòâåò âûïèñûâàåòñÿ â âèäå ðÿäà (51.6).

Ïðèìåð 51.2. Ðåøèòü çàäà÷ó Êîøè

utt = ∆u+ 2t sinx sin y, (51.8)
u = 0 ïðè x = 0, y ∈ [0, π],
u = 0 ïðè x = π, y ∈ [0, π],
u = 0 ïðè y = 0, x ∈ [0, π],
u = 0 ïðè y = π, x ∈ [0, π],

(51.9)

{
u|t=0 = sin(4x) sin(3y),
ut|t=0 = sinx sin y.

(51.10)

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â òðè øàãà.
Øàã 1: Ðåøàåì çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè

−∆u = λu

ñ êðàåâûìè óñëîâèÿìè (51.9). Ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå çíà÷åíèÿ çàäàþòñÿ ðàâåí-
ñòâàìè, ñì. ïðèìåð 33.4 íà ñòð. 109,

unp(x, y) = sin(nx) sin(py), λnp = n2 + p2, n ∈ N, p ∈ N.

Øàã 2: Ðàñêëàäûâàåì ôóíêöèè f(x, t) = t sinx sin y, ϕ(x) = sin(4x) sin(3y) è ψ(x) = sinx sin y
â ðÿäû Ôóðüå ïî ñîáñòâåííûì ôóíêöèÿì unp. Ýòè ðàçëîæåíèÿ èìåþò âèä

f(x, y, t) = 2tu1,1(x, y), ϕ(x, y) = u4,3(x, y), ψ(x) = u1,1(x, y). (51.11)

Øàã 3: Ðåøåíèå çàäà÷è (51.8) � (51.10) èùåì â âèäå

u(x, y, t) = T1,1(t)u1,1(x, y) + T4,3(t)u4,3(x, y). (51.12)

Ïîäñòàâèì ðÿäû (51.11) è (51.12) â óðàâíåíèÿ (51.8) � (51.10). Â ðåçóëüòàòå ïîëó÷èì

T ′′1,1(t)u1,1(x, y) + T ′′4,3(t)u4,3(x, y) = −λ1,1T1,1(t)u1,1(x, y)− λ4,3T4,3(t)u4,3(x, y) + 2tu1,1(x, y),

T1,1(0)u1,1(x, y) + T4,3(0)u4,3(x, y) = u4,3(x, y),

T ′1,1(0)u1,1(x, y) + T ′4,3(0)u4,3(x, y) = u1,1(x, y).
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Îòñþäà íàõîäèì óðàâíåíèÿ íà T1,1 è T4,3T ′′1,1(t) + 2T1,1(t) = 2t,
T1,1(0) = 0,
T ′1,1(0) = 1,

(51.13)

T ′′4,3(t) + 25T4,3(t) = 0,
T4,3(0) = 1,
T ′4,3(0) = 0.

(51.14)

Íàéäåì ðåøåíèå çàäà÷è (51.13). Îáùåå ðåøåíèå óðàâíåíèÿ (51.13) èìååò âèä

T1,1(t) = A sin(
√

2t) +B cos(
√

2t) + t.

Ïîñòîÿííûå A è B íàõîäèòñÿ èç íà÷àëüíûõ óñëîâèé T1,1(0) = 0 è T ′1,1(0) = 1{
T1,1(0) = B = 0,

T ′1,1(0) = A
√

2 + 1 = 1,
⇐⇒

{
A = 0,
B = 0.

Îòñþäà íàõîäèì ðåøåíèå çàäà÷è (51.13)

T1,1(t) = t.

Íàéäåì ðåøåíèå çàäà÷è (51.14). Îáùåå ðåøåíèå óðàâíåíèÿ (51.14) èìååò âèä

T4,3(t) = C sin(5t) +D cos(5t).

Ïîñòîÿííûå C è D íàõîäèòñÿ èç íà÷àëüíûõ óñëîâèé T4,3(0) = 1 è T ′4,3(0) = 0{
T4,3(0) = D = 1,
T ′2(0) = 5C = 0,

⇐⇒
{
D = 1,
C = 0.

Îòñþäà íàõîäèì ðåøåíèå çàäà÷è (51.14)

T4,3(t) = cos(5t).

Íàêîíåö, ðåøåíèå çàäà÷è (51.8) � (51.10) èìååò âèä (51.12). �

Îòâåò: u(x, y, t) = t sinx sin y + cos(5t) sin(4x) sin(3y).

Ïðèìåð 51.3. Ðåøèòü çàäà÷ó Êîøè

utt = ∆u+ 4 sin t sinx sin(2y), (51.15)
u = 0 ïðè x = 0, y ∈ [0, π/2],
∂nu = 0 ïðè x = π/2, y ∈ [0, π/2],
u = 0 ïðè y = 0, x ∈ [0, π/2],
u = 0 ïðè y = π/2, x ∈ [0, π/2],

(51.16)

{
u|t=0 = 5 sin(3x) sin(4y),
ut|t=0 = sinx sin(2y).

(51.17)

Ðåøåíèå. Ðåøåíèå ïðîâîäèì â òðè øàãà.
Øàã 1: Ðåøàåì çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè

−∆u = λu

ñ êðàåâûìè óñëîâèÿìè (51.16). Ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå ÷èñëà çàäàþòñÿ ðàâåíñòâà-
ìè

unp(x, y) = sin((2n+ 1)x) sin(2py), λnp = (2n+ 1)2 + 4p2, n ∈ N, p ∈ N.
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Øàã 2: Ðàñêëàäûâàåì ôóíêöèè f(x, t) = 4 sin t sinx sin(2y), ϕ(x) = 5 sin(3x) sin(4y) è ψ(x) =
sinx sin(2y) â ðÿä Ôóðüå ïî ñîáñòâåííûì ôóíêöèÿì unp. Ýòè ðàçëîæåíèÿ èìåþò âèä

f(x, y, t) = 4 sin t u0,1(x, y), ϕ(x, y) = 5u1,2(x, y), ψ(x) = u0,1(x, y). (51.18)

Øàã 3: Ðåøåíèå çàäà÷è (51.15) � (51.17) èùåì â âèäå

u(x, y, t) = T0,1(t)u0,1(x, y) + T1,2(t)u1,2(x, y). (51.19)

Ïîäñòàâèì ðÿäû (51.18) è (51.19) â óðàâíåíèÿ (51.15) � (51.17). Â ðåçóëüòàòå ïîëó÷èì

T ′′0,1(t)u0,1(x, y) + T ′′1,2(t)u1,2(x, y) = −λ0,1T0,1(t)u0,1(x, y)− λ1,2T1,2(t)u1,2(x, y) + 4 sin t u0,1(x, y),

T0,1(0)u0,1(x, y) + T1,2(0)u1,2(x, y) = 5u1,2(x, y),

T ′0,1(0)u0,1(x, y) + T ′1,2(0)u1,2(x, y) = u0,1(x, y).

Îòñþäà íàõîäèì óðàâíåíèÿ íà T0,1 è T1,2T ′′0,1(t) + 5T0,1(t) = 4 sin t,
T0,1(0) = 0,
T ′0,1(0) = 1,

(51.20)

T ′′1,2(t) + 25T1,2(t) = 0,
T1,2(0) = 5,
T ′1,2(0) = 0.

(51.21)

Íàéäåì ðåøåíèå çàäà÷è (51.20). Îáùåå ðåøåíèå óðàâíåíèÿ (51.20) èìååò âèä

T0,1(t) = A sin(
√

5t) +B cos(
√

5t) + sin t.

Ïîñòîÿííûå A è B íàõîäèòñÿ èç íà÷àëüíûõ óñëîâèé T1,1(0) = 0 è T ′1,1(0) = 1{
T0,1(0) = B = 0,

T ′0,1(0) = A
√

5 + 1 = 1,
⇐⇒

{
A = 0,
B = 0.

Îòñþäà íàõîäèì ðåøåíèå çàäà÷è (51.20)

T0,1(t) = sin t.

Íàéäåì ðåøåíèå çàäà÷è (51.21). Îáùåå ðåøåíèå óðàâíåíèÿ (51.21) èìååò âèä

T1,2(t) = C sin(5t) +D cos(5t).

Ïîñòîÿííûå C è D íàõîäèòñÿ èç íà÷àëüíûõ óñëîâèé T1,2(0) = 5 è T ′1,2(0) = 0{
T1,2(0) = D = 5,
T ′2(0) = 5C = 0,

⇐⇒
{
D = 5,
C = 0.

Îòñþäà íàõîäèì ðåøåíèå çàäà÷è (51.21)

T1,2(t) = 5 cos(5t).

Íàêîíåö, ðåøåíèå çàäà÷è (51.15) � (51.17) èìååò âèä (51.12). �

Îòâåò: u(x, y, t) = sin t sinx sin(2y) + 5 cos(5t) sin(3x) sin(4y).

Äîìàøíåå çàäàíèå:
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Çàäà÷à 51.4. Ðåøèòü çàäà÷ó Êîøè

utt = ∆u+ 2t2 cosx sin y,
∂nu = 0 ïðè x = 0, y ∈ [0, π],
u = 0 ïðè x = π/2, y ∈ [0, π],
u = 0 ïðè y = 0, x ∈ [0, π/2],
u = 0 ïðè y = π, x ∈ [0, π/2],

{
u|t=0 = 2 cos(3x) sin(2y),
ut|t=0 = 0.

Îòâåò: u(x, y, t) = (cos(
√

2 t) + t2 − 1) cosx sin y + 2 cos(
√

13t) cos(3x) sin(2y).

Çàäà÷à 51.5. Ðåøèòü çàäà÷ó Êîøè

utt = ∆u+ 52e−t cos(4x) sin(3y),
∂nu = 0 ïðè x = 0, y ∈ [0, π],
∂nu = 0 ïðè x = π, y ∈ [0, π],
u = 0 ïðè y = 0, x ∈ [0, π],
u = 0 ïðè y = π, x ∈ [0, π],

{
u|t=0 = 2 cos(4x) sin(3y),
ut|t=0 = 3 sin(3y).

Îòâåò: u(x, y, t) = sin(3t) sin(3y) +
(

2
5

sin(5t) + 2e−t
)

cos(4x) sin(3y).

Çàäà÷à 51.6. Ðåøèòü çàäà÷ó Êîøè

utt = ∆u+ 8t2 sin(2y),
∂nu = 0 ïðè x = 0, y ∈ [0, π],
∂nu = 0 ïðè x = π, y ∈ [0, π],
u = 0 ïðè y = 0, x ∈ [0, π],
u = 0 ïðè y = π, x ∈ [0, π],

{
u|t=0 = sin(2y),
ut|t=0 = cos(2x) sin(2y).

Îòâåò: u(x, y, t) = (2t2 − 1 + 2 cos(2t)) sin(2y) + 1
2
√

2
sin(2

√
2 t) cos(2x) sin(2y).

Çàäà÷à 51.7. Ðåøèòü çàäà÷ó Êîøè

utt = ∆u+ t2 sin(x),
u = 0 ïðè x = 0, y ∈ [0, π],
u = 0 ïðè x = π, y ∈ [0, π],
∂nu = 0 ïðè y = 0, x ∈ [0, π],
∂nu = 0 ïðè y = π, x ∈ [0, π],

{
u|t=0 = sin(x),
ut|t=0 = sin(2x) cos y.

Îòâåò: u(x, y, t) = (t2 − 2 + 3 cos t) sinx+ 1√
5

sin(
√

5 t) sin(2x) cos y.
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52. 17-àÿ êîíòðîëüíàÿ ðàáîòà (çàäà÷à: 17; 20 ìèíóò).

Âàðèàíò êîíòðîëüíîé ðàáîòû �17.

Çàäà÷à 17. Ðåøèòü çàäà÷ó Êîøè äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè

ut = ∆u+ t sinx,


u = 0 ïðè x = 0, y ∈ [0, 1],
u = 0 ïðè x = 2π, y ∈ [0, 1],
∂u = 0 ïðè y = 0, x ∈ [0, 2π],
∂u = 0 ïðè y = 1, x ∈ [0, 2π],

u|t=0 = 2 sin(2x).

Îòâåò: u(x, y, t) = (t− 1 + e−t) sinx+ 2e−4t sinx.

Âàðèàíò êîíòðîëüíîé ðàáîòû �17.

Çàäà÷à 17. Ðåøèòü çàäà÷ó Êîøè äëÿ óðàâíåíèÿ êîëåáàíèÿ ìåìáðàíû

utt = ∆u+ sin t cosx cos y,
∂nu = 0 ïðè x = 0, y ∈ [0, π],
∂nu = 0 ïðè x = π, y ∈ [0, π],
∂nu = 0 ïðè y = 0, x ∈ [0, π],
∂nu = 0 ïðè y = π, x ∈ [0, π],

{
u|t=0 = 0,
ut|t=0 = 1.

Îòâåò: u(x, y, t) = t+ sin t cosx cos y.


