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� �¥æ¥­§¥­â: ¤. ä. ¬. ­., ¯à®ä¥áá®à �. �. �¨à¬ ­� �¥ç â ¥âáï ¯® à¥è¥­¨î ¬¥â®¤¨ç¥áª®© ª®¬¨áá¨¨ ä¨§¨ç¥áª®£® ä ªã«ìâ¥â ��¡��.� �¥ª®¬¥­¤®¢ ­® �ç¥­ë¬ á®¢¥â®¬ ä¨§¨ç¥áª®£® ä ªã«ìâ¥â  ��¡��.�ëáè ï  «£¥¡à . � ¤ ç¨ ª íª§ ¬¥­ã ¢ ¯¥à¢®¬á¥¬¥áâà¥ (ãá¨«¥­­ë© ¯®â®ª). 	 ��¡., 2007� ãç¥¡­®-¬¥â®¤¨ç¥áª®¬ ¯®á®¡¨¨ á®¤¥à¦¨âáï ¬ â¥à¨ « ª íª§ ¬¥­ã ¯® ªãàáã "�ëáè ï «£¥¡à " ¢ ¯¥à¢®¬ á¥¬¥áâà¥ ¤«ï áâã¤¥­â®¢, ®¡ãç îé¨åáï ¢ ãá¨«¥­­®¬ ¯®â®ª¥. �à¨¢¥-¤¥­ á¯¨á®ª â¥®à¥â¨ç¥áª¨å ¢®¯à®á®¢ ª íª§ ¬¥­ã ¨ ­ ¡®à â¨¯®¢ëå § ¤ ç, ¯à¥¤« £ ¥¬ëåáâã¤¥­â ¬ ­  íª§ ¬¥­¥, á ®¡à §æ ¬¨ à¥è¥­¨© ¨ ª®¬¬¥­â à¨ï¬¨.�®á®¡¨¥ ¯à¥¤­ §­ ç¥­® ¤«ï áâã¤¥­â®¢ 1-£® ªãàá .



�ëáè ï  «£¥¡à .� ¤ ç¨ ª íª§ ¬¥­ã ¢ ¯¥à¢®¬ á¥¬¥áâà¥(ãá¨«¥­­ë© ¯®â®ª)� â¥à¨ «, ª®â®àë© ¢ë­®á¨âáï ­  íª§ ¬¥­ ¯® ªãàáã "�ëáè ï «£¥¡à " ¢ ¯¥à¢®¬ á¥¬¥áâà¥, á®¤¥à¦¨â à §¤¥«ë "� âà¨æë", "�¯à¥-¤¥«¨â¥«¨", "�¨áâ¥¬ë «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©". �¥®à¥-â¨ç¥áª®¬ã ¨§«®¦¥­¨î ãª § ­­ëå à §¤¥«®¢ ¯®á¢ïé¥­ë ¯®á®¡¨ï [1,2].� §¤¥« "�­ «¨â¨ç¥áª ï £¥®¬¥âà¨ï", â ª¦¥ ¢å®¤ïé¨© ¢ ¯à®£à ¬¬ãªãàá  ¢ ¯¥à¢®¬ á¥¬¥áâà¥, ¢ë­®á¨âáï ­  ª®««®ª¢¨ã¬. (�®¯à®áë ¨§ ¤ ç¨ ª ª®««®ª¢¨ã¬ã ¬®¦­® ­ ©â¨ ¢ ¯®á®¡¨¨ [3]).�à¥¤« £ ¥¬®¥ ¯®á®¡¨¥ á®¤¥à¦¨â ­ ¡®à â¨¯®¢ëå § ¤ ç, ¯à¥¤« -£ ¥¬ëå áâã¤¥­â ¬ ­  íª§ ¬¥­¥, á ®¡à §æ ¬¨ à¥è¥­¨© ¨ ª®¬¬¥­â -à¨ï¬¨. � ¤ ç¨ à §¤¥«¥­ë ¯® â¥¬ ¬. �à¨ íâ®¬ ­ã¬¥à æ¨ï § ¤ ç	 áª¢®§­ ï. � ¤ ç¨ ¨¬¥îâ à §­ë© ãà®¢¥­ì á«®¦­®áâ¨. � áª®¡ª åãª § ­  á«®¦­®áâì § ¤ ç¨ ¯® ¤¥áïâ¨¡ «ì­®© èª «¥.�­ ç «¥ ¯à¨¢¥¤¥­ á¯¨á®ª â¥®à¥â¨ç¥áª¨å ¢®¯à®á®¢, ª®â®àë¥ ¢ë-­®áïâáï ­  íª§ ¬¥­.�¨¦¥ ç¥à¥§ Mn ®¡®§­ ç ¥âáï ª« áá ª¢ ¤à â­ëå (n� n)-¬ âà¨æ.�¨¬¢®« I ®§­ ç ¥â ¥¤¨­¨ç­ãî ¬ âà¨æã ª« áá  Mn. �á¯®«ì§ã¥¬®¡®§­ ç¥­¨¥ [A;B] := AB � BA ¤«ï ª®¬¬ãâ â®à  ¬ âà¨æ A;B 2Mn ¨ ®¡®§­ ç¥­¨¥ fA;Bg = AB + BA ¤«ï  ­â¨ª®¬¬ãâ â®à . �¥à¥§At ®¡®§­ ç¨¬ âà ­á¯®­¨à®¢ ­­ãî ¬ âà¨æã ¤«ï A,   ç¥à¥§ A� 	íà¬¨â®¢® á®¯àï¦¥­­ãî ¬ âà¨æã. �á¯®«ì§ã¥¬ ®¡®§­ ç¥­¨ï detA ¤«ï®¯à¥¤¥«¨â¥«ï ¨ rankA = rA ¤«ï à ­£  ¬ âà¨æë A.�®¯à®áë ª íª§ ¬¥­ã1. � âà¨æë ¨ ¤¥©áâ¢¨ï ­ ¤ ­¨¬¨: «¨­¥©­ë¥ ¤¥©áâ¢¨ï, âà ­á¯®­¨-à®¢ ­¨¥, á®¯àï¦¥­¨¥, ã¬­®¦¥­¨¥ ¬ âà¨æ.2. �¢ ¤à â­ë¥ ¬ âà¨æë. �à¥ã£®«ì­ë¥ ¬ âà¨æë; ¤¨ £®­ «ì­ë¥ ¬ -âà¨æë. �«¥¤ ¨ ¥£® á¢®©áâ¢ .3. �¤­®áâ®«¡æ®¢ë¥ ¬ âà¨æë. �®®à¤¨­ â­ë¥ ¯à®áâà ­áâ¢ . �¨­¥©-­ë¥ ®â®¡à ¦¥­¨ï.4. �¥à¥áâ ­®¢ª¨ ¨ ¯®¤áâ ­®¢ª¨.5. �¯à¥¤¥«¨â¥«¨: ®¯à¥¤¥«¥­¨¥ ¨ á¢®©áâ¢ .6. �¨­®àë ¨  «£¥¡à ¨ç¥áª¨¥ ¤®¯®«­¥­¨ï. � §«®¦¥­¨¥ ®¯à¥¤¥«¨-â¥«ï ¯® áâà®ª¥ (áâ®«¡æã). -3-



7. �¥®à¥¬  ®¡ ®¯à¥¤¥«¨â¥«¥ ¯à®¨§¢¥¤¥­¨ï ª¢ ¤à â­ëå ¬ âà¨æ.8. �¥®á®¡ë¥ ª¢ ¤à â­ë¥ ¬ âà¨æë. �¡à â­ ï ¬ âà¨æ .9. �¨­¥©­ë¥ á¨áâ¥¬ë á ­¥®á®¡®© ª¢ ¤à â­®© ¬ âà¨æ¥© ª®íää¨æ¨-¥­â®¢. �®à¬ã«ë �à ¬¥à .10. �¥â®¤ � ãáá .11. � à ªâ¥à¨áâ¨ç¥áª¨© ¬­®£®ç«¥­ ¨ á¯¥ªâà ª¢ ¤à â­®© ¬ âà¨æë.12. �ã­ªæ¨¨ ®â ª¢ ¤à â­ëå ¬ âà¨æ.13. �®¦¤¥áâ¢® �í«¨.14. �®¤®¡¨¥ ¬ âà¨æ. �¨ £®­ «¨§ã¥¬ë¥ ¬ âà¨æë.15. �¯¥æ¨ «ì­ë¥ ª« ááë ª¢ ¤à â­ëå ¬ âà¨æ: á¨¬¬¥âà¨ç­ë¥, ª®á®-á¨¬¬¥âà¨ç­ë¥, íà¬¨â®¢ë ¬ âà¨æë.16. �àâ®£®­ «ì­ë¥ ¨ ã­¨â à­ë¥ ¬ âà¨æë. �àã¯¯ë ¬ âà¨æ.17. �à¨ ®¯à¥¤¥«¥­¨ï à ­£  ¯àï¬®ã£®«ì­®© ¬ âà¨æë. �¥®à¥¬  ®à ­£¥ (ä®à¬ã«¨à®¢ª ) ¨ ¥¥ á«¥¤áâ¢¨ï.18. �®ª § â¥«ìáâ¢® â¥®à¥¬ë ® à ­£¥.19. �¡é¨¥ á¢®©áâ¢  á¨áâ¥¬ «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©.20. �¤­®à®¤­ë¥ á¨áâ¥¬ë «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©.�à¨â¥à¨© áãé¥áâ¢®¢ ­¨ï ­¥âà¨¢¨ «ì­®£® à¥è¥­¨ï. �âàãªâãà ®¡é¥£® à¥è¥­¨ï. �ã­¤ ¬¥­â «ì­ ï á¨áâ¥¬  à¥è¥­¨©.21. �¥®¤­®à®¤­ë¥ á¨áâ¥¬ë «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥-­¨©. �à¨â¥à¨© áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï (â¥®à¥¬  �à®­¥ª¥à -� ¯¥««¨). �á«®¢¨ï à §à¥è¨¬®áâ¨. �âàãªâãà  ®¡é¥£® à¥è¥­¨ï.22. �¨áâ¥¬ë «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© á ª¢ ¤à â­®© ¬ -âà¨æ¥©. �«ìâ¥à­ â¨¢  �à¥¤£®«ì¬ .� ¤ ç¨ ª íª§ ¬¥­ã�¥¬  1. � âà¨æë ¨ ¤¥©áâ¢¨ï ­ ¤ ­¨¬¨� ¤ ç  1. (6 ¡ ««®¢). � ©¤¨â¥ ¢á¥ ¬ âà¨æë ¢â®à®£® ¯®àï¤ª , ª¢ ¤à âª®â®àëå à ¢¥­ ­ã«¥¢®© ¬ âà¨æ¥.� ¤ ç  2. (6 ¡ ««®¢). � ©¤¨â¥ ¢á¥ ¬ âà¨æë ¢â®à®£® ¯®àï¤ª , ª¢ -¤à âë ª®â®àëå à ¢­ë ¥¤¨­¨ç­®© ¬ âà¨æ¥.� ¤ ç  3. (7 ¡ ««®¢). �®ª ¦¨â¥, çâ® ¤«ï ª®¬¬ãâ¨àãîé¨å ¬ âà¨æA;B 2Mn á¯à ¢¥¤«¨¢  ä®à¬ã«  "¡¨­®¬  �ìîâ®­ "(A+ B)m = mXj=0 CjmAjBm�j; £¤¥ Cjm = m!j!(m� j)! ; m 2 N:-4-



� ¤ ç  4. (5 ¡ ««®¢). �ãáâì A;B 2Mn ¨ [A;B] = �I . �®ª ¦¨â¥, çâ®â®£¤  � = 0.� ¤ ç  5. (7 ¡ ««®¢). �®ª ¦¨â¥ á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥: ¤«ï â®£®,çâ®¡ë ¬ âà¨æ  A 2 Mn ª®¬¬ãâ¨à®¢ «  á® ¢á¥¬¨ ¤¨ £®­ «ì­ë¬¨¬ âà¨æ ¬¨, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¬ âà¨æ  A á ¬  ¡ë« ¤¨ £®­ «ì­®©.� ¤ ç  6. (7 ¡ ««®¢). �®ª ¦¨â¥ á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥: ¥á«¨ A 2Mn 	 ¤¨ £®­ «ì­ ï ¬ âà¨æ  ¨ ¢á¥ í«¥¬¥­âë ¥¥ £« ¢­®© ¤¨ £®­ «¨à §«¨ç­ë ¬¥¦¤ã á®¡®©, â® «î¡ ï ¬ âà¨æ  B 2Mn, ª®¬¬ãâ¨àãîé ïá A, â®¦¥ ¤¨ £®­ «ì­ .� ¤ ç  7. (10 ¡ ««®¢). �®ª ¦¨â¥, çâ® ¬ âà¨æ  A 2Mn, ª®¬¬ãâ¨àã-îé ï á «î¡®© ¬ âà¨æ¥© B 2Mn, ªà â­  ¥¤¨­¨ç­®©.� ¤ ç  8. (10 ¡ ««®¢). � áá¬ âà¨¢ îâáï ¬ âà¨æë � ã«¨:�1 = � 0 11 0� ; �2 = � 0 �ii 0 � ; �3 = � 1 00 �1� : ) �à®¢¥àìâ¥, çâ® f�j ; �lg = 2�jlI . ¡) �®ª ¦¨â¥, çâ® ­¥ áãé¥áâ¢ã¥â¬ âà¨æë � 2M 2 á® á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:� = ��; �2 = I; f�; �jg = 0; j = 1;2; 3:�¥¬  2. �¯à¥¤¥«¨â¥«¨� ¤ ç  9. (5 ¡ ««®¢). � ª ¨§¬¥­¨âáï ®¯à¥¤¥«¨â¥«ì ¯®àï¤ª  n,¥á«¨ ¯¥à¢ë© áâ®«¡¥æ ¯¥à¥áâ ¢¨âì ­  ¯®á«¥¤­¥¥ ¬¥áâ®,   ®áâ «ì­ë¥áâ®«¡æë ¯¥à¥¤¢¨­ãâì ¢«¥¢®, á®åà ­ïï ¨å à á¯®«®¦¥­¨¥?� ¤ ç  10. (6 ¡ ««®¢). � ª ¨§¬¥­¨âáï ®¯à¥¤¥«¨â¥«ì, ¥á«¨ ª ¦¤ë©í«¥¬¥­â aik ¬ âà¨æë ã¬­®¦¨âì ­  
i�k (£¤¥ 
 > 0)?� ¤ ç  11. (9 ¡ ««®¢). �ëç¨á«¨â¥ ®¯à¥¤¥«¨â¥«ì � ­¤¥à¬®­¤ ����������� 1 1 . . . 1x1 x2 . . . xn+1x21 x22 . . . x2n+1... ... . . . ...xn1 xn2 . . . xnn+1 �����������-5-



�¥¬  3. �¡à â­ ï ¬ âà¨æ � ¤ ç  12. (9 ¡ ««®¢). � ª ¨§¬¥­¨âáï ®¡à â­ ï ¬ âà¨æ  A�1, ¥á«¨¢ ¤ ­­®© ¬ âà¨æ¥ A: ) ¯¥à¥áâ ¢¨âì i-î ¨ j-î áâà®ª¨?¡) i-ãî áâà®ªã ã¬­®¦¨âì ­  ç¨á«® c 6= 0?¢) ª i-®© áâà®ª¥ ¯à¨¡ ¢¨âì j-ãî, ã¬­®¦¥­­ãî ­  ç¨á«® c?� ¤ ç  13. (8 ¡ ««®¢). �ãáâì A 2Mn 	 ®¡à â¨¬ ï ¬ âà¨æ  á æ¥«®ç¨-á«¥­­ë¬¨ í«¥¬¥­â ¬¨. �®ª ¦¨â¥, çâ® A�1 	 â ª¦¥ æ¥«®ç¨á«¥­­ ï¬ âà¨æ  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¬ âà¨æ  A ã­¨¬®¤ã«ïà­  (â®¥áâì detA = �1).�¥¬  4. �ã­ªæ¨¨ ®â ¬ âà¨æ. �®¦¤¥áâ¢® �í«¨� ¤ ç  14. (8 ¡ ««®¢). � ­  ¬ âà¨æ A = � 1 10 1� :� ©â¨ eA.� ¤ ç  15. (8 ¡ ««®¢). � ­  ¬ âà¨æ A = � 1 10 1� :� ©â¨ sinA.� ¤ ç  16. (9 ¡ ««®¢). � ­  (n� n)-¬ âà¨æ A = 0BBB@ � 0 0 . . . 0 �0 � 0 . . . 0 00 0 � . . . 0 0. . . . . . . . . . . . . . . . . .0 0 0 . . . 0 � 1CCCA : (1)� ©â¨ eA.� ¤ ç  17. (9 ¡ ««®¢). � ­  ¬ âà¨æ A = � 3 45 2� :-6-



� ©â¨ A20. �¥¬  5. �¯¥æ¨ «ì­ë¥ ª« ááë ¬ âà¨æ� ¤ ç  18. (5 ¡ ««®¢). �®ª ¦¨â¥, çâ® ®¯à¥¤¥«¨â¥«ì íà¬¨â®¢®©¬ âà¨æë ¥áâì ¢¥é¥áâ¢¥­­®¥ ç¨á«®.� ¤ ç  19. (5 ¡ ««®¢). �®ª § âì, çâ® ¯à®¨§¢¥¤¥­¨¥ ¤¢ãå ª®á®á¨¬-¬¥âà¨ç­ëå ¬ âà¨æ A ¨ B â®£¤  ¨ â®«ìª® â®£¤  ¡ã¤¥â á¨¬¬¥âà¨ç­®©¬ âà¨æ¥©, ª®£¤  A ¨ B ª®¬¬ãâ¨àãîâ.� ¤ ç  20. (5 ¡ ««®¢). �®ª § âì, çâ® ¯à®¨§¢¥¤¥­¨¥ ¤¢ãå ª®á®á¨¬¬¥-âà¨ç­ëå ¬ âà¨æ A ¨ B â®£¤  ¨ â®«ìª® â®£¤  ¡ã¤¥â ª®á®á¨¬¬¥âà¨ç­®©¬ âà¨æ¥©, ª®£¤  A ¨ B  ­â¨ª®¬¬ãâ¨àãîâ.� ¤ ç  21. (7 ¡ ««®¢). �®ª § âì, çâ® ¤«ï ®àâ®£®­ «ì­®áâ¨ ª¢ -¤à â­®© ¬ âà¨æë A ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë detA = �1 ¨ª ¦¤ë© í«¥¬¥­â aij ¡ë« à ¢¥­ á¢®¥¬ã  «£¥¡à ¨ç¥áª®¬ã ¤®¯®«­¥­¨îAij , ¢§ïâ®¬ã á® §­ ª®¬ " + ", ¥á«¨ detA = 1, ¨ á® §­ ª®¬ "� ", ¥á«¨detA = �1.�¥¬  6. � ­£ ¬ âà¨æë. �¨­¥©­ ï § ¢¨á¨¬®áâì ¢¥ªâ®à®¢ ¢ Rn� ¤ ç  22. (7 ¡ ««®¢). �¥¬ã à ¢¥­ à ­£ ¬ âà¨æëA = 0@ 1 � �1 22 �1 � 51 10 �6 11A (2)¯à¨ à §«¨ç­ëå §­ ç¥­¨ïå � 2 C?� ¤ ç  23. (7 ¡ ««®¢). �¥¬ã à ¢¥­ à ­£ ¬ âà¨æëA = 0@ 7� � �12 610 �19� � 1012 �24 13 � �1A¯à¨ à §«¨ç­ëå §­ ç¥­¨ïå � 2 C?� ¤ ç  24. (6 ¡ ««®¢). �®ª § âì, çâ® ¥á«¨ âà¨ ­¥­ã«¥¢ëå ¢¥ªâ®à a1; a2; a3 2 Rn «¨­¥©­® § ¢¨á¨¬ë ¨ ¢¥ªâ®à a3 ­¥ ¢ëà ¦ ¥âáï «¨­¥©­®ç¥à¥§ ¢¥ªâ®àë a1; a2, â® ¢¥ªâ®àë a1 ¨ a2 à §«¨ç îâáï «¨èì ç¨á«®¢ë¬¬­®¦¨â¥«¥¬. -7-



� ¤ ç  25. (8 ¡ ««®¢). � ©â¨ ¢á¥ §­ ç¥­¨ï �, ¯à¨ ª®â®àëå ¢¥ªâ®àb = (7;�2; �) «¨­¥©­® ¢ëà ¦ ¥âáï ç¥à¥§ ¢¥ªâ®àë a1 = (2; 3;5), a2 =(3; 7;8), a3 = (1;�6; 1).� ¤ ç  26. (9 ¡ ««®¢). �®ª ¦¨â¥, çâ® à ­£ ¯à®¨§¢¥¤¥­¨ï(¯àï¬®ã£®«ì­ëå) ¬ âà¨æ ­¥ ¯à¥¢®áå®¤¨â à ­£  ª ¦¤®© ¬ âà¨æë-á®¬­®¦¨â¥«ï.�¥¬  7. �¨áâ¥¬ë «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©� ¤ ç  27. (6 ¡ ««®¢). �áá«¥¤®¢ âì á¨áâ¥¬ã ¨ ­ ©â¨ ®¡é¥¥ à¥è¥­¨¥¢ § ¢¨á¨¬®áâ¨ ®â §­ ç¥­¨ï ¯ à ¬¥âà  �:(1 + �)x1 + x2 + x3 = 1x1 + (1 + �)x2 + x3 = �x1 + x2 + (1 + �)x3 = �29=;� ¤ ç  28. (6 ¡ ««®¢). �áá«¥¤®¢ âì á¨áâ¥¬ã ¨ ­ ©â¨ ®¡é¥¥ à¥è¥­¨¥¢ § ¢¨á¨¬®áâ¨ ®â §­ ç¥­¨ï ¯ à ¬¥âà  �:(1 + �)x1 + x2 + x3 = �2 + 3�x1 + (1 + �)x2 + x3 = �3 + 3�2x1 + x2 + (1 + �)x3 = �4 + 3�39=;� ¤ ç  29. (5 ¡ ««®¢). � ©â¨ ãá«®¢¨ï, ­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥¤«ï â®£®, çâ®¡ë  ) áã¬¬  ¤¢ãå à¥è¥­¨© á¨áâ¥¬ë «¨­¥©­ëå ãà ¢­¥­¨©¡ë«  ¡ë á­®¢  à¥è¥­¨¥¬; ¡) ¯à®¨§¢¥¤¥­¨¥ à¥è¥­¨ï ­  ç¨á«® � 6= 1¡ë«® ¡ë á­®¢  à¥è¥­¨¥¬.� ¤ ç  30. (6 ¡ ««®¢). �à¨ ª ª¨å ãá«®¢¨ïå ¤ ­­ ï «¨­¥©­ ï ª®¬-¡¨­ æ¨ï «î¡ëå à¥è¥­¨© ¤ ­­®© ­¥®¤­®à®¤­®© á¨áâ¥¬ë «¨­¥©­ëåãà ¢­¥­¨© á­®¢  ¡ã¤¥â à¥è¥­¨¥¬ íâ®© á¨áâ¥¬ë?� ¤ ç  31. (7 ¡ ««®¢). � ©â¨ ãá«®¢¨ï à §à¥è¨¬®áâ¨ ¢ ­¥®¤­®à®¤­®©á¨áâ¥¬¥ x1 + x2 � 3x3 = f12x1 + x2 � 2x3 = f2x1 + x2 + x3 = f3x1 + 2x2 � 3x3 = f49>=>;-8-



� ¤ ç  32. (7 ¡ ««®¢). � ©â¨ ãá«®¢¨ï à §à¥è¨¬®áâ¨ ¢ ­¥®¤­®à®¤­®©á¨áâ¥¬¥ 5x1 � 3x2 + 2x3 + 4x4 = f12x1 � x2 + 3x3 + 5x4 = f24x1 � 3x2 � 5x3 � 7x4 = f3x1 + 7x3 + 11x4 = f49>=>;� ¤ ç  33. (8 ¡ ««®¢). �®ª § âì, çâ® ¤«ï â®£®, çâ®¡ë á¨áâ¥¬  m«¨­¥©­ëå ãà ¢­¥­¨© á n ­¥¨§¢¥áâ­ë¬¨ ¯à¨ m = n+1 ¡ë«  á®¢¬¥áâ-­®©, ­¥®¡å®¤¨¬® (­® ­¥ ¤®áâ â®ç­®), çâ®¡ë ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë(n + 1)-£® ¯®àï¤ª , á®áâ ¢«¥­­®© ¨§ ¢á¥å ª®íää¨æ¨¥­â®¢ ¯à¨ ­¥¨§-¢¥áâ­ëå ¨ ¨§ á¢®¡®¤­ëå ç«¥­®¢, ¡ë« à ¢¥­ ­ã«î. �®ª § âì, çâ®íâ® ãá«®¢¨¥ ¡ã¤¥â â ª¦¥ ¤®áâ â®ç­ë¬, ¥á«¨ rA = n (£¤¥ rA 	 à ­£¬ âà¨æë á¨áâ¥¬ë). �¡à §æë à¥è¥­¨©�¥è¥­¨¥ § ¤ ç¨ 7. �® ãá«®¢¨î, ¬ âà¨æ  A ª®¬¬ãâ¨àã¥â á «î¡®©¬ âà¨æ¥© B. � ª ç¥áâ¢¥ ¬ âà¨æ B ¡ã¤¥¬ ¯¥à¥¡¨à âì ¬ âà¨æë, ¢á¥í«¥¬¥­âë ª®â®àëå à ¢­ë ­ã«î, ªà®¬¥ ®¤­®£® í«¥¬¥­â , ª®â®àë©à ¢¥­ ¥¤¨­¨æ¥ (â ª¨¥ ¬ âà¨æë ­ §ë¢ îâ "¬ âà¨ç­ë¬¨ ¥¤¨­¨æ ¬¨").�ãáâì á­ ç «  í«¥¬¥­â 1 áâ®¨â ¢ ¬ âà¨æ¥ B ­  ¤¨ £®­ «¨ ­  k-®¬¬¥áâ¥. �®£¤ , ¯® ¯à ¢¨«ã "áâà®ª  ­  áâ®«¡¥æ" ¯®«ãç ¥¬:[AB]ij = nXl=1 ailblj = � 0; ¥á«¨ j 6= kaik; ¥á«¨ j = k ;[BA]ij = nXl=1 bilalj = � 0; ¥á«¨ i 6= kakj ; ¥á«¨ i = k :�® ãá«®¢¨î ¢ë¯®«­¥­® [AB]ij = [BA]ij . �âáî¤  á«¥¤ã¥â, çâ® aik = 0,¥á«¨ i 6= k. �¥à¥¡¨à ï ¢á¥ â ª¨¥ ¬ âà¨æë B, ¯®«ãç ¥¬, çâ® ¢á¥­¥¤¨ £®­ «ì­ë¥ í«¥¬¥­âë ¬ âà¨æë A à ¢­ë ­ã«î. � ª¨¬ ®¡à §®¬,¬ë ¤®ª § «¨, çâ® ¬ âà¨æ  A ¤¨ £®­ «ì­ .�ãáâì â¥¯¥àì í«¥¬¥­â 1 áâ®¨â ¢ ¬ âà¨æ¥ B ¢ k-®© áâà®ª¥ ¨ m-®¬áâ®«¡æ¥, ¯à¨ç¥¬ k 6= m. � ãç¥â®¬ â®£®, çâ® ¬ âà¨æ  A ¤¨ £®­ «ì­ ,¨¬¥¥¬: [AB]ij = nXl=1 ailblj = aiibij = � 0; ¥á«¨ (i; j) 6= (k;m)aii; ¥á«¨ (i; j) = (k;m) ;-9-



[BA]ij = nXl=1 bilalj = bijajj = � 0; ¥á«¨ (i; j) 6= (k;m)ajj ; ¥á«¨ (i; j) = (k;m) :�® ãá«®¢¨î ¢ë¯®«­¥­® [AB]ij = [BA]ij . �à¨ (i; j) = (k;m) ®âáî¤ á«¥¤ã¥â, çâ® akk = amm. �¥à¥¡¨à ï ¢á¥ â ª¨¥ ¬ âà¨æë B, ¯®«ãç ¥¬,çâ® ¢á¥ ¤¨ £®­ «ì­ë¥ í«¥¬¥­âë ¬ âà¨æë A à ¢­ë ¬¥¦¤ã á®¡®©.�®£¤  ¬ âà¨æ  A ªà â­  ¥¤¨­¨ç­®© ¬ âà¨æ¥.�®¬¬¥­â à¨© ª § ¤ ç¥ 8. �¥è¥­¨¥ § ¤ ç¨ 8 ® ¬ âà¨æ å � ã«¨¬®¦­® ­ ©â¨ ¢ ¯®á®¡¨¨ [1], á¬. ±2, ¯. 5�.�®¬¬¥­â à¨© ª § ¤ ç¥ 11. �¥è¥­¨¥ § ¤ ç¨ 11 ®¡ ®¯à¥¤¥«¨â¥«¥� ­¤¥à¬®­¤  ¬®¦­® ­ ©â¨ ¢ ¯®á®¡¨¨ [1], á¬. ±5, ¯. 4.�¥è¥­¨¥ § ¤ ç¨ 13. �ãáâì A 	 ®¡à â¨¬ ï ¬ âà¨æ  á æ¥«®ç¨á«¥­-­ë¬¨ í«¥¬¥­â ¬¨.1) �ãáâì ¨§¢¥áâ­®, çâ® ®¡à â­ ï ¬ âà¨æ  A�1 â ª¦¥ ï¢«ï¥âáï¬ âà¨æ¥© á æ¥«®ç¨á«¥­­ë¬¨ í«¥¬¥­â ¬¨. �ç¥¢¨¤­®, ¯à¨ ­ è¨å¯à¥¤¯®«®¦¥­¨ïå ç¨á«  detA ¨ detA�1 ï¢«ïîâáï æ¥«ë¬¨. �à¨ íâ®¬¨å ¯à®¨§¢¥¤¥­¨¥ à ¢­® ¥¤¨­¨æ¥: (detA)(detA�1) = 1. �â® ¢®§¬®¦­®â®«ìª® ¢ á«ãç ¥, ª®£¤  detA = �1.2) �¡à â­®, ¯ãáâì detA = �1. �®£¤ A�1 = 1detA �A = � �A;£¤¥ �A 	 ¬ âà¨æ , ¯à¨á®¥¤¨­¥­­ ï ª A (â® ¥áâì, âà ­á¯®­¨à®¢ ­­ ï¬ âà¨æ , á®áâ ¢«¥­­ ï ¨§  «£¥¡à ¨ç¥áª¨å ¤®¯®«­¥­¨© Aij í«¥¬¥­-â®¢ aij ¬ âà¨æë A). �®áª®«ìªã ¢á¥ í«¥¬¥­âë ¬ âà¨æë A 	 æ¥«ë¥ç¨á« , â® ¨  «£¥¡à ¨ç¥áª¨¥ ¤®¯®«­¥­¨ï Aij ®ª §ë¢ îâáï æ¥«®ç¨-á«¥­­ë¬¨. � ª¨¬ ®¡à §®¬, ¬ âà¨æ  A�1 ®ª §ë¢ ¥âáï ¬ âà¨æ¥© áæ¥«®ç¨á«¥­­ë¬¨ í«¥¬¥­â ¬¨.�®¬¬¥­â à¨© ª § ¤ ç¥ 14. �¥è¥­¨¥ § ¤ ç¨ 14 ® ¬ âà¨ç­®© íªá¯®-­¥­â¥ ¬®¦­® ­ ©â¨ ¢ ¯®á®¡¨¨ [2], á¬. ±8, ¯. 3. �àã£®© ¢®§¬®¦­ë©á¯®á®¡ à¥è¥­¨ï ®¯¨á ­ ­¨¦¥ 	 á¬. à¥è¥­¨¥ § ¤ ç¨ 16. (� âà¨æ A ¨§ § ¤ ç¨ 14 ï¢«ï¥âáï ç áâ­ë¬ á«ãç ¥¬ ¬ âà¨æë (1) ¨§ § ¤ ç¨16.) -10-



�¥è¥­¨¥ § ¤ ç¨ 16. � áá¬®âà¨¬ (n � n)-¬ âà¨æãA0 = 0B@ 0 . . . 0 10 . . . 0 0. . . . . . . . . . . .0 . . . 0 0 1CA :� âà¨æã (1) § ¯¨è¥¬ ¢ ¢¨¤¥ A = �I + �A0.� áá¬®âà¨¬ äã­ªæ¨î f (x) = e�+�x = e�e�x. �¬¥¥¬: eA = f (A0).�®£¤  eA = e�e�A0 : �áâ ¥âáï ¢ëç¨á«¨âì e�A0 . � âà¨æ  A0 	 ­¨«ì¯®-â¥­â­ ï, ã¦¥ ¢â®à ï áâ¥¯¥­ì íâ®© ¬ âà¨æë (  â®£¤  ¨ ¢á¥ áâ àè¨¥áâ¥¯¥­¨) à ¢­  ­ã«¥¢®© ¬ âà¨æ¥: A20 = 0. �®íâ®¬ãe�A0 = 1Xk=0 �kk!Ak0 = I + �A0:�ª®­ç â¥«ì­® ¯®«ãç ¥¬:eA = e�(I + �A0) = 0BBB@ e� 0 0 . . . 0 �e�0 e� 0 . . . 0 00 0 e� . . . 0 0. . . . . . . . . . . . . . . . . .0 0 0 . . . 0 e� 1CCCA :�®¬¬¥­â à¨© ª § ¤ ç¥ 17. �¥è¥­¨¥ ¯®å®¦¥© § ¤ ç¨ ® ¢®§¢¥¤¥­¨¨¬ âà¨æë ¢ áâ¥¯¥­ì ¯à¨¢¥¤¥­® ¢ ¯®á®¡¨¨ [2], á¬. ±8, ¯. 4. �¥è¥­¨¥®á­®¢ ­® ­  ¯à¨¬¥­¥­¨¨ â®¦¤¥áâ¢  �í«¨.�¥è¥­¨¥ § ¤ ç¨ 21. �¥®¡å®¤¨¬®áâì. �á«¨ ¬ âà¨æ  A ®àâ®£®­ «ì-­ , â® AtA = I . �® â¥®à¥¬¥ ®¡ ®¯à¥¤¥«¨â¥«¥ ¯à®¨§¢¥¤¥­¨ï ¬ âà¨æ,¨¬¥¥¬: det (AtA) = (detAt) � (detA) = (detA)2 = 1. (�ë ãç«¨, çâ®®¯à¥¤¥«¨â¥«ì ­¥ ¬¥­ï¥âáï ¯à¨ âà ­á¯®­¨à®¢ ­¨¨ ¬ âà¨æë.) �«¥-¤®¢ â¥«ì­®, detA = �1. �âáî¤ , ¨á¯®«ì§ãï ä®à¬ã«ã ¤«ï ®¡à â­®©¬ âà¨æë, ¯®«ãç ¥¬: At = A�1 = � �A;£¤¥ �A 	 ¯à¨á®¥¤¨­¥­­ ï ¬ âà¨æ . � ª¨¬ ®¡à §®¬, âà ­á¯®­¨à®¢ ­-­ ï ¬ âà¨æ  At á®¢¯ ¤ ¥â á â®ç­®áâìî ¤® §­ ª  á âà ­á¯®­¨à®¢ ­­®©-11-



¬ âà¨æ¥©, á®áâ ¢«¥­­®© ¨§  «£¥¡à ¨ç¥áª¨å ¤®¯®«­¥­¨©. �®íâ®¬ãaij = �Aij , ¯à¨ç¥¬ §­ ª "+" ®â¢¥ç ¥â á«ãç î detA = 1,   §­ ª "�"®â¢¥ç ¥â á«ãç î, ª®£¤  detA = �1.�®áâ â®ç­®áâì. �à¥¤¯®«®¦¨¬, çâ® detA = �1, ¨ aij = �Aij .(�­ ª "+" ®â¢¥ç ¥â á«ãç î detA = 1,   §­ ª "�" ®â¢¥ç ¥â á«ãç î,ª®£¤  detA = �1.) �§ íâ®£® ãá«®¢¨ï ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â, çâ®At = � �A. � ¤àã£®© áâ®à®­ë, ¯® ä®à¬ã«¥ ¤«ï ®¡à â­®© ¬ âà¨æë¨¬¥¥¬: A�1 = � �A. �«¥¤®¢ â¥«ì­®, At = A�1, â. ¥. A	 ®àâ®£®­ «ì­ ï¬ âà¨æ .�¥è¥­¨¥ § ¤ ç¨ 22. �¡®§­ ç¨¬ à ­£ ¬ âà¨æë (2) ç¥à¥§ rA. � áá¬®-âà¨¬ ¬ âà¨æã B, á®áâ ¢«¥­­ãî ¨§ ¯¥à¢®£®, âà¥âì¥£® ¨ ç¥â¢¥àâ®£®áâ®«¡æ®¢ ¬ âà¨æë A. �ëç¨á«¨¬ ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë B:detB = ������ 1 �1 22 � 51 �6 1 ������ = 3� �:�à¨ � 6= 3 ¨¬¥¥¬: detB 6= 0. �®£¤  rA = 3.�á«¨ � = 3, â® ¬ âà¨æ  A ¯à¨­¨¬ ¥â ¢¨¤A = 0@ 1 3 �1 22 �1 3 51 10 �6 11A :�ëç¨â ï ¨§ âà¥âì¥© áâà®ª¨ ¯¥à¢ãî,   ¨§ ¢â®à®© áâà®ª¨ 	 ã¤¢®¥­­ãî¯¥à¢ãî, ¯¥à¥å®¤¨¬ ª ¬ âà¨æ¥0@ 1 3 �1 20 �7 5 10 7 �5 �11A :� ­£ ¬ âà¨æë ¯à¨ â ª¨å ¯à¥®¡à §®¢ ­¨ïå ­¥ ¬¥­ï¥âáï. �ç¥¢¨¤­®,¢ ¯®á«¥¤­¥© ¬ âà¨æ¥ ç¨á«® «¨­¥©­® ­¥§ ¢¨á¨¬ëå áâà®ª à ¢­® ¤¢ã¬.�®íâ®¬ã rA = 2.�â¢¥â. �á«¨ � 6= 3, â® rA = 3. �á«¨ � = 3, â® rA = 2.�¥è¥­¨¥ § ¤ ç¨ 33. �® â¥®à¥¬¥ �à®­¥ª¥à -� ¯¥««¨ ¤«ï â®£®, çâ®¡ëá¨áâ¥¬  Ax = f (3)-12-



¡ë«  á®¢¬¥áâ­®© (â® ¥áâì, ¨¬¥«  à¥è¥­¨¥), ­¥®¡å®¤¨¬®, çâ®¡ë à ­£à áè¨à¥­­®© ¬ âà¨æë (Ajf) ¡ë« à ¢¥­ à ­£ã ¬ âà¨æë A. � á«ãç ¥,ª®£¤  ç¨á«® ãà ¢­¥­¨© à ¢­® m = n+ 1,   ç¨á«® ­¥¨§¢¥áâ­ëå à ¢­®n, ¬ âà¨æ  A ¨¬¥¥â à §¬¥à (n+1)�n,   ¬ âà¨æ  (Ajf) 	 ª¢ ¤à â­ ï¯®àï¤ª  n + 1. �®£¤  rankA � n. �«¥¤®¢ â¥«ì­®, rank (Ajf) � n.�®íâ®¬ã det (Ajf) = 0: (4)�á«®¢¨¥ (4) ­¥ ï¢«ï¥âáï ¤®áâ â®ç­ë¬ ¤«ï áãé¥áâ¢®¢ ­¨ï à¥-è¥­¨ï á¨áâ¥¬ë (3). �¥©áâ¢¨â¥«ì­®, íâ® ãá«®¢¨¥ ®§­ ç ¥â «¨èì, çâ®rank (Ajf) � n, çâ® ­¥ £ à ­â¨àã¥â à ¢¥­áâ¢  rank (Ajf) = rankA.�á«¨ ¤®¯®«­¨â¥«ì­® ¨§¢¥áâ­®, çâ® rankA = n, â® ãá«®¢¨¥ (4)®ª §ë¢ ¥âáï ¤®áâ â®ç­ë¬ ¤«ï á®¢¬¥áâ­®áâ¨ á¨áâ¥¬ë (3). �¥©áâ¢¨-â¥«ì­®, ¢ íâ®¬ á«ãç ¥ rank (Ajf) � rankA = n ¨ ®¤­®¢à¥¬¥­­®rank (Ajf) � n. �«¥¤®¢ â¥«ì­®, rank (Ajf) = n. � ª¨¬ ®¡à §®¬,rank (Ajf) = rankA, çâ® ¢ á¨«ã â¥®à¥¬ë �à®­¥ª¥à -� ¯¥««¨ ¤®áâ -â®ç­® ¤«ï á®¢¬¥áâ­®áâ¨ á¨áâ¥¬ë (3).�¨â¥à âãà 1. �. �. �¨à¬ ­, �. �. �ãá«¨­ , �¨­¥©­ ï  «£¥¡à . �ë¯ãáª 1.� âà¨æë. �¯à¥¤¥«¨â¥«¨, �ç¥¡­®-¬¥â®¤¨ç¥áª®¥ ¯®á®¡¨¥ ¤«ïáâã¤¥­â®¢ 1 ªãàá , ��¡��, 1999, 42 á.2. �. �. �¨à¬ ­, �. �. �ãá«¨­ , �. �. � ¤¤¥¥¢, �¨­¥©­ ï  «£¥-¡à . �ë¯ãáª 2. � âà¨æë. �¨áâ¥¬ë «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨åãà ¢­¥­¨©, �ç¥¡­®-¬¥â®¤¨ç¥áª®¥ ¯®á®¡¨¥ ¤«ï áâã¤¥­â®¢ 1 ªãàá ,��¡��, 1999, 50 á.3. �. �. �ãá«¨­ , �­ «¨â¨ç¥áª ï £¥®¬¥âà¨ï. � ¤ ç¨ ª ª®««®-ª¢¨ã¬ã (ãá¨«¥­­ë© ¯®â®ª), �ç¥¡­®-¬¥â®¤¨ç¥áª®¥ ¯®á®¡¨¥ ¤«ïáâã¤¥­â®¢ 1 ªãàá , ��¡��, 2007, 18 á.
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